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Prologue

The study of the behavior of the sequence of iterates of a germ of holomorphic diffeo-
morphism f in C has been object of study since the time of Schroder and Fatou and Julia
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2 FILIPPO BRACCI

and it is still today a very flourishing sector of mathematics. Much of this theory has been
used and improved by people interested in the dynamics of holomorphic foliations, relating
local dynamics of germs with that of foliations by means of holonomy and Poincaré’s time
one map.

To understand dynamics of a germ, one tries first to simplify it by means of suitable
changes of coordinates. In particular, the best situation one can hope to have is lineariza-
tion of the germ. This means that suitably changing coordinates the map becomes a linear
transformation. If the change of coordinates used to linearize the germ is holomorphic then
the linear transformation obtained is the differential of the germ at the fixed point. How-
ever if the change of coordinates involved is only continuous then the linear transformation
might not be the differential. Holomorphic linearization is the dream of people that study
local holomorphic dynamics, for one can really think of the map as a linear transformation.
Even topological linearization is useful (for instance it provides trajectories and behavior
of orbits), quasiconformal conjugation (which might change the differential as well) and
sometimes it may be useful also to have just formal linearization. Anyhow, the first deriv-
ative is the map which first approximates the dynamics of the map, and thus it is natural to
classify and study dynamics according to it.

As we will see, a generic germ of holomorphic diffeomorphism is holomorphically
linearizable. Unfortunately, the non-generic situation comes out often in celestial mechan-
ics and physical problems. Thus one is forced to understand non-linearizable dynamical
systems. These are not completely understood, even if from the pioneering work of Fatou,
Dulac and Poincaré much has been done.

In these notes we provide a survey with detailed proofs about local dynamics of germs
of holomorphic diffeomorphisms. The first part is related to formal classification, and
we relate germs of diffeomorphisms with formal vector fields via the exponential map.
Then we discuss holomorphic dynamics. The core part here is to provide a detailed proof
of Yoccoz’s wonderful qualitative result about holomorphic linearization for almost every
elliptic germ. We also study the hyperbolic case and the parabolic case. Then we end
up with few notes on the topological classification, especially Camacho’s theorem for the
parabolic case.

The survey is based on a PhD course I gave at Universita di Roma “Tor Vergata” in
2007/08. The bibliography is not exhaustive at all, although I tried to give appropriated
credits when possible. Proofs however are provided quite in details, trying to use a point
of view suitable for further generalizations, especially in higher dimensions.

I wish to thank Prof. Manuel D. Contreras and Prof. Santiago Diaz-Madrigal for
the opportunity of publishing such notes in this collection and to the referee for useful
comments which improved the manuscript.

Many thanks also to Alessandro Rosa for drawing the nice pictures enclosed in the
text.

1. Formal Normal Forms

1.1. Germs of formal diffeomorphisms. Let denote with Sif\F((C, O) the set of for-
mal power series of type

F2)="a;27, ag=0,a1 #0.

jEN
Namely, the constant coefficient of fis zero and the coefficient of the linear term is not
zero. If f € Diff(C,O) and the series is uniformly convergent on some open disc of

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



LOCAL HOLOMORPHIC DYNAMICS 3

positive radius, we write f € Diff(C, O). An element of BFF((C, 0) is called a formal germ
of diffeomorphism, while an element of Diff(C, O) is called a germ of diffeomorphism.

PROPOSITION 1.1. The set BFF((C, O) is a non-commutative group with respect to
composition and Diff(C, O) is a subgroup.

PROOF. Let f(z) := Y a;27 and §(z) := 3.b;2’ be in Diff(C,0). Define the
composition

) :Za]‘ Zbkzk

J>1 k>1
=aibiz+ (a162 + (12()%)22 + ((11b3 + 2a9b1bg + agb:{’)z?’ —+ ...

Therefore, since a1b; # 0 then fo g€ Bi\ff((C, O) and the group sum is well defined.
Clearly the germ defined by id(z) := z is the neutral element. Also the associative prop-
erty is easy to be verified. It remains to prove that each f € leF((C O) is invertible. Let
f( ) Yajzl € lef((C O) be given. We are looking for a germ g(z) := >_ b;27 such
that f ocg=go f = id. From the very definition of composition we obtain the condition
bo = 0,by = 1/a;. Then aiby + azb? = 0 which implies by = —ab?/a;, and a1bs +
2a9b1by + azb3 = 0 which implies by = —(2a2b1 by +azb})/a;. More generally, since the
coefficient of fog of position k is of the form a1 by, + [terms containing by, . . ., by_1] it fol-
lows that the equation a; by + [terms containing by, . . ., bx—1] = 0 has a unique solutions in
terms of a1, ...,ak, by, ...,bx_1. Therefore g is uniquely determined and fis invertible.

It is finally clear that Diff(C, O) is a subgroup of BFF((C, O) because the composition of
two holomorphic functions is holomorphic. U

DEFINITION 1.2. We say that f g € leF((C O) are forma]ly conjugated if there
exists h € lef((C O) such that hof=goh. Incase f,§,h € Diff(C, O) we say that f
and g are holomorphically conjugated.

A germ of (formal) diffeomorphism f is (formally) linearizable if it is (formally) con-
jugated to a linear germ of the form g(z) := Az.

PROPOSITION 1.3. Let f € S'HC\F((C7 O) be given by f(z) =21 a;z’. Suppose that
£ is formally conjugated to a formal germ 9(2) =251 b; 23, Then by = a,.

PROOF. Assume that ﬁ(z) =251 cjz’ conjugates fto g, namely h o f(z) =go
h(z). Expanding we find
ho f(2) =cra1z + O(2?), Goh(z) =bicrz + O(z?),
and since ¢; # 0, it follows that a; = b;. O

REMARK 1.4. If f € leF((C 0) is formally conjugated to the hnear germ g(z) = Az
then one can find a germ he lef((C O) with h( ) =z+ 2550527 ’ which conjugates f

to g. Indeed, if H(2) =", cjz9 solves H o F(z) = AH(z) then h(z) = H(2)/c; does
the job. B

From Proposition 1.3 it follows that the term a; is invariant under conjugation. Since
dynamical properties of a germ are invariant under conjugation, the following definition is
coherent:

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 FILIPPO BRACCI

DEFINITION 1.5. Let f € Diff(C, O) be given by f(z) = dj>10520. Let X = ay.
We say that ]?is
(1) hyperbolic if || # 1,
(2) parabolic if \? = 1 for some ¢ € N\ {0}
(3) ellipticif |\ = 1 and A? # 1 for all ¢ € N\ {0}.

In the next subsections we examine formal linearization according to the previous
classification.

1.2. Homological equation, resonances and the non-parabolic case. Let f be in
lef((C O). In order to find a simpler conjugated form for f or even to linearize f one can
try to dispose of one monomial after another, starting from the one of smallest degree. This
operation is not always working due to resonances. This phenomenon is easily controlled
in dimension one but plays an important role in higher dimension.

To enter into details, let

f(z) =z + ajzj + O(zj+1),

where a; for j > 2 denotes the first non-zero coefficient in the series of f Let us try to
use a (holomorphic) diffeomorphism of the form ¢(z) = z + az* to dispose of the term of
degree j, that is a;, without introducing terms of degree less than j. Namely, we look for
©(z) which solves the following functional equation:

po f(z) = Ap(z) + O(z7).

Expanding we obtain

o~ o~

f(2) +af (Z)}k =Xz + dazf + O(z71),
that is
Az 4 a;2 + adf 2k £ O 2R = Az + dazk 4+ O(7).

From this it follows that we have to choose & = j and we come up with the following
equation known as the homological equation:

(1.1) aj +adAFTt—1) =0.

Clearly, such an equation has a unique solution o = —a;/ AAR~L — 1) in case \F=1 £ 1.
This simple argument has a series of interesting consequences that we list.

THEOREM 1.6. Let f € Si\fF((C, O) be a non-parabolic germ. Then £ is formally
linearizable.

PROOF. Let f(2) = A2+ 5500527 Let To(z) = z+agz” withag = —ag /A(A-1).
Since A4 ;é 1 for every q € N then 042 is well defined. Notice that 75 = id if ag = 0.
Then let f5 := T2 ofo o Tyt Since Ty ! (2) = 2 — anz? + O(2%) it follows that fg( ) =
Az isg 057

More generally, we can define by induction 7} for £ > 2 to be the (holomorphic)
diffeomorphism of the form Ty (z) = 2 + ;2" which solves the homological equation
(1.1) for the coefficient of degree k of (Ty_10...0T5) 0 fo (Ty—10...0Tp)~ L. Then
we let

k—o0
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In other words, T'(2) = z + 37,5, b;27 is the formal diffeomorphism whose coefficient b;
is the coefficient of degree j in T} o ... o T5. Notice that for k > j

Tio(Tjo...0Ty)(2) = (Tjo...0Ts)(2) +O(z"),

and therefore the coefficient b; stabilizes in the limit limy_, o (T; © . .. 0 T5)(#) and hence
it is well-defined. N N
By construction T o f(z) = AT'(z) and f is linearizable. O

It is worth to explicitly notice that, even if fis a holomorphic non-parabolic germ,
that is f € Diff(C, O), the formal diffeomorphism 7 in the proof of Theorem 1.6, given as
infinite composition of holomorphic diffeomorphisms, may not be holomorphic. Namely,
a germ f € Diff(C, O) may be formally linearizable but not holomorphically linearizable.
Examples of such germs exist and we will see them later. The problem of convergence of
the infinite composition is strongly related to how A* — 1 stays bounded away from zero.
This problem is known as small divisors problem. We shall come back to this later.

For the moment, we notice that if one stops the process of linearization in the proof of
Theorem 1.6 at degree k, then the germ T}, o . .. o T5 is holomorphic and conjugates J?to a
germ of the form Az + O(z*1). In particular if f is holomorphic we have

COROLLARY 1.7. Let f € Diff(C, O) be a non-parabolic germ. For any k € N there
exists g € Diff(C, O) such that g (holomorphically) conjugates f to a (holomorphic) germ

of the type
Az +O(2F ).

Before moving to the parabolic case, we prove that the diffeomorphism which lin-
earizes a non-parabolic germ is essentially unique:

PROPOSITION 1.8. Let fA(z) =Xz +0(2?) € BFF((C, O) be a non-parabolic germ.
Let Go, g1 € Diff(C, O) be such that gj o f = A\gj, j = 0, 1. Then there exists a € C\ {0}
such that g, = agp.

PROOF. By hypothesis,
6o ' (Ago(2)) = F(2) = G (A1 (2)),
which implies g1 (g5 ' (\2)) = A\g1 (g, *(2)). Let ?L(Z) := g1 0, *(2). Then

If E(z) =2 5145 27, expanding the previous expression we find
Z /\jajzj = Z /\ajzj.
i>1 i>1
Equating terms of the same degree we obtain
AN~ 1)a; = 0.
Since £ is not parabolic, and then M1 % 1 for all j > 1, it follows that a; =0forj > 1.

Therefore ﬁ(z) =a1zand g1 0 Gy '(2) = a1z which implies §; = a;go as claimed. O

The previous proposition allows to write quite explicitly the coefficients of the diffeo-
morphism which linearizes a non-parabolic germ:
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PROPOSITION 1.9. Let f(2) = Az + 3,59 a;jz’ € BFF((C,O) be a non-parabolic
germ of formal diffeomorphism. Let g(z) = z + Z;iz bjzl € EFF((C, O) be such that
g lof=Xgt Then

1 n
(1.2) b= ;(aj > by eeby).

k}lJr‘..Jrk?]‘:n

PROOF. The functional equation g~! o f = A\g™! is equivalent to f(g(z)) = g()\z2).
We compute
k

f(g(z>):/\(Z+ijZj)+Zak Z+ijzj

k>2

= )\Z —+ ()\bQ —+ a2)22 —+ ()\bg —+ a2(b1b2 —+ b2b1) —+ a3)23 + ...

+ )\bn-f—az( Z bj1bj2)+"'

Jitje2=n

+an—1( Z bj, --bj, ) +an| 2" +...
Jitetin—1=n
Also
g(A2) = Az 4+ N2ho2® 4+ ...+ A"b 2" .
Therefore equating the two expressions, we obtain

N'by = by +az( Y bibi) 4o Hana( Y by eebi) +an,
Jjitj2=n Jit...tin-1=n
from which (1.2) follows. Finally, Proposition 1.8 assures that this is the only possible
expression for g. ]

The intertwining map, if convergent, is univalent in the elliptic case:
LEMMA 1.10. Let f(z) = Az + > 50 a;z) € Diff(C,0) with A = > and 6 €

R\ Q. Let h € Diff(C, O) with h(0) = 0, 1 (0) = 1 be such that f(h(z)) = h(\z). Let
r > 0 and assume that h is holomorphic on the disc D,.. Then h is univalent on D,..

PROOF. Assume z1,22 € Dy, 21 # 22 and h(z1) = h(z2). Since f(h(z1)) =
f(h(z2)) then by the functional equation f(h(z)) = h(\z) it follows h(A\"z1) = h(A\"z3)
foralln = 0,1,.... But {\"} is dense in OD, hence h(e"21) = h(e"23) for all n € R.
Now A : ¢ — h(Cz1) — h(Cz2) is a holomorphic function on a neighborhood of D such
that A|sp = 0. Thus H = 0 on D. Therefore h({z1) = h({z2) for all ¢ € D. In particular
h is not injective in any neighborhood of 0, against our assumption that h’(0) = 1. ]

1.3. Formal normal forms in the parabolic case. In this subsection we examine the
parabolic case. In this case the homological equation (1.1) has no solution if A*~1 = 1.
If this happens, we say that A has a resonance in degree k. However, it might be possible
that the coefficients which generate a resonance are already zero and then the linearization
process works. This case is simply characterized:

PROPOSITION 1.11. Let f € Sif\F((C, O) be a germ of parabolic type. Then fis
formally linearizable if and only if there exists m € N such that f° = id.
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LOCAL HOLOMORPHIC DYNAMICS 7

PROOF. Assume first that f(z) = Az + O(z2) is formally linearizable. Since f is
parabolic, there exists m € N such that ™ = 1. Thus there exists g € Diff(C, O) such
that \z = go f o g '(2). Hence

2=A"z=(Gofog )°"(z)=Go fo oG (2).

This implies that id = g o fom o g~ !. Composing on the left with g~
with g this yields f°™ = id.

Conversely, assume that there exists m € N such that f°™ = id. If f(z) = Az+0(z%)
then f°™(z) = A™z + O(22) and by hypothesis it follows that A™ = 1. Now define

1 m—1
g=) = — "
m -
7=0
Then, taking into account that fom =idand A" = 1, we have

- 1= 000G 1S () 1A ()
7—aj§f =—> ) = Ag(2),

! and on the right

)

o7

’(2)
Y

~

gof(z)z%;) N N N
]:

hence f is linearizable. O

REMARK 1.12. Proposition 1.11 holds also in the holomorphic context, ie., f €
Diff(C, O) parabolic is holomorphic linearizable if and only if there exists m € N such
that f°™ = id. This follows from the same proof.

In the non-linearizable case it is however possible to obtain a simpler normal form.

THEOREM 1.13. Let f(z) := Az + O(z%) € EFF((C, O) be a parabolic germ with
AN =land N # 1forj=1,...,m — 1. If fo # id then there existn € Nand a € C
such that f is formally conjugated to

)\Z_'_Zmn-i-l +az2mn+l

Moreover, n and a are uniquely determined by the class of formal conjugation of f in

Diff (C, O).
SRR
27 LAz = f(z)’

Moreover,
where 7y is a positively oriented small loop around the origin.

o~

PROOF. Let f(2) = Az + a;27 + O(27T!) with a; # 0 being the first non-zero
coefficient. If A has no resonance in degree j then the homological equation (1.1) can be
solved and fcan be conjugated to a map of the type Az + O(z*) for some k > j. Since
by hypothesis f°* = id and thus by Proposition 1.11 it is not linearizable, after a finite
number of steps we have to encounter a resonant term. Notice that, being m the order of A
then such a resonant term must be of degree nm + 1 for some n > 1. We can thus assume
that

f(z) = A2+ Amn 1 2™ Oz F2)

with appm1 7 0.
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First of all, let conjugate f with D(z) = oz for some o € C \ {0} to be chosen later.
Then

1
D7 o foD(z) = —(Aaz + apmpyp 1™z L Oz 2)
«
= A2 + A1 O (22,

mntl — 1 we have that fis conjugated to

Choosing « such that @, 1
Fi(z) = Az + 2™ 4 a2’ + 071,

for some j > mn + 1 and a; # 0. In order to dispose of the term of degree j we look for
a germ of the form T'(z) = z + az” which solves the functional equation

(1.3) To fi(z) = AT(2) + T(2)™" ' + O(z/H1).
Expanding we obtain
Az + 2™ pai2d 4+ a(dz 4 2™ a2+ 0>
= Az 4+ Azl 4 (z 4 az)™ L O 1Y)

that is,

h
Az + Zmn+1 + asz + Oé§ (k) )\kz(mn+1)h—kmn + O(Zj-‘rl)
k=0

mn+1
— 4 hazh 4 Z <mnk+ 1)amn+1kz(mn+1)hk(hl) 4O
k=0

namely,
Az + Mty ajzj + a2t 4 apah T A O(szrl7 zh+2m”)
=Xz 4 At 4ty (mn + l)azm"Jrh + O(Zj+1, Zm”+2h71).
Canceling and collecting terms we get
a; 77 +a(\" = N)2" + o[\ h — (mn + 1)]2mm "
— O+ O(ZjJrl Zh+2mn Zmn+2h71)'

From this we see if j # gmn+1 for any ¢ € N then choosing h = j we get the homological
equation a; + (A" — \) = 0 which has a unique solution «, and therefore we can solve
(1.3).

In case 7 = gmn + 1 for some ¢ € N, the choice h = gmn + 1 does not allow to
solve the corresponding homological equation. However, if we let h = pmn + 1 for some
p € N to be chosen later, we obtain

CLqmn_i_lzqmn+l + a(p _ 1)mnz(p+1)mn+1 =0+ O(qun-&-Z).
In order to solve such an equation we need to set p + 1 = ¢. This leads us to solve the
linear equation in «
Agmn+1 + a(p — 1)mn = 0,
which has a unique solution if and only if p # 1, namely g # 2.
Summing up, we proved that if j is not a resonance degree for A than we can dispose of

aj. Also, if j = gmn + 1 with ¢ > 2 then we can dispose of agpn+1. But, if j = 2mn 41
then we cannot dispose of ag,,,+1 Which is thus an invariant, let denote it with a € C.
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LOCAL HOLOMORPHIC DYNAMICS 9

Therefore, we can conjugate fto a germ of the form
fg(z) = Az + 2™ 4 @22 420 4 O
witha; # 0, j > 2mn+ 1. Now, arguing as before, in case j # gmn+ 1 for any ¢ € N we
can use a germ of the form z + a2’ to dispose of a;. If j = gmn+1 for some ¢ > 2 we can
use a germ of the form z 4+ az(@=V™m7+1 (o dispose of a;. Continue this way, composing
the (infinite) conjugations, we are done.

Now we need to show that n and a depend only on the class of formal conjugation
of f Indeed, by construction, the normal form of fis unique and since conjugation is
transitive, it depends only on the class of conjugation of fA

Finally, given f(z) = Az + 2"t 4+ 2?1 for some r > 1, we have

1 1 1 1 - -
vy 7 e g e G
_1 a
= ZT_Jrl + ; + h(Z),

where h(z) is holomorphic in a neighborhood of the origin. From this it follows that

L/L_L/[__1+g+h()]_
2mi ), Az — f(z)  2mi )2l oz =

as claimed. O

REMARK 1.14. From the proof of Theorem 1.13 it follows that if f(z) := Az +
O(2?%) € Diff(C, O) is a parabolic germ with \™ = land MV # 1forj = 1,...,m — 1
with f°™ % id, then for every fixed ¢ >> 1, f is holomorphically conjugated to

)\Z—f— Zanrl 4 az2mn+1 4 O(‘Z|t)

DEFINITION 1.15. Let f(2) := Az + O(2?%) € Diff(C, O) be a parabolic germ. The

number ) J
z
L(f, 0) = 2—7” /y _)\Z — f(Z),

is called the parabolic index of f at 0.

As follows from Theorem 1.13, the parabolic index of a parabolic germ is a formal
invariant hence it is a holomorphic invariant, namely, if f, g are two parabolic germs which
are holomorphically (hence formally) conjugated, then the parabolic index is the same.
This fact can be showed directly (see [19] or [1]).

REMARK 1.16. As the reader familiar with complex dynamics could recognize, our
definition of parabolic index coincides with the usual notion of holomorphic index (see,
e.g., [19]) of a germ of holomorphic map only in case A = 1. Indeed, the holomorphic
index of f € Diff(C, O) is defined as

1 dz
o(f,0) ::%/yiz—f(z)'

This number is equal to 1/(1 — \) provided A # 1 while it equals ¢(f,0) in case A = 1.
See [19] for details. For what we are concerned about, we just need the parabolic index
introduced above.

The parabolic index is useful in the study of rational (and transcendental) dynamics
to estimate the number of non-repelling periodic cycles in terms of the number of critical
points (see [16], [4], [8]).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



10 FILIPPO BRACCI

DEFINITION 1.17. A parabolic germ f € BFF((C,O) is tangent to the identity if
f(z) =2+ 0(z").

REMARK 1.18. If f(2) = 2 + ap4128T + O(2%+2) € Diff(C, O) with a1 # 0,
then k£ + 1 is the first non-resonant term and, arguing as in the proof of Theorem 1.13, we

can find a holomorphic conjugation to a holomorphic germ of the form z +— z — zF+! +
az? 1 + O(z") with h as big as we like.

For k € N and a € C, let us denote

(1.4) Froa(z) = 2 + 2FH 4 qz2kt1,
Also, for A € R we denote
(1.5) Ra(2) i= 2™

By Theorem 1.13 every germ of diffeomorphism tangent to the identity is formally conju-
gated at one (and only one) f, , for some £k € Nand a € C.

REMARK 1.19. Let f(2) = z + 2"+! 4 az?+1 4 O(2%+2) € Diff(C, O). From the
proof of Theorem 1.13 it follows that f is formally conjugated to f, 4, since the conjuga-
tion exploited to dispose of the tail O(22%*2) does not effect the previous terms.

Also, Proposition 1.11 and Theorem 1.13 can be rephrased as follows:

COROLLARY 1.20. Let f € BFF((C, O) be a parabolic germ of diffeomorphism, with
f(2) = e2™P/a5 4 O(22) for some p/q € Q. Then
(1) either fis formally conjugated to R,,,,, and this is the case if and only if fq =id,

(2) or fis formally conjugated to R,/ © fmg,a = fmg,a © Bpq for some m € N
and o € C.

PROOF. Case (1) follows from Proposition 1.11. Suppose we are in Case (2). By
Theorem 1.13, f is formally conjugated to e27iP/9z + zma+1 4 qz2ma+1  Conjugating
such a normal form with D(z) = Az and A™? = exp(27ip/q), we obtain a new normal
form given by e2™P/4(z 4 2™+ 4 qe2™iP/a,2mat1)  Setting ov = ae?™*P/9 we obtain the
assertion. O

The decomposition, up to formal conjugation, of fas R, /40 fmq,a can be thought of as
a Jordan-type normalization. The two germs R,,/, and f;,,4, commute under composition,
one is nilpotent (Rg Jq = id) and the other is tangent to the identity.

1.4. Germs of vector fields and flows: the formal classification revised. Let X be
a germ at O of a holomorphic vector field in C. Namely,
d
X(2)=H(z)—
() = H(z) 1
with H being a germ of holomorphic function at O (not necessarily invertible). We will
use the following result known as (holomorphic) flow box theorem

THEOREM 1.21. Let Q be a open set in C™ and F' : Q) — C" be a holomorphic map.
For any compact subset K C ) there exist § > 0, a open neighborhood U of K and a
unique real analytic map ® : (—6,0) x U — Q, such that z — ®(t, z) is holomorphic for
all t fixed and

(1.6) {%@(z,t) = F(®(z,1))

D(2,0) =z

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



LOCAL HOLOMORPHIC DYNAMICS 11

By Theorem 1.21, given a germ of holomorphic vector field X there exist two open
neighborhoods Q, U of O and amap ® : (—0,9) x U — 2 which satisfies ¢(z,0) = z
and 2 ®(z,t) = X(®(z,t)) forall t € (—5,0) and z € U.

For a fixed t € (—4,0) the map ®; : z — ®P(z,t) is called the time ¢t flow of X.
Multiplying the vector field X by 4/2, the associated flow is given by re-scaling the time,
namely, ¥(z,t) := ®(z,t5/2) solves ¥(z,0) = z and %\I/(z, t) = (6/2)X(¥(z,1)).
Notice that now the map W is defined in an interval (—2, 2). In particular it is well defined
the time 1 flow V.

Therefore, up to positive constant multiple, we will always assume that the time one
flow is defined. 1t is also important to observe that the time one flow is essentially defined
as a germ of holomorphic function at O.

If X is a vector field, its time ¢ flow is sometimes denoted by exp(t.X).

PROPOSITION 1.22. Let X be a germ at O of a holomorphic vector field in C. Then
exp(tX) fixes O for all t if and only if X is singular at O, i.e., X(O) = 0.

PROOF. Since exp(tX) is the solution of (1.6), it follows at once from the uniqueness
of solutions for ordinary differential equations. O

There is a formula which allows to express the time ¢ flow of a holomorphic vector
field with an isolated singularity at O with respect to the vector field itself:

THEOREM 1.23. Let X = H(z)% be a germ at O of a holomorphic vector field in
C. Suppose O is an isolated singularity for X, i.e., X(O) = 0. Then

(L.7) exp(tX)(z) =z + Z %X".z,
n=1 """

where X" .z is defined by induction as X.(X"71.2), with X .z := H(z).

PROOF. By Theorem 1.21, we know that the flow of the vector field X, G(t, z) :=
exp(tX)(z), is well defined and holomorphic in z (near O) and real analytic in ¢ (for ¢
small). Moreover, it is the unique such a function that has the property that G(0, z) = z and
%G (t,z) = X.(G(t,z)). Expanding in Taylor series the previous equality and equation
the coefficient with the same degree in z, we come up with infinitely many differential
equation which can be solved by recurrence. This shows that actually G(t, z) is unique
also in the category of formal power series with coefficient (convergent and smooth) in ¢.

The (a priori) formal series F'(¢,2) := 2+ ., tn—,X ™.z has convergent coefficients
in t. It follows that F(0, z) = z and

) a9t = ¢t
—F(t,z)= EEX .z:Zn . X"z

ot n=1 n=1
X in
= —X.(X".2) = X.(F(t,2)),
n.
n=0
therefore exp(tX)(z) = F(t, z), as claimed. O

Theorem 1.23 can be used to find the coefficients of the time one flow of a vector field
starting with its expansion at O.
Let X (2) = (Az + O(2?)) L. Then

X2z = (Az+ O(zQ))j (Az +0(2%)) = A%z + 0(2?),

z

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



12 FILIPPO BRACCI
and a simple induction shows that X™.z2 = A"z + O(2?). Formula (1.7) implies that

> An 9
exp(X)(z) =z + z; P + O(z29),
j:
namely, exp(X)’(0) = exp(A).
If X(2) = Az + Bz? + O(z?), then arguing by induction, we find

X" 2= A"z 4 a, A" ' B2? + O(2%),

with a,, = 2a,,—1 + 1 and a; = 1. Therefore (1.7) implies

e nAn—l
(1.8) exp(X)(z) = exp(A)z + (1 + Z GT) Bz* + 0(2%)
n=2 :
Notice that if A = 0 then exp(X)(z) = z+Bz2+0(z3). In fact, if X (2) = O(2?) %
then the expansion of its time one flow can be obtained by polynomial equations in the
coefficients of X, more precisely

PROPOSITION 1.24. Let X (z) = H(z) d% be a germ of holomorphic vector field such
that H(0) = H'(0) = 0. Let H(z) = E;’;KAjzj, with K > 2 and A # 0. Let
f(z) = exp(X)(z). Assume that f(z) = Z;io a;jz9. Then

ap =0,
ap =1,

(1.9) a; =0, j=2,...,K-1
ax = A,

aj=A; + Pj(Ak, ..., Aj1), j>K+1
where Pj(xf,...,xj_1) is a polynomial in vk, . .., T;_1.

PROOF. According to (1.7) we have

o0 oo 1

P —xn
Zajz —Z—I—Zn!X Z.
7=0 n=1

Now, writing H(z) = Agz% + O(zK), since K > 2, we see that X.(X""1.z) =
O(25+1) for n > 2. Therefore

=1
z+ Z HX".Z =24+ X2+ 05 = 24 A X + 0K,
n=1

Let r,s,t € Nwithfor K — 1 < r < sandr < ¢t < s. We will denote by L3(¢)
any polynomial in z of degree greater than or equal to 7 and less than or equal to s with
coefficients given by polynomials in Ag, ..., A;. With this notation, in order to prove
(1.9) it is enough to prove that, for all j > K + 1 we can write

(1.10) X"z=L(j— 1)+ 0", n>2

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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First, for n = 2 we compute

X?2=X.(X2)= (Ag2™ +.. .+ A;27
_ d . _
+ O(zJH))%(AKzK +.o A+ 0T
= (Apz® 4+ A O (KARZE T+ A7+ 0(2Y))

=LE 3 (GG -1+ (+ K)AgA;z5H71 L 07T,

Since K > 2, it follows that zX+7=1 = O(2/*1) and therefore X2.2 = L} (j — 1) +
O(zj Jrl) as claimed. Now, in order to prove (1.10) by induction, we assume that it holds for
n and we prove it is true for n+1. We have X.z := H(z) = L} "(j—1)+A;27 +O (/7).
Therefore

Xl =X (X"2) = (L) "5 — 1) + A;27
FOE ) L (- 1) + 0]
z
= (L7'G = 1)+ A2 +0(FHY) (LI (G — 1) + 0(2%))
= LI G- D)+ AP0 (G —1) + 07+
= Ljilf(j -1+ AjL?:;_l(j — 1)+ 0> = L]k(j — 1)+ 0(z"),
which proves (1.10), and we are done. 0

T 0 j d
DEFINITION 1.25. A formal vector field X (z) is given by X (2) = >~ A2/ 7~

where Z;’il Aj;z7 is a formal power series. The formal vector field X is one flatif Ay =
Ay =0.

The time one flow of a one-flat formal vector field is defined as
o0 1 .
(L.11) exp(X)(z) =z + Z HX .2,
n=1

where X".z := X.(X "_l.z) and, if fis a formal diffeomorphism, X .fis the formal
derivation terms by terms of f by X.

PROPOSITION 1.26. The flow of a one-flat formal vector field is well defined. More-
over, there is a one-to-one correspondence between one-flat formal vector fields and formal
diffeomorphisms tangent to the identity.

PROOF. The proof of Proposition 1.24 applies also to the formal case, and then (1.9)
holds. From this it follows that exp(X) is well defined and that the application X —
exp(X) can be inverted. O

REMARK 1.27. It is worth noticing that, even if f € Diff(C, O)—namely if f is
holomorphic and not just formal, then the only vector field X such that f = exp(X), may
not be holomorphic.

THEOREM 1.28. Let f € Si?f((C, O) be a germ of diffeomorphism tangent to the
identity. Then there exist k € N and a € C such that f is formally conjugated to the time

one flow of the vector field
Zk+1 d
Xia(2) i = ————.
kal(2) 1—azkdz
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14 FILIPPO BRACCI

Moreover, k and a are univocally determined by fand depend only on its class of conju-
gation in Diff(C, O).

PROOF. By Theorem 1.13 there exist k, « such that f is formally conjugated to a
diffeomorphism fj, o of the form (1.4). Leta = o — (k + 1) /2. Expanding X , in series,
we obtain

d
Xpa(2) :=2"H 1 4 az® + a?22% + O(zszrl))E

_ (ZkJrl + CLZ2k+1 + 0(22k+2))di'
z

Therefore,
XR oz = Xia-(Xpa-2) = (T + a2+ O(22) (k4 1)2" + O(*))
= (k+ 1)z 4 O(50+1),
and
Xga.z = kaa.(X,ia.z) = (M1 £ a2? T 1 0(22812))0(22%) = O(23F ).
From this, using induction, it is easy to show that
(1.12) X,z = 0", n>3.
By the very definition (1.11) and from (1.12) it follows that

1
exp(Xpa)(2) = 24+ Xg 0.2 + §X,z7a.z + 0>k +1)
1
— Z+Zk:+1 —|—az%+1 4 §(k+ 1)22k+1 _|_O(22k:+2)

kE+1
=z+2" 4+ (a+ —;— )22+ 022 12).
By Theorem 1.13 and Remark 1.19 the flow exp(X} ,) is formally conjugated to z +
R4 (a4 EE) 2R = 5 4 2L 4 22K Therefore, by the uniqueness in Theorem
1.13, f is formally conjugated to exp (X} q4)-
Finally, the univocally dependence of k,a on the class of conjugation of f is clear

from the previous construction. ]

From Theorem 1.6, Corollary 1.20 and Theorem 1.28 we can rephrase the formal
classification in the following way:

THEOREM 1.29. Let f(z) = Az + O(22) € Diff(C, O). Then

(1) either f is formally conjugated to the time one flow of the linear vector field
Xa(z) == Az L,
2) or R;l o fis formally conjugated to the time one flow of the holomorphic vector
2t d
ﬁeld Xkﬂ(Z) = 1—azk dz*
2. Holomorphic Dynamics
2.1. The hyperbolic case.

THEOREM 2.1. Let f(z) = Az + O(z?) € Diff(C,O). Suppose 0 < |\| < 1. Then
there exists a unique o € Diff(C, O) with o’(0) = 1 such that

@.1) 0o f=Ao
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PROOF. Let us define
_ ")
on(2) = SO
Then {0, } is a sequence of germs of holomorphic diffeomorphisms. We claim that {o,, }
converges uniformly on compacta to a holomorphic function . Assuming the claim, since
0,(0) =0 and

ony/ 0) A"’L
Ly IO N
it follows that ¢(0) = 0 and ¢’(0) = 1. Moreover, by the very definition,

on on+1
ono f(z)= )\f )\i{(lz)) = )\f )\n+5z) = Aop+1(2).

Hence, taking the limit, o o f = Ao as needed.

It remains to prove the claim, that is, {o,,} converges uniformly on compacta to
o (which must be necessarily holomorphic). This is equivalent to show that the series
Z;’;O[Uj_H (2) — 0(#)] converges uniformly on compacta. To this aim, since

£(2) = Az = O(|z]%),
there exists § > 0 and C > 0 such that

(2.2) [f(2) = Az < CJz?, Vz:|2] <6
Hence, for all z such that |z| < § it holds

(2.3) [f(2)] < Mlzl + Clzf? < (1A + C9)lz|.
Since |A| < 1, it is possible to choose ¢ so small that

@4 {mﬁﬁ;iw

In particular, from (2.3) it follows that if |z| < ¢ then |f(2)| < d. Thus we can apply (2.3)
recursively to obtain, for |z| < §

(2.5) [F (< A+ Ol M) < - < (1A +CO)" 2]

Therefore, for |z| < 4,

1 22 C
w2) = 002 = I E) = A S S P
(2.6) n
@y 1 a2 | (A +C6)? C
sﬁﬁww+wnd—P—v—]w4

Let € := (|]A| + C6)?/|\|. By (2.4), € < 1. Therefore, by (2.6),
= = Cé c
joj+1(2) = 05(2)| < D} w7 lal® = ey 1,
;3“ ’ §M| (1= )]

and the series is uniformly convergent on compacta in |z| < §, as claimed.
Finally, the uniqueness of o follows from Proposition 1.8 in Section 1. (]

The functional equation (2.1) is known as Schrdder’s equation. The map o is known
as the Konigs intertwining map.
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16 FILIPPO BRACCI

REMARK 2.2. From the proof of Theorem 2.1, it follows thatif f;(2) = A\;2+0(22) €
Diff(C, O) is a family depending on an analytic parameter ¢, with 0 < g < |[\¢| < 61 < 1
for all ¢ and for some dg,01 > 0, then the Konigs intertwining map o; which solves
o o fy = Aoy depends analytically on ¢ as well. Indeed, from (2.6) it follows that the
series which converges to o, is uniformly convergent in ¢ as well.

Theorem 2.1 has a straightforward corollary:

COROLLARY 2.3. Let f(z) = Az + O(22%) € Diff(C,O). Suppose |A\| > 1. Then
there exists a unique vp € Diff(C, O) with ¢'(0) = 1 such that

2.7) Yo f=\p.

PROOF. The inverse of fis f~'(z) = +z + O(2?). By Theorem 2.1 there exists
a unique o € Diff(C,O) with ¢/(0) = 1 such that 0 o f=! = A\~lo. Therefore Ao =
oo f. O

2.2. The elliptic case: Cremer, Siegel diffeomorphisms and small divisors. In the
previous subsection we already proved that elliptic diffeomorphisms are always formally
linearizable. As we will see, the holomorphic linearization is not always possible. Propo-
sition 1.9 gives a first hint on the underlying reason: the coefficients of the expansion of
the intertwining map are multiples of [\™ — \|~!. Therefore, in order to make the series
converging, the factor |A\" —\| ~! should not tend to zero “too fast”. This problem is known
as the small divisors problem.

Let fo(2) = ¥z + O(2?), with 6 € [0,1). We will see that for almost all (with
respect to the Lebesgue measure) 6, the germ fy is holomorphically linearizable. On the
other hand, for a generic' choice of 6, one can find a germ f, which is not holomorphically
linearizable.

DEFINITION 2.4. Let f € Diff(C,O) be a germ of an elliptic diffeomorphism. We
say that f is a Siegel diffeomorphism at O if f is holomorphically linearizable. On the
other hand, we say that f is a Cremer diffeomorphism at O if f is not holomorphically
linearizable.

We start proving existence of Cremer’s germs, using a geometric criterion. Before
that, we need some terminology.

DEFINITION 2.5. Let f € Diff(C, O) be elliptic. A small cycle of f is a finite set of
points {zo, . .., zm } such that z; # z for j # kand f(z;) = zj41 forj € {0,...,m—1}
and f(z;,) = 2. The number m is called the length of the small cycle.

REMARK 2.6. Assume that f(z) = Az + O(z?) is a Siegel diffeomorphism. Then
there exists o € Diff(C, O), such that 0 o f = Ao. Since the map C > ¢ — A¢ has no
small cycles because A" # 1 for all n € N since f is elliptic, it follows that there exists a
neighborhood of the origin which contains no small cycles of f.

THEOREM 2.7. There exists a countable intersection L of dense subsets of irrational
numbers in [0, 1) such that for every 0 € L there exists a Cremer diffeomorphism fg(z) =
€292 + O(22) with the property that for any open neighborhood U of the origin, there
exist infinitely many small cycles of fy contained in U.

1namely, for 6 chosen in a countable intersection of dense subsets of irrational numbers in [0, 1)
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PROOF. Let g(z) = €2™P/9z 4 2* with p and ¢ relatively prime, k > 2. Then O is a
fixed point of g°? with multiplicity k because ¢g°¢(z) — z = O(z*). Letr > 0 and D(O, r)
be the disc of center O and radius r. Let € = €(r) > 0 be a number, to be suitably chosen
later and ¢ + pu; = e>™(P+1)/4 for ¢ € [—e, €]. Finally, set

gu(2) = ez + 2~

For ¢ ~ 0 it follows that |g; — g| << 1. Therefore, if ¢ is chosen small enough, then
1979(2) — ¢°%(2)| < |g°9(2) — z| forall t € [0, €] and |z| = r. Thus by Rouché theorem,
g°? and g; have the same number of fixed points (counting multiplicity) in D(0, ). For ¢
irrational, g;?(z) — z has multiplicity 1 at O, thus there exist ¥ — 1 small cycles of g; of
length (at most) ¢ in D(0, 7).

Let £, be the set of irrational numbers ¢ in [0, 1) such that 2™* 2+ 2* has a small cycle
in D(0,r). By the previous argument, for each p, ¢ relatively prime, there exists a open
neighborhood U, /, such that for all irrational numbers ¢ € U/, the germ e?mitz + 2k has
small cycles in D(O, r). Therefore, £, is open and dense in the set of irrational numbers in
[0,1). The set £ := Ny>0,rc0L is dense by Baire’s theorem and every germ of the form
e?™9 2 + 2* with 6 € £ has the property stated in the theorem. O

270

The proof of the previous theorem shows that every irrational number ¢ which is “well
approximated” by rational numbers has the property that ™% 24- 22 has small cycles which
accumulate to the origin (and in particular it is a Cremer diffeomorphism). The arithmetic
properties of the number ¢ play a fundamental role in the distinction between Cremer and
Siegel diffeomorphisms. Before seeing some instance of Siegel’s diffeomorphisms, we
give another criterion for Cremer’s diffeomorphisms.

As a matter of notation, if z € R and [z] denotes the integer part of = then we will
denote with

{z} =2z — [z].
THEOREM 2.8. Leta € [0,1] \ Q be such that
(2.8) limsup({na}) /" = cc.

n—o0
Then there exists f(z) = e2™z+O(2?) € Diff(C, O) which is a Cremer diffeomorphism.
PROOF. Let A := ¢?™. Then
A" — 1|2 = | cos(2man) + isin(2wan) — 1|> = 4sin?(ran),
hence,
A" — 1] = 2| sin(man)| = 2|sin(n[an] + 7{an})]|
= 2|sin(n{an})| = 2{an} + o({an}).

Therefore (2.8) is equivalent to

(2.9) limsup |A" — 1]7/" = .

n— oo

Let us now define f(2) = Az + 3,5, 0,27, with a; := 2™ We let Oy := 0, 05 :=
arg(as) and more generally, we let

n—1

0, := arg Z(aj Z by -+ br;) |

j=2 ki4...+kj=n
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where b, is defined by (1.2) in Section 1 (so that by = 1,bp = (A2 — X\)"lag, b3 =
(2a2bz + az)/(A* — \) and so on).
Let g(2) = 2z + 372, b2 € Diff(C,0). By the very definition and by Proposition
1.1.9, it follows that g~ ' o f = Ag~!. We claim that
1
2.10 by > ———.

Indeed, by we have

(A" = Nb, = Z(aj Z b, -+ b)) + an = Ap + ay,
j=2 k1+...+kj:n
and, by construction, arg A,, = arg a,,. Namely, a,, and A,, belongs to the same half line
from the origin. Therefore
| A + an| > |a,| = 1.
From this we obtain
|A, + an |an] 1

bn = > frd R
ol = T Al 2 A1 et

and (2.10) holds.
Inequality (2.10), together with (2.9), implies that

lim sup b, |V/™ = 400,
n—00

which means that the radius of convergence of the series Z;iz bpz™ is 0; that is g €
Diff(C, 0) \ Diff(C, O).
On the other hand, it is clear that f € Diff(C, O). By Proposition 1.1.8 it follows that

any diffeomorphism h which linearizes f must be of the type h(z) = ag(z) for some a €
C\ {0} and therefore h cannot be holomorphic, hence f is a Cremer diffeomorphism. O

At this moment, we have two criterions, one geometrical and the other analytical,
to say whether an elliptic germ is a Cremer diffeomorphism, but no instance of Siegel
diffeomorphisms. The well renowned theorem of Yoccoz states that for almost all § € R\Q
the diffeomorphism f(z) = €2"%z + O(z?) is (holomorphic) linearizable. We will give a
qualitative proof of Yoccoz’s theorem. In order to provide as many details as possible we
need first to study the parabolic case.

2.3. The parabolic case: the Leau-Fatou flowers theorem.

DEFINITION 2.9. Let f € Diff(C, O) be such that f(z) = 2 + ap112"1 + O(252)

with ar+1 # 0. We say that v € O is an attracting direction if %vk =-1
We say that v € 9D is a repelling direction if 3 P = 1.

Clearly there exist exactly k attracting and % repelling directions.

REMARK 2.10. The attracting directions of f are the repelling directions of f~! and
conversely the repelling directions of f are the attracting directions of f 1.

DEFINITION 2.11. Let f € Diff(C, O) be such that f(2) = z + a1+ O(252)
with ax+1 # 0. An attracting petal centered at an attracting direction v is a simply con-
nected open set P, such that

(1) O € 0P,
2 f(Py) € Py,
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(3) lim;, 00 f°"(2) = O and lim,, ;oo % —=wvforall z € P,.
A repelling petal centered at a repelling direction v is an attracting petal for f~! centered
at the attracting direction v (for f~1).

As a matter of notation, let f € Diff(C,O) be such that f(z) = z + apy 12" +
O(2"*2) with ax41 # 0. We write v}, ...,v; for the attracting directions of f and
vy ,...,v, for the repelling directions of f, ordered so that starting from 1 and moving
counterclockwise on 9 the first point we meet is v;, then 7, then v3~ and so on.

THEOREM 2.12 (Leau-Fatou). Let f € Diff(C, O) be such that f(2) = z+aj+125 1+
O(2%*2) with a1 # 0. Let {v{, ..., v}, vy ,...,v; } be the ordered attracting and re-
pelling directions of f. Then

(1) For any ’U;t there exists an attracting/repelling petal P + centered at vjﬁ
J
(2) The union U?Zvagr U§:1 P U {0} is an open neighborhood of O.
J J

3) P+ N Pvl+ =0and P- N Pvf =0 forj #£1.
(4) P, intersects only P;g and P,j; v J =1,..., k(with the convention that U,f_i_l =

vli ).
(5) For any attracting petal P+ the function f|p . is holomorphically conjugated

J v
to ( — ¢ + 1 defined on {¢ € C: Re( > C'} for some C > 0.

FIGURE 1. Five petals for z — z + 25.

PROOF. According to Remark 1.18 up to conjugation we can assume that f(z) =
2 — 2FF 4 a2+ 4+ O(2M) with b >> k, so that the k attracting directions are exactly
the k-th roots of 1.

Let§ > 0, § << 1 and consider the set {z € C : |z¥ — §| < §}. This set is made of
k connected components (that we call Py, ..., P), each one centered at a different root of
1. We are going to show that these are the attracting petals of f.

Let 1)(z) := 1. Fix j and let Hs := v)(P;). We claim that

1
Hs = 'R — 1
s={weC ew>2k(S
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k
Indeed, let w = k—ik, then Rew = %Re \ZZ|W = WRezk. If z € Pj then |2F — §|2 < §2,

2k
namely |z|?¥ — 20Re ¥ < 0, that is Re 2% > |22‘5 , thus Rew = ﬁRezk > i

Conversely, if Rew > ﬁ, let z = (k:w)_l/ k (where the k-th root is chosen so that for
R > 0 the root R~'/* is in the attracting direction v;L). Then ¢(z) = w and we need to
show that z € P;. But

1 1 1 20 w
R — — —20R 0 ————Re— <0
ew > ok g A ew <<= K2 [w]? A e WP <
1 ? 2
@‘k——é <52<:>}((kw)‘1/’“)’“—6 < 62,
w

proving the claim.

Note that ¢ : P; — Hj is invertible, and ¢y~ (2) = (kz)~/* where the k-th root is
chosen so that for R > 0 the root R~'/* is in the semi-straight line from the origin and
containing vj. Now we compute ¢ := 1) o f|p, o =t : Hs — C. Then

f‘Pj Owil(z) — (kz)fl/k _ ((kz)fl/k)k _‘_a((kz)fl/k)QkJrl + O((kz)fl/k)h)
and

bo flp o (2)

1
= E[(kz)=VF — ((k2)~VF)EFL 4 a((kz)=1/k)2k+1 4 O((kz)~1/k)R))F
(2.11) 1
" K[(kz)"VR(L = (k2)~1 + a(kz)~2 + O([z| A= M/E)]R

T (ko)L + a(kz)=2 + O(|z|0=R)/k)]F

Now, for |z| >> 1 we have | — (kz)™' + a(kz)™2 + O(|z|*~"/*)| < 1 and therefore
(recalling that (1 + x)* = 1 + kz + O(2?) for || < 1) we have

[1— (k2)~" +a(kz) "2 + O(|z[ = M/E))E

1+ b= (k2) + a(kz)2 + O(|2| 1)) + 0(;—2)

1 1
=1--+0().

Substituting in (2.11) we obtain

z 1 1
p(2) = )

b
e e B (RERRCIEETE B

We claim that ¢(Hs) C H;. To see this we have to show that if Re z > % then

1
Since |z| > Rez > 555, if § << 1 we have
1 b 1
2.1 — <1+ Rel- — 2.
@.13) L <1tRe(L+0(3)] <

Therefore ) ) )
R =R 14+ Re[-4+0(= R —
ep(2) ez+ 1+ e[2+ (22)}> ez > o
from which (2.12) follows. Therefore ¢(Hs) C Hs which implies that f(P;) C P;.
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Moreover, we note that ¢°"(z) = z +n + O(1/n), thus for z € Hs
FroyTHz) = v (z +n+ O(1/n)) = (k(z +n +O(1/n) /"

which, for n — oo, tends to O tangentially to the direction v;.
Next we show that ¢ is holomorphically conjugated to z +— z + 1 on Hj.
First we estimate the orbits of . For all n > 1 and z € Hs we have

(2.14) % <" (2)] < [2| + 2n.

The upper estimate follows by induction. Indeed, by (2.13),
1
()] < J2]+ 14+ 0| < J2] + 2.

Assume the upper estimate in (2.14) holds for n, we prove it holds for n + 1 concluding
the induction:

eV ()] = 192 ((2))] < l(2)| +2n < 2] + 2+ 20 = |2] + 2(n + 1).
As for the lower estimate in (2.14), we claim that forall n > 1 and z € Hj
(2.15) Re p°"(z) > Rez + g
Assuming (2.15) we have

[¢7"(2)] > Reg™(2) > Rez 4+ > 2.

and (2.14) holds. In order to prove (2.15) we argue again by induction. For n = 1 by
(2.13) we have

b 1 1
Rep(z) = Rez—f—l—i—Re(; +O(Z—2)) > Rez + 3

Assuming (2.15) holds for n, we prove it for n + 1 concluding the induction:

1
Re o (2) > Rep(z) + % > Rez + %

Fix a compact set K CC Hs. By (2.14) we have that for all z € K
(2.16) |o°"(2)] ~n  forn — co.
Hence

o(k+1) 2) = ok P b 1
P =01+ g 40 )

1
w2

(2.17)

= (2) + 1+ +0(

b
©°k(2)

Now we define for z € H;

on(z) := ¢°"(z) — n — blogn.
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Note that if 0,,(2) = 0,(20) then ©°™(2) = ©°"(29), but, being ¢ univalent it follows
z = zp. Hence o,,’s are univalent. We see that
o41(2) = ok(2) = D (2) = (k+ 1)
—blog(k+1) — ¢°%(2) + k +blogk
b 1
ok
= 1+ ——+0(—=
¢4 + 14—+ Olg)
—1—blog(k+ 1) — ¢°*(2) + blogk
b k 1. 16 1
=———+4blog—— +0(—=) = 0(-).
r() Tolee 3T TOGR) )

Hence
n—1
jon(2)] < |2+ lo1(2) = 2| + Y lons1(2) — on(2)] = O(log n).
k=1
Summing up, we proved that foralln > 1 and z € K CC Hy,
(2.18) [0 (2)] = O(n), |on(2)|] < O(logn).
Now we prove that {c,, } is uniformly convergent on compacta. Indeed

Gut1(2) = ou(2) = " (2) — blog(n + 1) — 97 (2) + blog n — 1

=b :@O%(Z)—lognzl} —l—O(%)

=0 :on(z) —1—714- blogn log(1 + %)] * O(%)
=0 | on(2) —|—7”1L+ blogn (% +O(%))} * O(%)
= e 1 v OG2)

018 b (2.18) logn
= EO(\UH(Z)—FblognD = ( 3 )

Therefore the telescopic series Y (0,,+1(2) —0,(2)) is uniformly convergent on compacta,
thus 0, — o € Hol(Hj, C). Note that
om0 p(2) = @°" D (2) —n — blogn
n+1
n

= °0" D (2) = (n+ 1) = blog(n + 1) + 1 + blog

1

=opt1(2) + 1+ 0(5)7

hence taking the limit for n — oo we obtain
cop(z)=0(z)+1,

hence ¢ is not constant and, being the limit of univalent functions, it is univalent.

Similar arguments hold for f~!.

The petals constructed so far are not exactly the ones whose existence is stated in the
theorem. In fact they do not form a full neighborhood around O. In order to do this, one
needs to “enlarge” a little bit the petals described before. We leave details to the reader. [
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In the last part of the proof we actually proved the following result:

PROPOSITION 2.13. Let R > O andlet Hr = {w € C: Rew > R}. Let ¢ : Hp —
Hpg, be a holomorphic map such that p(w) = w+ 1+ % + O(3) for |w| >> 1. Then
there exists o : Hr — C holomorphic such that o o p = o + 1.

62, %

FIGURE 2. 12 petals for z — 2™3/%z 4 24,

Now the general case follows at once:

COROLLARY 2.14. Let f(z) = Az + O(z?) € Diff(C,O) with \" = 1, A\ # 1 for
t=1,...,r— L1 If f°" £ id there exist m attracting petals P, ..., Py, for f°" such that
m = kr for some k € N and f permutes Py, ..., P, in cycle of length r.

PROOF. The map f° is tangent to the identity of the form z + az™t! + ... with
a # 0. Apply Theorem 2.12 to f°". Then there exist m attracting petals for f°. Let
Py be one of such petals centered at the attracting direction v. Then clearly Py := f(P;)
is another attracting petal for f°" with attracting direction f’'(0)v. Hence P, N P, = 0.
Define P3 := f(P2). Then P, is centered at the attracting direction [f’(0)]?v, and so on.
After r steps, P.11 = P;. Therefore f acts as a permutation of length r on the attracting
cycles. Hence m = kr for some k € N. (]

2.4. Ecalle-Voronin holomorphic classification of germs tangent to the identity.
First of all we show that classifying germs tangent to the identity is enough to get the
classification of parabolic germs. It is obvious that the multiplier of a holomorphic germ is
a holomorphic invariant, and we have

PROPOSITION 2.15. Let f,g € Diff(C,O) be parabolic with f'(0) = ¢'(0) =
exp(2mip/q) for some p,q € N. Then f and g are holomorphically conjugated if and
only if f°9 and g°? are holomorphically conjugated.

PROOF. If f, g are holomorphically conjugated, so clearly are f°¢ and ¢g°¢. Con-
versely, if f°¢ and ¢°? are holomorphically conjugated by the holomorphic map ¢, it fol-
lows that

g°l=po fl p !t =(pofop 1)U
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1 1

Hence, since f is holomorphically conjugated to po fop™", up toreplace f with o fop™",
we can assume that f°? = ¢°?. Then it is easy to see that the germ h(z) := Zg;é g°l9o

f°7 is a biholomorphism conjugating f to g. O

Therefore, we concentrate on the holomorphic classification of germs tangent to the
identity. We briefly and roughly sketch the construction of the holomorphic invariants,
referring the reader to the original papers by Ecalle [13, 14] and Voronin [23] (see also [1],
[17]). What follows is taken essentially by [10].

By Remark 1.14 on page 9, we can, and we will, assume that f is normalized as

f(Z) — Z—|—ZT+1 +a22r+1 —|—O(|Z|2r+2).

The Leau-Fatou Theorem 2.12 guarantees the existence of r attracting petals P;", ... Pt
centered at the r-th roots of —1 and 7 repelling petals P, ,..., P, (attracting for f~1)
centered at the r-th roots of 1 (numbered counterclockwise). On each such petal PjjE there
exists a biholomorphic map goji (called Fatou coordinates) which conjugates f|,+ to a
translation z — z + 1 (on a right half-plane on attracting petals and on a left half-plane on
repelling petals).

Ifr =1, welet Ufr be the connected component of Pf“ M P, contained in the upper
half-plane and let U, be the connected component of P;" N P, contained in the lower

half-plane. In case » > 1 welet U;” = P\, NP, and U; = PPN Py forj=1,....r

where as customary, Pfﬁrl = P, We define
S = Umezfo"(U5).

The sets Sj[ are totally f-invariants by construction and they are disjoint each other.
It is possible to extend the Fatou coordinates <p;r to PjJr us; u S]'-"_l by

o) (2) =@ (7 (2)) —m,

where m € N is such that f°™(z) € PjJr (and it can be easily checked that the definition
does not depend on the m chosen).

In a similar way, one can extend the repelling Fatou coordinates ¢ to all P;” U S;" U
Sj‘ via

p; (2) == (77" (2)) +m,
where m € Nis such that f°~™(z) € P; .
- (S7) UVt — (G - (G- + .t (gt
Let Vim == ¢, (S;), V;" i= ¢, (87), Wi == ¢ (5;), W;" == ¢ ,,(S]). Then

J J
one can define two holomorphic maps, called the lifted horn maps, as follows:

Hj_ = sp;_ o (30]’_)71|Vj* : Vj_ — Wj_

and
Hf = pfy10(e5) e - Vi- — W
The lifted horn maps are uniquely defined up to pre and post composing with a trans-
lation because the Fatou coordinates are so. Also, the open sets Vji and VVji are invariant
by z — z + 1 and Vj+, VV;r contains a upper half-plane while V=, W, contains a lower
half-plane. Hence, using the projection z — exp(2wiz) the image of V;r and W;“ are
transformed into punctured neighborhoods of the origin, say A;r, B;f while V™ and W~
are transformed into punctured neighborhoods of oo, say A}, B; .
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Since H ]i(z +1)=H ji(z) + 1 (because the Fatou coordinates do), the lifted horn
maps project via z — exp(2miz) to holomorphic maps, called horn maps

+ . pE +
hi Ay — Bj.
Since the lifted horn maps are uniquely defined up to pre and post composing with a trans-

lation, the horns maps are unique up to pre and post multiplication by a constant.
We have the following result:

PROPOSITION 2.16. Let f,g € Diff(C, O) be two germs tangent to the identity. Let
+ + :
{5} be horn maps for f and let {k } be horn maps for f. If f and g are holomorphically
conjugated then then they have the same multiplicity, the same parabolic index and there
exist a;, 8 € C* such that, up to a cyclic permutation of the horn maps it follows

(2.19) k; (2) = ajh; (Bjz), k;r(z) = ath;r(ﬁjz)‘

PROOF. Let <p;[ be the Fatou coordinates for f. Then if f = 1 o g 0o ¢p~1, it follows

that <p;-t o 1) are Fatou coordinates for g. The uniqueness up to additive constants of the
Fatou coordinates allows then quite easily to prove the statement. (I

The converse of the previous result is also true and it is the content of the Ecalle-
Voronin theorem. In order to describe it we need to define a relation on the space of horn
maps.

Looking at the way the Fatou coordinates have been defined, one can show that

HF(2) = 2+ 0(1),

from which it follows that hj has a removable singularity at 0 and can be extended holo-
morphically by defining h;‘ (0) = 0. Similarly, defining h; (o) = oo the horn map h; is
a holomorphic germ at co. Let /\ji be the multiplier of hji at 0 (or co). It can be proved
that

(2.20) [T12A =exp {47# (% —u(f, 0))} ,

j=1
where ¢(f,0) = a is the parabolic index of f.

DEFINITION 2.17. Let M, denote the set whose elements are h := {hi,... hF},
where the h;”s are germs of holomorphic maps in a neighborhood of 0, the 2;’s are germs
of holomorphic maps in a neighborhood of co and such that their multipliers )\;t satisfy
(2.20). ‘

We set an equivalence relation on M, saying that two elements h, k € M, are equiva-
lent if, up to a cyclic permutation of the indices, they satisfy (2.19) for suitable o, 3; € C*.

The set of equivalence classes is denoted by M.

As we described before, to any germ tangent to the identity f it is possible to associate
a set of horn maps which, since every map is clearly conjugated to itself, by Proposition
2.16 defines uniquely an element p s € M, called the sectorial invariant of f.

THEOREM 2.18 (Ecalle-Voronin). Let f, g € Diff(C,O) be two germs tangent to the
identity. Then f and g are holomorphically conjugated if and only if they have the same
multiplicity, the same parabolic index and the same sectorial invariant.

Moreover, for any r > 1, a € C and p € M, there exists a germ f € Diff(C, O)
tangent to the identity such that f has multiplicity v 4+ 1, parabolic index a and sectorial
invariant (1.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



26 FILIPPO BRACCI

2.5. Stability versus Linearizability. Stability is a topological property of orbits.
Roughly speaking the orbits of a germ f € Diff(C, O) are stable if they stay bounded near
O. Such a condition implies (and is rather trivially implied by) linearizability. Here is one
of the possible formal definition:

DEFINITION 2.19. Let f € Diff(C, O). The point O is stable for f if there exists an
open neighborhood U of O, such that for all z € U and n € N the map z — f°"(2) is
well defined and | f°"(2)| < 1.

THEOREM 2.20. Let f € Diff(C, O) with | f(0)| < 1. Then the point O is stable for
f if and only if f is (holomorphically) linearizable.

PROOF. Let first assume |f'(0)| < 1. Then we already saw in Theorem 2.1 that f is
both linearizable and O is stable for f (indeed | f(2)| < |A|(|z| + C|z|?)).

Assume now that |f/(0)] = 1. Suppose that f is linearizable. Then there exists
h € Diff(C,O) such that h o f o h=!(z) = Az. Let W be a neighborhood of O such that
both f and h are defined and univalent on W. Let r > 0 be such that D, C h(W) and h~!
is defined on D,.. Let U := h=1(DD,.) C D. Then

o U)=h o ANR(U) = A1 (A"D,) = h1(D,) = U,

therefore O is stable for f.
Conversely, assume that O is stable for f and define

K := Npen o (D).

Such a set is contained in D (being f°°(D) = D). Let U be the connected component
of K which contains O. Since O is stable for f, U # 0. Moreover, by construction,
f(U) = U. We claim that U is simply connected. Indeed, let D be any compact set with
Jordan boundary whose boundary 0D is contained in U. Since |f(z)| < 1 forall z € 9D,
by the maximum principle for holomorphic function, |f(z)| < 1 for all z € D, hence
D C U, proving that U is simply connected.

By the Riemann mapping theorem there exists a univalent map g : U — DD and we can
assume that g(O) = O. Thus go f o g=* : D — D is a holomorphic self-map of I which
fixes O and such g(f(g~1))’(O) = A, hence by the Schwarz lemma, go f o g~ 1(2) = Az
proving that f is linearizable. (]

2.6. Diffeomorphisms of the circle. In this subsection we introduce an invariant,
called the rotation number for orientation preserving homeomorphisms of the circle and
we show that it is invariant under conjugation in the same class. Let S' := 9D = {¢ € C :
|¢| = 1}. Recall that the map exp(2mi-) : R — S! is the covering map from the universal
covering R of S* to S*. Therefore, if f : S — S! is a homeomorphism of the circle there
exists a continuous map g : S' — R such that

exp(2rig(0)) = f(6).

The map g is unique once fixed the value at one point, say 1. All the others liftings of f
are of the form g + NV with N € Z. Fixing such a lifting g, we have a continuous map
F : R — R defined by

F(t) := glexp(2rit)),
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which makes the following diagram commute:
R L5 R
exp(27rit)l lexp(Q‘n‘it)
st L8t
By construction, it follows that F'(t + 1) = F(t) + N for some fixed N € Z, which we
may assume to be 1. We call such a map F' a lifting associated to f.

DEFINITION 2.21. An orientation preserving homeomorphism of S is a homeomor-
phism f : S' — S! such that the associated map F is increasing in ¢.

Clearly the previous definition implies that f is a orientation preserving homeomor-
phism if it preserves the counterclockwise orientation of S*.

PROPOSITION 2.22. Let f be an orientation preserving homeomorphism of S* and let
F' be the associated lifting. Then

a(F) = lim F(0)

n—oo n

exists. Moreover the number
p(f) =a(F) mod1l
is independent of the associated lifting F' chosen to define it.

PROOF. If F'(0) = 0 then «(F') is well defined. Assume that F'(0) > 0. Let 0 < ¢ <
1. Then F'(0) < F(t) < F(1) = F(0) + 1. Fix s > 0 and let j = [s] (integer part of s).
Then

s—1<j F
s+F0)—1 < j+F(0)=F(j) < F(s)

<SFG+1)=F0)+j+1<s+F(0)+1
By induction we obtain
(2.21) s+h(F(0)—1) < F"(s)<s+h(F0)+1) s>0h>1.
Letnow p > 1 and let m denote the least integer such that F°™(0) > p. Then F°(m~1)(0) <
p < F°™(0) and, again by induction
(2.22) FeEm=1(0) < kp < F°F™(0), k> 1.
Let now 0 < ¢ < m and write n = km + ¢. From (2.21) with s = kp, h = g we obtain

(2.22)
kp+q(F(0) — 1) < Foi(kp) < FeU(Fo™(0)) = Fo(m+9) (0) = Fo(0)
(2.22)

— polath)(petkim-1) ) *2

21
< kp+ (a+ k)1 + F(0),

Folat®) (kp)

From this

kp  a(F©) —1) _ FO0) ke ﬂ(1+p(o)),

n n n n n

Forn — oo since £ = L — 4 jt follows £ — L. Hence for all p
F° (0 Fem(0 14+ F(0
£§liminf © glimsupﬁgg-i-—i——()7
m n—oo n 00 n m m
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Letting p — oo (then m — 00) we obtain

FOn
lim inf (0) = limsu
n—oo n n— 00

b Fon(o)

Y

proving the first claim. Now, we already saw that the liftings F" associated to f differ by
integer numbers, thus «(F') mod 1 does not depend on F'. ]

DEFINITION 2.23. Let f S' — S! be an orientation preserving homeomorphism of
the circle. The number p( f) is called the rotation number of f.

THEOREM 2.24 (Poincaré). Let f S' — S! be an orientation preserving homeo-
morphism of the circle. The rotation number p(f) is invariant under conjugation with
orientation preserving homeomorphisms of the circle.

PROOF. Let F be a lifting associated to f. First of all we note that for all t € R we
have

(2.23) a(F) = lim Fort)

n—o0 n

Indeed, for 0 < t < 1 we have

Fo0) _ FoM) _ F0) L L
n n n n

and letting n — oo we have (2.23). If ¢ > 1, writing t = [t] + ¢’ with 0 < ¢/ < 1, then
F(t) = F(/ + [t]) = F(¢) + ] and F2(t) = F(P( + [)) = F(F() + [f]) =
F°2(t') + [t] and more generally

Fo(t) = F" (') + [t].

From this it follows that lim,, . F°"(t)/n = lim, o, F°"(¢')/n and (2.23) holds.

Now let g be an orientation preserving homeomorphism of S! and let G : R — R be
the associated lifting so that G(t +1) = G(t) + 1. Then G o F o G~ ! lifts go fo g~ ! and
we only need to show that (G o F o G™1) = a(F). But

a(GoFoG) = lim (GoFo G:)"”(G(O)) _— w
_ nliféo{G(Fon(O); [F°(0))) . [FOZL(O)]}
_ i 0O
lifacause |G(F0n(0)—[F0n((;l)BTo§ mzxtem] IG(#)] < C < oo and |Fo"(0)—[F°" (O)HS

2.7. Pérez-Marco’s construction. In this subsection we roughly examine Pérez--
Marco’s construction which gives rise to the so called hedgehogs and will be useful to
(sketchy) prove the Naishul theorem in next subsection. More details are in [20]. First of
all we recall Koebe’s 1/4-theorem. As a matter of notation, D := {¢ € C : || < 1} and
D, :={CeC:|¢| <r}forr>0.

THEOREM 2.25 (Koebe 1/4-theorem). Let f : D — C be univalent and such that
f(0) =0and f'(0) = 1. Then Dy ;4 C f(D).

As a consequence which will be useful later we have
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COROLLARY 2.26. Letr > OandletD, := {¢ € C: |{| <r}. Let f : D, — C be
univalent and such that f(0) = 0 and f'(0) = 1. Then D, ;4 C f(D;.).
PROOF. Let use define g(z) := @ Then g satisfies the hypothesis of Theorem
2.25. Hence

Dy C 1( D) 1]D)
—\r = Wy,
V= r

from which the result follows. ]

By Koebe’s 1/4 Theorem 2.25, if f : D — C is univalent and f(0) = 0,
follows that f~! is defined at least on Dy 4.

fO)] =1it

FIGURE 3. Invariant petals forming the Siegel compacta inside attracting petals.

THEOREM 2.27 (Pérez-Marco). Let f(z) = Az + O(z?) € Diff(C, O) with |\| = 1.
Suppose that f, f~! are defined and univalent on a neighborhood of the closed disc D).
Then there exists a set K C D, with the following properties:

(1) K is compact, connected and full (namely C \ K is connected)
2) O e K CD,

3) KNoD, £ 0

@ f(K) =K, f1(K)=K.

Moreover, if f°™ # id for all m € N then f is linearizable if and only if O EIO{.

SKETCH OF THE PROOF. The last sentence follows at once from Theorem 2.20. The
proof of the theorem goes as follows:

1. Let F, be the set of holomorphic function g : D,. — C which satisfy the hypotheses
of the theorem. Let endow F,. with the topology T, of uniform convergence on compacta.
The space (F;-, Tuc) is closed.

2. Using Leau-Fatou’s flowers theorem 2.12 one can show that parabolic germs
f(z) = e2mP/a; 1 O(2?) with p, ¢ € N satisfy the hypotheses of the theorem and therefore
they belong to the family F,.. The set K in such a case is the union of petals contained
inside the attracting petals (see Figure 3), more precisely such petals are the intersection
between attracting and repelling petals. The family of parabolic germs is dense in F,. and
since this set is closed the result follows. O
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FIGURE 4. Bounded basin of attraction around a Siegel compacta, with a non-
empty linearization domain (grey disc), under the iterates of a linearizable germ
of the form z — 2™z 4+ 22,

D K

FIGURE 5. The map hk in Pérez-Marco’s construction.

The set K defined in Theorem 2.27 is called a Siegel compacta and it is called a
hedgehog in case the germ f is not linearizable.

Let f(2) = Az + O(2?) with A = > 9 € R. Up to rescaling, we can assume that
f is univalent on an open neighborhood of the disc ). By Koebe’s 1/4 theorem 2.25 £~ is
defined and univalent on a neighborhood of the closed disc D; /4 of radius 1/4. Let K be
the Siegel compacta for D /4 defined in Theorem 2.27. By construction CP!\ K is simply
connected and therefore there exists a univalent map hy : CP! \ D — CP! \ K, such that
hx (00) = c0.

Let gx := h}l o f o hg. Such a map is defined and holomorphic in an annulus
A:={CeC:1<|[¢| <r}forsomer > 1. Moreover, since f(K) = f~1(K) = K it
follows f(Dy,4 \ K) C C\ K, hence the image g (A) is contained in C \ D. Moreover,
if {zn} C Aand A 5 2, — 29 € 0D it follows that gx(z,) — OD. By Schwarz
reflection principle the map gx extends to a univalent map (which we still denote by gx)
on{¢ € C: 1/r < |[¢|] < r}. In particular g : S* = OD — S! is an orientation
preserving diffeomorphism of S!.

We call g the orientation preserving diffeomorphism of the circle associated to (f, K).
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LEMMA 2.28. Let f = €>™02 + O(22) with § € R. Let K be a Siegel compacta for f
and let gi be the orientation preserving diffeomorphism of the circle associated to (f, K).
Then the rotation number p(gr) = 0.

The proof of such a lemma is omitted. We only note here that the basic remark un-
derlying such a lemma is that the diffeomorphism g is nothing but the action of f on the
space of prime ends of CP' \ K. With this in mind the result is firstly proved for parabolic
germs, then extended by density to the space of all non-hyperbolic germs.

2.8. Naishul’s theorem. In this subsection we sketch Pérez-Marco’s proof for the
topological invariance of the multiplier for non hyperbolic germs:

THEOREM 2.29 (Naishul). Let fi(z) = €*™1z + O(2?) and f1(z) = €*™%22 +
O(22) with 61,02 € R. Assume that there exists a germ of an orientation preserving
homeomorphism ¢ : C — C, p(O) = O such that ¢ o f1 0 p~1 = fo. Then 6, = 0s.

PROOF. Let K be a Siegel compacta for f; defined by Theorem 2.27. We may choose
K so that it is contained in the domain of definition of ¢. Let g; be the orientation preserv-
ing diffeomorphism of the circle associated to (f1, K'). The set ¢(K) is a Siegel invariant
for fo, and we let g5 be the orientation preserving diffeomorphism of the circle associated
to (f2, p(K)). We also denote by h; the Riemann mapping from CP! \ D — CP! \ K and
by hy the Riemann mapping from CP* \ D — CP' \ ¢(K). Recall from Pérez-Marco’s
construction that g; = hj_l ofjohj,j=1,2. Letusdefine ¢ := hy' 0 pohy. OnID
we have

¢ogi=(hy opohy)o(hytofioh)

=hy'opofiohi=hy'ofaopoh

= (h510f2°h2)°(h510@0h1) =g201.
The map ¢ is uniformly continuous on a neighborhood of K. This implies that ¢ defines
a homeomorphism from the space of prime ends of CP* \ K to the space of prime ends
of CP!' \ ¢(K). Hence 1 is an orientation preserving homeomorphism of the circle which
conjugates ¢g; and go. By Lemma 2.28 and Theorem 2.24 it follows

01 = p(g1) = p(g2) = 2,
and we are done. ]
2.9. Douady-Hubbard’s Straightening Theorem. In this subsection we give a sketch

of the proof of Douady Hubbard’s Straightening Theorem. More details can be found in
[11] (see also [2, p.131]).

THEOREM 2.30 (Douady-Hubbard Straightening Theorem). Let F(2) = Az + 22 +
Y(z) with |A| = 1, ¥(0) = ¢/'(0) = 0 be defined on the disc Dg with R > 5 and assume
|(2)] << 1. Then there exist r > 0 and a homeomorphism h : D, — C such that
h™loFoh(z) = Az + 22

As a consequence, F'(z) is topologically conjugated to Az + z2. In order to prove
Douady-Hubbard’s theorem we need a few auxiliary results.

LEMMA 2.31. Let |A\| > 0 and a € C\ {0}. The polynomials \z + z* and \z + az>
are holomorphically conjugated.

PROOF. Simply conjugate with z — az. O
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Let

2dz| \?
2
(224) dS(CIP’l = <m> y

be the standard metric on CP!.

THEOREM 2.32 (Measurable Riemann Mapping Theorem). Let do? = p(z)|dz +
w(2)dz)? be a metric on CP such that p,p are L™ functions with p(z) > 0 (almost
everywhere) and ||pt||oo < 1. Then there exists a quasiconformal mapping h : CP* — CP!
(in particular h is a homeomorphism and it is differentiable almost everywhere) such that
h(0) = 0, h(co) = oo and h*(dstp.) = 6(2)do? (almost everywhere) for some positive
L™ function 6.

For a proof see [2, Thm. 3 Ch. V]. Also, for definitions and properties of quasiconfor-
mal mappings see [2].

LEMMA 2.33 (Shishikura’s surgery principle). Let K > 1. Let g : CP* — CP!
be a non-constant continuous map which is locally the composition of a holomorphic and
a K-quasiconformal mapping (such a map is called quasiregular). Let X C CP! be a
measurable set with the properties that

(1) there exists a positive L> function p such that g*(dsp.) = p(2)dsip. almost
everywhere on CP* \ X,
(2) forall z € X it holds g°™(2) & X foralln =1,2,....

Then there exists a quasiconformal map h : CP' — CP! (in particular h is a homeomor-
phism) such that h(0) = 0, h(co) = oo and h o g o h™ is a rational map of CPL.

PROOF. Note that g is open (since it is locally open, being locally the composition
of open mappings by hypothesis). Hence, g(CP*') is a connected compact open subset of
CP!, therefore g(CP') = CP'. Let Y := {z € CP' : ¢°"(2) € X,n=10,1,2,...}. By
hypothesis g(X) C Y. Moreover,

(2.25) CP' = U,509°C™(Y).

Define
dO’E = (gon)*(dS%Pl ’gon(z))

for g°"(2) € Y. Itis easy to see that it does not depend on n. By (2.25), do? is a metric
(defined almost everywhere) on CP!. By hypothesis and definition of do? it follows that
g*(do?) = p(z)do? for some positive L> function p. Write do? = v(z)|dz + u(z)dz|>.
Since g is locally the composition of a K-quasiconformal mapping and a holomorphic
mapping, by the very definition of do? it can be proved that both v and p are L> and
moreover ||u]lcoc < 1. Thus we can apply the Measurable Riemann Mapping Theorem
2.32 to come up with a quasiconformal mapping i : CP! — CP! such that h(0) = 0,
h(c0) = oo and h*(dsip.) = 6(z)do? (almost everywhere) for some positive 6. Letting
f := hogoh™! we have (almost everywhere)

F(dstp) = (1) 0 g7 0 W (dser) = (h™1)" (pBdo”) = pbdser.

Therefore f is a continuous function which is locally conformal. By Riemann’s removable
singularities theorem f is then a holomorphic map from CP! into itself (hence a rational
map). (|
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PROOF OF THEOREM 2.30. 1. Since [¢(z)| << 1, the map F is a polynomial-like
mapping on Dy. Namely, Dy C F(Dy) and F' : Dy — F(Dy) is a 2 : 1 (branched)
covering map. Indeed, for every w € D4 we have for z € 0Dy

|F(2) —w— (A2 + 2% —w)| = |[9(2)| < Az + 22 —w].

Hence by Rouché theorem, F(z) — w and Az + z? — w have the same number of zeros in
Dy, thus Dy C F(Dy), and Fis a2 : 1 branched covering map from D4 onto its image.

2. Straightening of polynomial-like mappings. Up to change 4 with 4 — €, we can
assume that F is regular on 9D4. Hence F'(0D),) is an analytic regular curve which bounds
an unbounded region U in C. Let V = C\ U. LetT > 1besuchthat V C {( € C :
|¢| < T}. The region U is simply connected in CP*, and welet ® : C\'V — {¢ € C :
|¢] < T?} be a univalent mapping such that ®(cc) = oco. Since F(0Dy) is real analytic,
® : 9V — {|¢| = T?} is real analytic. Now F : 9Dy — 9V is 2 : 1 and z + 22
is 2 : 1 from {|¢| = T} onto {|¢| = T?}. Therefore there exists a homeomorphism
k : 0D4 — {|¢| = T} such that the following diagram commutes:

op, —L 5 oV

l l‘b
{lc =T} =25 {1¢| =712

Hence k2 = ® o F'. Let us define ®(z) := (2) for z € dDy. It is then possible to extend
® to a quasiconformal map (bearing the same name) ® : V \ Dy — {T < |¢| < T?}. In
particular ® is a homeomorphism. Let then define

) F(2) zeDy
9(2) = {@1(@(2))2) 2 € CP'\ D,

Since F(z) = @71 ((®(2))?) on 9Dy, the map g extends continuously as a map g : CP* —
CP.
OnCP'\ (V' \ Dy)

* 2 / 1+ |Z‘2 ’ 2
g (dSCPl) - ('g (Z)| 1+ |g(2)2) dS(ClP’l
Therefore g* (ds?cpl) and ds%H,>1 are in the same class of conformality2 outside the compact
set V'\ Dy.

Moreover, if 2 € V \ Dy then g(2) = ®(z) € {T < [¢| < T?}. By construction
V c {|¢| < T}, hence ¢°"(z) ¢ V \ Dy foralln =1,2,....

We can thus apply Shishikura’s surgery principle (Lemma 2.33) and we find a quasi-
conformal map h : CP! — CP! (in particular h is a homeomorphism) such that h(0) = 0,
h(oo) = co and G(z) := h™! o g o h is a rational map of CP!. But such a map G fixes oo
since h, g do. Thus G is a polynomial. On z ¢ D4 the map g(z) = ®~((®(2))?) with ®
univalent. Hence g has “degree two” at infinity, therefore G(z) is a polynomial of degree
two. By Naishul’s theorem 2.29 it follows that G(z) = Az + 22 O

2Two metrics wi, w2 on CP! are in the same class of conformality if there exists a positive function p(z)
such that w1 = pws.
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2.10. Yoccoz’s proof of the qualitative version of the Siegel-Bruno-Yoccoz theo-
rem. In this subsection we prove the following theorem:

THEOREM 2.34. Let f(z) = 2™z + O(22) € Diff(C,0). Then for almost all
0 € R\ Q (with respect to the Lebesgue measure), f is holomorphically linearizable.

Such a theorem in this form goes back to Siegel [22] who gave conditions on 6
(roughly speaking saying that 6 is badly approximated by rational numbers) which hold
almost everywhere. Then Bruno [6], [7] gave some refined conditions on # which later on
Yoccoz [24] proved to be sharp. In this subsection we are going to give a qualitative proof
of Theorem 2.34 due a very ingenious construction of J.-C. Yoccoz [24] (see also [18]).

In what follows we will need one of the Koebe distortion formula (see, e.g. [9, p.3]),
which we recall here for the reader convenience: if h : D — C is univalent then for all
zeD
||

ZL < nie) - (o) < W OlG— 2

(2.26) B (0)| =3
(L+]2])
Let us denote by

Py(2) := Az + 22

THEOREM 2.35. Let § € R\ Q and let \ := €2™. If Py is linearizable then every
germ f € Diff(C, O) with f'(0) = X is linearizable.

PROOF. Let f(2) = Az +agz? +1(z) with A = €2™ and 1(0) = ¢’(0) = 9" (0) =
0. Let fo(2) = Az + az? + ¢ (z). Fora # 0, let h(z) := z/a. Then h=1 o f, o h(z) =
Az + 22 +ap(z/a). Since 1)(z) = O(23) it follows that for |a| >> 1 the function ¥(z/a)
is defined on a neighborhood of the closed disc of radius 10 and |a?(z/a)| << 1. By
the Douady-Hubbard straightening theorem 2.30 the map h=! o f, o h for |a] >> 1 is
topologically conjugated to P. But P, is linearizable by hypothesis and then Theorem
2.20 implies that O is stable for Py. Hence O is stable for h~! o f, o h and then again
by Theorem 2.20 the map h~* o f, o h is holomorphically linearizable for |a| >> 1, say
la| > R for some R >> 1. Hence f, is holomorphically linearizable for |a| > R. If
lag| > R then we are done, so we can assume |ag| < R.

By Theorem1.6 in Section 1, for all ¢ € C the germ f, is formally linearizable, with
intertwining map g,(z) = z + E;’iz ba,j27 whose coefficients b, ; are given by (1.2) in
Section 1. Therefore, as a simple induction proves, the coefficient b, ; is a polynomial in
a of degree j. Hence the map (a, z) — gq(z) is both a power series in z with coefficients
depending on a and a power series in a with coefficients depending on z. For |a| = R the
map z — ¢,(z) is holomorphic. Hadamard’s formula (root’s criterion) for the radius of
convergence of power series implies that the radius of convergence of g, depends linearly
on 1/]al. In particular, for all |a| = R the domains of definition of g, contain a fixed disc,
say |z| < r for some r > 0. By Lemma 1.10 in Section 1 the maps g, are univalent on D,..

Therefore by Koebe’s distortion formula (2.26) there exists a constant K > 0 such
that |g,(z)] < K forall |a] = R and |z| < r. Hence, |b, ;| < K/r’, by the maximum
principle this holds for all |a| < R, hence g,(z) is convergent for all a. O

By Theorem 2.35 it is enough to study linearization of the quadratic polynomials Pj.
If A = 2™ with 6 ¢ Q (possibly # € C, namely |\| # 1), by Theorem 1.6 in Section I the

polynomial P, is formally linearizable, namely, there exists g\ € Si?F((C, 0),9¢,(0) =1
such that

2.27) Py(gxr(2)) = gx(A2).
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Let us denote by () € [0, +o0] the radius of convergence of g.

PROPOSITION 2.36. Let 0 < |A| < 1. Then
MHo<r(N) <2
(2) The map gy extends continuously on OD,.xy. Moreover g : m — Cis
injective and satisfies Py o gx(z) = gx(A\z).
(3) The map gx has a unique singular point on OD,.(xy which is denoted u(\).
@ ga(u(N) = =X/2 and (gr(2) + X/2)? is holomorphic at z = u(\).

PROOF. By Theorem 2.1, 7(\) > 0. The map gy is univalent in D,.(y). Indeed, if
gx(21) = ga(22) for some z1, 22 € D,.(y), for all n € N it follows by (2.27) that
(2.28) PY"(gr(2)) = gx(A"2)
hence g\ (A\"z1) = gx(A\"22). But g, is univalent in a neighborhood of O, therefore, since
|A| < 1, for some n >> 1 it holds \"z; = A"z, hence z; = 23 and g}, is univalent. In
particular g has no critical points in ;. ).

Now, note that Py has a unique critical point at ¢y = —\/2 with critical value vy =
—A?/4. We claim that ¢\ ¢ ga(Dy(ny). Indeed, if it were gy (z9) = cy for some zy €
D;.(»), differentiating (2.27) and evaluating at 2o we would obtain

0 = Pi(ex) = Pi(ex)ga(20) = Pr(9r(20))9A(20) = Agh(A20),
hence g} (Azp) = 0. Thus g, would have a critical point in its domain of definition,
contradiction. Let r := min{100,7(\)}. Then gy : D, — C satisfies the hypothesis of
Corollary 2.26. Thus D,. /4 C gx(ID,.). But cx & gx(ID;.), hence cy ¢ D,.;4. Thus

1 > m — |c | > t
2= 2 M=y
which implies that r(\) < r < 2. This proves (1).
Next, we note that if gy (z) # ¢y then Py is invertible at gy (2), hence from (2.27)

(2.29) 9r(2) = Py M (ga(A2)).

This implies in particular that g, can be analytically continued until its image reaches c.
Hence c) € 9(ga(ID,(x))) and there exists a sequence {z;} C D, () such that gx(z;) —
cx. Up to extracting subsequences we can assume that z; — u(X) with |u(A)| = () (for
otherwise if [u(\)| < r(X) then gx(u(\)) = cx against ¢y € g(ID,.(»))). By (2.27)
gr(Au(X)) = lim gy(Az;) = lim Py(ga(2;)) = Pa(ca) = v
Jj—oo Jj—o0

Therefore, by the injectivity of gx, such a w()\) is uniquely defined, namely, if {z;} C
D, () is such that gx(z;) — c then {2;} have to converge to u(A). Hence, if we define

ga(w) = P)\_l(g,\(/\w)) w € 0Dy \ u(N)

ga(u(})) = cx
such a function is continuous and injective on dD,.(y) and by construction it satisfies the
functional equation. This proves (2) and (3).

Finally, since Py '(2) = —3 4+ 1V/A2 + 4z, for z € D,(y) \ {w(\)}, by (2.29) we
have )
- A2+ 4gxn(Az
(3(2) + 1/2)" = (P (gr(22)) + 222 = 2120209

which defines a holomorphic function on a neighborhood of w(\), proving (4). (]

DEFINITION 2.37. The map D* 5 A — w()) is called the Yoccoz function.
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We are going to see that, quite surprisingly, the Yoccoz function is holomorphic (and
extends holomorphically to 0).

THEOREM 2.38. The Yoccoz function u : D* — C has a holomorphic extension, still
denoted u : D — Do.

PROOF. For A € D*, let u,(\) = w The sequence {u,} is composed

of holomorphic functions on D*. We are going to show that {u,,} converges uniformly
on compacta of D* to u, which will prove that v : D* — C is holomorphic. Then, by
Proposition 2.36 we have that |u(A)| = () < 2, hence v : D* — C is bounded and by
the Riemann removable singularity’s theorem u extends holomorphically to 0.

Let us then show that {u,, } converges uniformly on compacta. Let h(z) := %.

The function h : D — C is univalent, and by Koebe’s distortion formula (2.26), recalling
that g»(0) = O and ¢4 (0) = 1,

puO)| , _
| == noon < o = B

By (2.28) with z = u(A) and since gy (u(A)) = —A/2, we have
231) PE(=A/2) = ga(A"u(N).
Thus by (2.30) with z = A",

2| 2|

(2.30)

PO | A
ul) ‘< N = 2o

IPX" (=A/2)] = [u(N)]

This implies that
_ | BR"(=A/2) 2

and therefore {u,,} is uniformly bounded on compacta of D*, hence it is a normal family.
Let {uy, } be a converging subsequence. Now

PO (=) /2
lim wp, (A) = lim K EA2)

k—o0 k— o0 ATk

@31 Jim W - diz(g,\(u(/\)z)”zzo = u().

This proves both that the sequence {u,, } is converging and the limit is w. U

Now we relate the Yoccoz function to the radius of convergence of the formal inter-
twining map for an elliptic germ:

PROPOSITION 2.39. Let € R\ Q and let \ := e*™°. Then
r(A) > limsup |u(2)].
Z— A

PROOF. Let r := limsup,_,, |u(z)|. Assume r > 0. Let {n,} C D be such that
Nn — Aand |u(n,)| — 7. The family {g,, } is a family of univalent functions each of
which is defined on a disc D,.,, .y with r(1,) = |u(n,)|. Hence, for all m € N, the disc
Dy _1/m C Dyg,) for n >> 1. The family {gy, [p,_,,,, } is thus a normal family by
Koebe’s distortion formula (2.30). Therefore, up to extracting subsequences, the sequence
{gn, } is converging uniformly on compacta to a function g : ,, — C which, by Hurwitz
theorem, is either constant or univalent. Since gy, (0) = 0 and g; (0) = 1 then g(0) =0
and ¢’(0) = 1, proving that g is univalent on D,. Also, since clearly P, — P, and
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P,, (gn,(2)) = gn,(nnz) for all n, then Py(g(z)) = g(Az). By the uniqueness of the
intertwining map it follows that g|p, = g, proving that () > r. O

Now we are able to prove Theorem 2.34:

PROOF OF THEOREM 2.34. The Yoccoz function u : D — C is holomorphic and
bounded, thus Fatou’s lemma (see, e.g., [21]) implies that u has radial limit almost every-
where at OD. Since u # 0, such radial limits must be # 0 for almost all points. Hence for
almost all A € 0D

limsup |u(z)] > lim |u(rA)| > 0,
252 r—1
and by Proposition 2.39 it follows r(A) > 0 proving that Py is holomorphically linearizable
for almost all A € OD. ]

2.11. Arithmetic forms of Siegel-Bruno-Yoccoz’s theorem. In this subsection we
will discuss (without proof) the arithmetic form of the Siegel-Bruno-Yoccoz’s theorem
2.34. For details and proofs see, e.g., [19]. First, we start introducing Siegel’s theorem
[22] (see also [9]).

Let A = e?™ with § € R\ Q.

DEFINITION 2.40. The number § € R\ Q is Diophantine (or satisfies the Siegel
condition) if there exist K > 0 and 0 < ¢ < oo such that for all m,n € Nand n # 0 it

follows
m K
o5 K.
n nt
The set of Diophantine numbers is dense in R.

THEOREM 2.41 (Siegel, 1942). Let f(2) = Az + O(22) € Diff(C, O) with A = >~
and 6 € R\ Q. If 0 is Diophantine then f is holomorphically linearizable.

Next we recall briefly how continued fractions are defined, in order to introduce

Bruno’s numbers.
1
A(x) =4 —
@={;}

The Gauss map is defined by
forx € R. We let g = x — [z], ag = [z]. Then we define by induction for n. > 0

1 1
Tnt1 = A(xn) = {_} y  On41 = |:_:| > 1.
T T
Then -~ = @, 11 + Zp41. Therefore we have
+ P + !
Tr = agp o = Qo = Qo —_—e = ...
a1+ G+ Gim
As customary, we write © = [ag, a1, .. .] to denote the continued fraction expansion of .
We also let
Dn 1
— :=lag,...,0p| =09 + ——mM8.
qn [ ) ) 'IL] al + 1
at et

The sequence {zi} is the best approximation sequence of rational numbers for z.
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DEFINITION 2.42. We say that x € R\ Q is a Bruno number if

1o
3 s
dn

n=0

where {f]ﬂ} is the best approximation sequence of rational numbers for .

One can prove that every Diophantine number is a Bruno number but the converse is
not true. Bruno [6], [7] (see also [18, section 5.1]) proved the following result:

THEOREM 2.43 (Bruno, 1965). Let f(z) = Az + O(z?) € Diff(C, O) with A = €27
and 0 € R\ Q. If 0 is a Bruno number then f is holomorphically linearizable.

Finally, in 1985 J.-C. Yoccoz [24] proved that Bruno’s condition is sharp, namely:

THEOREM 2.44. Let § € R\ Q be a non-Bruno number. Then the quadratic polyno-
mial €™z + 22 is not holomorphically linearizable.

3. Topological normal forms

We say that two germs of diffeomorphisms f, g are topologically conjugated if there

exists a homeomorphism ¢ such that p o f o =1 = g.

3.1. The hyperbolic case.

THEOREM 3.1. Let f(2) = Az + O(|z|?) € Diff(C, O) with |\| # 1. Then
(1) If|A| < 1 then f is topologically conjugated to z — %z
(2) If|A| > 1 then f is topologically conjugated to z — 2z.

PROOF. 1. According to Theorem 2.1 the map f is holomorphically conjugated to
z — Az, so it is enough to show that Az and %z are topologically conjugated. Fix ¢ > 0.
For 0 < r < Rwedenote by A(r,R) = {z € C:r < |2] < R}. Letp : A(5,¢) —
A(|\le, €) be a homeomorphism such that ¢(32) = Ap(z) for |z| = £ and ¢(2) = = for
|z| = €. Extend by induction for k € N the map ¢ : A(557, 57) — A(|A[Fe, [A[Fe),
defining inductively

1 € €
90(52) = A@(Z)a z € A(2k+1 ) Q_k)
Then set ©(0) = 0. The map ¢ is the searched homeomorphism. The proof of 2. is
similar. O

3.2. The parabolic case: Camacho’s theorem.
THEOREM 3.2 (Camacho). Let f(z) = Az + O(z?) € Diff(C,0), A" = 1 for some
n € Nand, ifn > 1 assume \'™ # 1 for 1 < m < n. Then
(1) either [*(z) = z for all z,
(ii) or there exists k € N such that f is topological conjugate to z — \z(1 + z"F).

REMARK 3.3. From the proof it will follow that if f(2) = z + ax 12"+ + O(2F12)
with ax41 # 0 then f is topological conjugate to z + z 4 2*+1,

The idea of the proof is to look at f as a diffeomorphism of a suitable Riemann surface
in such a way that f behaves like an automorphism of such a surface and it is actually
topologically conjugated to it. To see how this idea comes out, we make some digressions.

Dynamics. The map T ., : 2 — Az(1 + 2"*) preserves the union of kn lines given
by {z : z*" € R}. These lines divide C into 2nk sectors {V;}, which we can enumerate
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counterclockwise. Thus, e.g., V1 = {z : 0 < arg z < m/nk} and more generally V; = {z :
(j=l)m/nk < argz < jm/nk},j =1,...,2nk. If A = 1 theneach V} := V;n{|z| < 6},
0 < ¢ << 1is mapped into V; by T . If A" = 1 then T) x,, acts as a permutation on
the Vj‘S (in the sense that maps Vj‘S in some other V3,). More precisely, if A = e>™a/?
with (¢,n) = 1,0 < ¢ < n, then z — Az is a rotation which maps V; into Vo,
modulo 2nk. Therefore T) .5 permutes the V;’s in cycles with length n, and there are
exactly 2k cycles. Let S; = Va1 U Vo, U L;r, where L;r = OVhj_1 N OVa; \ {0}, for
j =1,...,2nk. Note that each S contains exactly one Leau-Fatou petal for T’ k. It is
clear that if f — T ,x(2) = O(2"**1) then f moves the sectors S; essentially as T .k
does.

The idea is now to consider each sector Sf = S; N{|z| < d} as a chart of a Riemann
surface in such a way that on each chart f is conjugated to some automorphism and such
conjugations glue together in a good way on the Riemann surface.

Riemann surfaces of multivalued functions. Let us consider the holomorphic function
z — 2z~ "7 This function has the property that each sector S; is mapped to C \ [0, 00]
(except for kn = 1 where the image is C* = C \ {0}). For nk = 1 we define &; = C*.
Now we assume nk > 1 and we are going to define a Riemann surface S,,;; which will
be a nk-th covering of C*. Let Uy,..., Uy be nk-th copies of C \ [0,00]. Glue Uy
along the upper boundary of the cut [0, oo] with Us along the lower boundary of the cut
[0, 00]. Proceed this way gluing U; along the upper boundary with U;, along the lower
boundary, j = 1,...,nk — 1 and finally glue U, along the upper boundary with U; along
the lower boundary. Call S, such a (topological) surface. Now we define a one-to-one
map i : Spi — C* as follows. On C \ [0, oo] one can define nk-th branches of the
inverse function of z — z~*". Let us denote by z — B;(z) these branches, according to
Bj(C\ [0,00]) = Sj,j = 1,...,nk. Then let m,x|y, := B;. By definition 7, extends
continuously to all S, and is clearly an homeomorphism on C*. Declaring 7, to be a
biholomorphism we give S, the structure of a Riemann surface. It is naturally a nk-th
covering of C* by the map P : S, — C* defined on each U; by U; > z — z € C¥,
extended obviously on all of S,,;.. The map P is holomorphic for one can check that the
following diagram commutes:

Snk Snk
S
C* zz "k C*

Indeed we can check this using (Uj, m,k|y,) as a chart, and then in local coordinates
(S;,¢) it follows that P(¢) = P(m;,;} (¢)) = ¢(~"*. To be precise, {(U;, Tnk|v,)} is notan
atlas for S, for it misses some half-lines. However one can define an atlas by constructing
Sni starting from open sets of the form U = C \ [0, oc] (and then, instead of sectors of
the form .S; one must use sectors of the form S; = Vo UVojp1, 5 =1,...,nk — 1,
Sl = ViU Vay,y. Then {Uj, Tnr|u, } U {U]/»,’]Tnk‘U]{} is the wanted atlas: we leave the
details to the reader. Alternatively one can first endow S, with the (unique) structure of
Riemann surface which makes the covering map P holomorphic, and then show that 7, is
a biholomorphism. From this point of view it is much more natural to consider the atlas of
Sni given by {Uj, ¢, } U{U}, ¢} }, where ¢;(() = ¢, ¢’;(¢) = ¢. In such local coordinates
one sees that for ¢ € Uj, mjy, © <pj_1(<) = B;(¢) = ¢~'/*" where the branch is chosen so
that i—¥/*n € S
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PROOF OF THEOREM 3.2. By Remark 1.14 of Section 1 we can assume that
(3.1) f(2) = Az(1 + 2" + O(z"F 1))

Let C; = {z € C* : |2| < r} for asmall 7 > 0. Let 87, = ,}(C}). Then we can well
define a holomorphic injective map F' : S),. — Sy, as

F:ﬂ';klofornk.

Assume that x € U; and F(z) € Uj. Inthe local coordinates (Uy, mnx |y, ) and (U, mnk|v,)
one can see that ' = f. However if we use the local coordinates (Uj, ;) and (U, ¢;) to
write down a local expression of F' we obtain that, for { € C\ [0, oo],

Fiu(¢) = pioF o (¢) = o f(¢TFM)
— [f(cfl/k:n)]fkn — C _ kﬂ—i—CCil/kn +...,

where the branch of ( —1/kn ig chosen so that i~ /7 ¢ S;. Note that, for what we said
about dynamics, if  is sufficiently small then /' maps each U; N S;, essentially into U;
(with this we mean that the image is almost all in U}, and the restis in U 3{71 uuU J’-, counted
modulo kn).

We define an injective holomorphic map G : §]; — S, in the following way. If

x € Uj and F(z) € U, then

G(x) = ¢y (pj(z) — kn).

Similarly if 2 € Uj and F(z) € U] then we define G(x) := (¢)) "' (¢(x) — kn). We
have only to check that the map G(x) is well defined if x € U; NU. ]’», which follows at once
from the definition of ¢;, gag.. By the very definition it follows that in local coordinates

Gji(Q) =10 Gop;H(¢) =C( —kn.

The upshot is to show that F is topologically conjugated to G on S, , which will imply
that f is topologically conjugated to g := 7,1 0 G o ;! on C. Since also Az(1 + ™) is
topologically conjugated to g this will prove the theorem.

We define a new C*° diffeomorphism K : S, — S, by gluing together F' and G.
Such a map K is better defined on C}; = m,(S);). Let 0 < 73 < 7 < 7 < 1. Let
p: R — RbeaC> function such that 0 < p < 1, pl_,0) = 0, pl[1,40c] = 1. Then we
define
1 — |2

k(z) =g(z) +p [f(z) = g(2)].
(=)

The map K is then given by K = 7| kl o k o . We have to show that K is a diffeomor-
phism. To see this, we notice that F};;({) — G,;(¢) goes to zero as ¢ tends to infinity, for
any j,l. This means that |f(z) — g(z)| is very small as » << 1. In particular then k is
C-close to the diffeomorphism g on C? and therefore it is a diffeomorphism, and hence
K is.

Let S)% = m,,5(C;,) and similarly define S)2. Then S/} N U is given by {¢ € Uj
<] > ri*7Y, while 872 NU; = {¢ € Uj : [¢| > r;"}. By definition K = G on
B =8\, while K = FonS3.

It is now enough to show that K is topologically conjugated to G. The idea is to
define a conjugation H on a set F, called exaggerated fundamental domain, such that for
any x € Sy, there exists a € Z such that G*(z) € F, and then extend the conjugation by
means of the relation H o Go H~! = K.

r —T2
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We let L; be defined as L, N U, :== {¢ € S/, : Re( = 0}, fort = 1,..., k. By
definition we know that G™(L;) C Uy, and actually G™(L;) is a line in S}, N U; given
by the translation of L;. We let L, = G™(L;),t = 1,...,k. We define the exaggerated
fundamental set E to be the union of B and the 2k-th semi-strips bounded by L; N Uy, L} N
Ugfort =1,..., k. This set F is clearly fundamental for G, for G™ is a translation on each
U; with step given by the distance between Ly and Lj; also, if & > 1 then G permutes
cyclically the n charts contained into the k-th cycles, as explained when talking about
dynamics. Now we define H|p = Id, H|r, = Id, while we define H|r, := K|, for
t=1,...,k. Clearly H conjugates G to K on BU, L; U; L}. Now we simply extend H as
a diffeomorphism into the interior of each semi-strip between L, and L;. For x € S}, we
can define H(z) by means of H(z) := K~% o H o G%(z), where a € Z is the minimum
(in modulus) integer such that G*(x) € E. For this definition to make sense, we have
to be sure that K~°(H(G%(x)) € 8", forb = 1,...,aifa > 0 (b = —1,...,—a if
a < 0). Indeed K (B) ¢ S7,. (this corresponds dynamically to the existence of repelling
directions). However, from the fact that H|z = Id one can easily see that the definition is
well posed. Finally, we note that H is, by construction, a diffeomorphism. O

REMARK 3.4. The proof shows that, if f(z) # z, then actually f is C°°-conjugated
to A\z(1 + 2*") outside 0.
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