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A foreword

These are partial notes for courses held in Maryland in the Fall of 2024 and
Rome Fall 2025. The purpose here is to provide a basic understanding for
people with essentially no prior knowledge of the subject. First, I will discuss
basic examples and concepts. Then, how to establish hyperbolicity and how
to establish ergodicity. As the field is very broad, I will focus on the idea
and techniques rather than attempting to present an exhaustive overview of
the field. Additionally, I will attempt to present the ideas in a clear manner,
illustrating how they can be applied to other relevant dynamical systems
(e.g., cones and hyperbolicity, Hopf argument for ergodicity). The notes
are both more and less extensive than the lectures. I apologize for that,
but writing notes is a rather time-consuming activity for someone slow like.
Additionally, as I wrote them in a hurry, they may contain errors. So read
at your own risk, and apologies again.

iv



Chapter 1

Instability everywhere

Although this is not the proper occasion for a historical excursus, it is worth-
while to stress that the first Dynamical Systems widely investigated have
been the planetary motions. Not surprisingly, the main emphasis in such
investigations was accurate prediction of future positions. Nevertheless, ex-
actly from the effort of predicting accurately future motions stemmed the
consciousness of the existence of very serious obstructions to such a pro-
gram. Specifically, in the work of Poincaré [60] appeared for the first time
the phenomena of instability with respect to initial conditions, a central
concept in the understanding of modern Dynamical Systems. In fact, we
will see briefly that such instability phenomena can be already observed in
very simple systems–such as a periodically forced pendulum–that exhibit a
so called “homoclinic tangle” [56, 58].

The realization that many relevant systems are very sensitive with re-
spect to the initial conditions dealt a strong blow to the idea that it is always
possible to predict the future behavior of a system,1 yet the work of many
physicists (and we must mention at least Maxwell, Boltzmann, and Gibbs)
and mathematicians (in particular, the so called Russian School with peo-
ple like Kolmogorov, Anosov, Sinai, but also some Western mathematicians,
like Birkhoff, Smale, Ruelle and Bowen made important contributions) led
to the understanding that, although precise predictions were not possible,
it was possible and, at times, even easy to make statistical predictions. The
concept of statistical properties of a Dynamical System will be addressed

1Without going to the extreme of some authors of the eighteenth century arguing that,
given the present state of the universe, a sufficiently powerful mind (maybe God) could
predict all the future. Think, more modestly, of an isolated system and imagine to use
some numerical scheme to try to solve the equations of motion for an arbitrarily long time
with an arbitrary precision.

1



2 CHAPTER 1. INSTABILITY

in the following chapters. This chapter is dedicated to making precise, in a
simple example, the nature of the above mentioned instability.

1.1 A pendulum–The model and a question

We will study a seemingly trivial example: a forced pendulum. To be more
concrete, let us imagine a pendulum of length l = 1 meter, mass m = 1 kilo-
gram and remember that the gravitational constant (on the earth’s surface)
is approximately g = 9.8 meters per second squared. The Hamiltonian of
the system reads [36]

H =
1

2l2m
p2 −mgl cos θ, (1.1.1)

where θ is the angle, counted counterclockwise, formed by the pendulum
with the vertical direction (θ = 0 corresponds to the configuration in which
the pendulum assumes the lowest possible position) and p = l2mθ̇ is the
associated momentum. Thus, (θ, p) are the coordinates of the pendulum.
The phase space M where the motion takes place consists of T1 × R.

The equations of motion associated with the Hamiltonian (1.1.1) repre-
sent the motion of an ideal pendulum in the vacuum, feeling only the force
of gravity. Clearly, this is a highly idealized situation with no counterpart in
reality. Every system interacts with the rest of the universe. Thus, the only
hope for the idea of isolated systems to be fruitful is that the interaction
with the exterior does not significantly affect the behavior of the system.
Let us try to see what this can mean in reality.

The first issue is clearly friction. Let us imagine that we have set up the
pendulum in a reasonable vacuum and reduced the friction at the suspension
point so that the loss of energy is negligible on the time scale of a few
minutes. Does such a system behave as an isolated pendulum within such a
time frame? One problem is that the suspension point is still in contact with
the rest of the world. If the pendulum is in a lab not so distant from a street
(a rather common situation), then the traffic will induce some vibrations. It
is then natural to ask: what happens if the suspension point of the pendulum
vibrates?

In fact, nothing much happens for small pendulum oscillations (this is a
consequence of Komogorv-Arnold-Moser theory, a highly non trivial fact),
but if we start close to the vertical configuration, it is conceivable that a
motion that would be oscillatory for the unperturbed pendulum could gather
enough energy from the external force as to change its nature and become
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rotatory, this would create a substantial difference between the unperturbed
(ideal) and the perturbed (more realistic) case.

This is exactly the question we want to address:

Question: Can we really predict the motion for a reasonable time if the
initial condition is close to the vertical ?

We will assume that the frequency of vibration ω is of the order of one
hertz2 and the amplitude of the oscillations is very, very small. Hence, as
good mathematicians, we will call such an amplitude ε. In other words, the
suspension point moves vertically according to the law ε cosωt.

The Hamiltonian of the vibrating pendulum is then given by (see Prob-
lem 1)

Hε(θ, p, t) =
1

2l2m
p2 −mgl cos θ − εmω2l cosωt cos θ. (1.1.2)

Accordingly, the equation of motion are (see Problem 1)3

θ̇ =
∂Hε

∂p
=

p

l2m

ṗ = −∂Hε

∂θ
= −mgl sin θ − εmω2l cosωt sin θ.

(1.1.3)

It is well known that the function H is an integral of motion for the
solutions of (1.1.3) for ε = 0, that is: H computed along the solutions of the
associated equations of motion is constant.4 The physical meaning of H is
the energy of the system. Clearly, the energy Hε is not constant in general
since the vibration can add or subtract energy to the pendulum.

1.2 Instability–unperturbed case

Let us first recall a few basic facts about the unperturbed pendulum. The
equations of motion are given by the (1.1.3) setting ε = 0. It is obvious that
there exist two fixed points: (0, 0) which corresponds to the pendulum at

2One hertz corresponds to one oscillation every second, and it can be the order of
magnitude for the frequency of a vibration transmitted through the ground (R waves) at
a reasonable distance. Thus we are assuming ω = 2π.

3Here we write the Hamilton equations associated to the Hamiltonian, see [4, 36] for
the general theory.

4See [4, 36] for this general fact or do Problem 4 for the simple case at hand.
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Figure 1.1: Unstable fixed point (phase portrait)

rest and is clearly stable, and (π, 0), which corresponds to the pendulum in
the vertical position and is certainly unstable. Our interest here is to analyze
the motions that start close to the unstable equilibrium and to make more
precise what it is meant by instability.

1.2.1 Unstable equilibrium

If we want to have an idea of how the motion looks like near a fixed point
the natural first step is to study the linearization of the equation of motion
near such a point. In our case, using the coordinates (θ0, p) = (θ − π, p),
they look like

θ̇0 =
p

l2m
ṗ = mglθ0.

(1.2.4)

Let ωp =
√

g
l , the general solution of (1.2.4) is

(θ0(t), p(t)) = (αeωpt + βe−ωpt,ml2ωp{αeωpt − βe−ωpt}),

where α and β are determined by the initial conditions. Note that if the
initial condition has the form α(1, ml

√
gl) it will evolve as αeωpt(1, ml

√
gl).

While if the initial condition is of the form β(1, −ml
√
gl) it will evolve as

βe−ωpt(1, −ml
√
gl). In other words the directions (1, ml

√
gl) and (1, −ml

√
gl)

are invariant for the linear dynamics. The first direction is expanded (and
because of this is called unstable direction) while the second is contracted
(stable direction).
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Let us imagine to start the motion from an initial condition of the type
(π + θ0, 0), θ0 ∈ [−δ, δ], where δ ≤ 10−4 represents the precision with which
we are able to set the initial condition (one tenth of a millimeter); what will
happen under the linear dynamics?

Our initial condition correspond to choosing, at time zero, α = β ≤ δ
2 .

As time goes on the coefficient of β becomes exponentially small while the
coefficient of α increases exponentially, thus a good approximation of the
position of the pendulum after some time is given by

θ0(t) ≈ αeωpt. (1.2.5)

Since ωp ≈ 3.13 seconds−1, it follows that after about 2.5 seconds the po-
sition of the pendulum can be anywhere up to a distance of about 10 cen-
timeters from the unstable position.

This means that the unstable position is really unstable and if we tray,
as best as we can, to put the pendulum in the unstable equilibrium (always
imagining that the friction has been properly reduced) it will typically fall
after few seconds and it will fall in a direction that we are not able to predict
(since it depend on the sign of δ, our unknown mistake). Nevertheless, after
the ideal pendulum starts falling in one direction the subsequent motion is
completely predictable, as we will see shortly.

An obvious objection to the above analysis is that I did not show that the
linearized equation describes a motion really close to the one of the original
equations. The answer to this question is particularly simple in this setting
and is addressed in the next subsection.

1.2.2 The unstable trajectories (separatrices)

Given the already noted fact that, for ε = 0, H is a constant of motion, the
phase space M is naturally foliated in the level curves of H, on which the
motion must take place. This allows us to obtain a fairly accurate picture
of the motions of the unperturbed pendulum. In fact, the level curves are
given by the equations

p2

2l2m
−mgl cos θ = E

where E is the energy of the motion. It is easy to see that E = −mgl
corresponds to the stable fixed point (θ, p) = (0, 0); −mgl < E < mgl

corresponds to oscillations of amplitude arccos
[

E
mgl

]
; E > mgl corresponds

to rotatory motions of the pendulum. The last case E = mgl is of particular
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Figure 1.2: Unperturbed pendulum (phase portrait)

interest to us: obviously it corresponds to the unstable fixed point (π, 0),
yet there are other two solution that travel on the two curves

p = ±ml
√

2lg(1 + cos θ).

This two curves are the ones that separate the oscillatory motions from
the rotatory ones and, for this reasons, are called separatrices. It is very
important to understand the motion along such trajectories, luckily the two
differential equations

θ̇ = ±
√

2
g

l
(1 + cos θ). (1.2.6)

can be integrated explicitly (see Problem 5) yielding, for θ(0) = 0,

θ(t) = 4 arctan e±ωpt − π. (1.2.7)

This orbits are asymptotic to the unstable fixed point both at t → +∞
and at −∞ and, for |t| large, agree with the linear behaviour of section 1.2.1.
This situation is somewhat atypical as we will see briefly.

1.3 The perturbed case

1.3.1 Reduction to a map

The motion of the above system takes place on the cylinder M = S1 × R.
By the theorem of existence and uniqueness for the solutions of differential
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equations follows immediately the possibility to define the maps ϕt
ε : M →

M associating to the point (θ, p) the point reached by the solution of (1.1.3)
at time t, when starting at time 0 from the initial condition (θ, p). In such
a way, we define the flow ϕt

ε associated to the (1.1.3).
Clearly ϕ0

ε(θ, p) = (θ, p), that is, the map corresponding to time zero
is the identity. Moreover, if ε = 0 the system is autonomous (the vector
field does not depend on the time), hence the flow defines a group: for each
t, s ∈ R

ϕt+s
0 (θ, p) = ϕt

0(ϕ
s
0(θ, p)).

This corresponds to the obvious fact that the motion for a time t + s can
be obtained first as the motion from time 0 to time s, and then pretending
that the time s is the initial time and follows the motion for time t.

Of course, the above fact does not hold anymore when ε ̸= 0. In this
case, the maps ϕt

ε depend on our choice of the initial time (if we define them
by starting from time 1 instead then time 0, in general, we obtain different
maps). Nevertheless, because the external force is periodic, some of the
above nice properties can be retained.

Let us define the map Tε : M → M by

Tε = ϕ
2π
ω
ε ,

then (see Problem 3), for each n ∈ Z,

Tn
ε = ϕ

2nπ
ω

ε . (1.3.8)

The interest of (1.3.8) is that, for many purposes, we can study the
map Tε instead than the more complex object ϕt

ε. Morally, it means that if
we look at the system stroboscopically, that is only at the times 2π

ω n with
n ∈ Z, then it behaves like an autonomous (time independent) system.5

Another interesting fact is that the flow ϕt
ε (and hence also the map Tε) is

area preserving (see Problem 7).6

1.3.2 Perturbed pendulum, ε ̸= 0

The situation for the case ε ̸= 0 is more complex and no easy way exists to
study these motions.

5Another instance of a very simple case of a very fruitful and general strategy: to look
at the system only when some special event happens–in our case, at each time in which
the suspension point has its maximum height.

6This also is a special instance of a more general fact: the Hamiltonian nature of the
system, see [4, 36] if you want to know more.
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As a general strategy, to study the behavior of a system (in our case the
map Tε) it is a good idea to start by investigating simple cases and then
move on from there. In our systems the simplest motion consists of the
equilibrium solutions. These are the time independent solutions.7 Because
of the special type of perturbation chosen the fixed points of the system for
the case ε = 0 remain unchanged when ε ̸= 0 (see Problem 8 for a brief
discussion of a more general case).

Next, we can study the infinitesimal nature of the fixed points. It is
natural to expect that the nature of the two fixed points does not change if
ε is small, yet to verify this requires some checking. We will discuss explicitly
only the fixed point (π, 0).

The first step is to make precise the sense in which the case ε ̸= 0 is
a perturbation of the case ε = 0. This can be achieved by obtaining an
explicit estimate on the size of

Rε = ε−1(T0 − Tε).

Let z(t) = (z1(t), z2(t)) = ϕt
0(x)−ϕt

ε(x), then substituting in (1.1.3) and
subtracting the general case to the case ε = 0 it yields

|ż1| ≤
|z2|
ml2

|ż2| ≤ mgl|z1|+ εmω2l.

In order to get better estimates it is convenient to define the new vari-
ables ζ1 = z1 and ml2ωpζ2 = z2. In these new variables the preceding
equations read

|ζ̇1| ≤ ωp|ζ2|

|ζ̇2| ≤ ωp|ζ1|+ ε
ω2

ωpl
.

(1.3.9)

Which implies ∥ζ̇∥ ≤ ωp∥ζ∥ + εmω2l. Taking into account that, in our
situation, ml2ωp > 1, it follows (see Problem 9)

∥R∥C0 ≤ mω2

lωp
(e2π

ωp
ω − 1) ≤ 69.

Unfortunately, the above norm does not suffice for our future needs. We
will see quite soon that it is necessary to estimate also the first derivatives
of R, that is the C1 norm.

7That is, equilibrium solutions for the map Tε. These are periodic solutions for the

flows of period 2π
ω
. In fact, Tεx = x means ϕ

2π
ω x = x.
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To do so the easiest way is to use the differentiability with respect to the
initial conditions of the solutions of our differential equation. Fixing any
point x ∈ M and calling ξε(t) = dxϕ

t
εξ(0) we readily obtain:8

ξ̇ε1 =
ξε2
l2m

ξ̇ε2 = −mgl cos θ ξε1 − εmω2l cosωt cos θ ξε1

(1.3.10)

One can then estimate the C1 norm of R by estimating ∥ξε(2πω )−ξ0(2πω )∥,
since ξε(2πω ) = D(θ,p)Tεξ

ε(0). Doing so one obtains9

∥R∥C1 ≤ 2mω2

lωp
e3π

ωp
ω := d1 ≤ 690. (1.3.11)

1.4 Infinitesimal behavior (linearization)

As a first application of the above considerations let us study the lineariza-
tion of Tε at xf = (π, 0). From (1.3.10) follows (see Problem 12)

Dxf
T0 =

(
cosh

2πωp

ω

sinh
2πωp

ω
ml2ωp

ml2ωp sinh
2πωp

ω cosh
2πωp

ω

)
Dxf

Tε = Dxf
T0 +O(d1ε) (1.4.12)

The eigenvalues of Dxf
Tε are then λε = e

2πωp
ω + O(d2ε),

10 λ−1
ε , where

d2 = 2d1ωpml2 ≃ 4400. In addition, calling vε, ⟨vε, v0⟩ = 1, the eigenvector
associate to λε, holds true ∥v0 − vε∥ ≤ d3ε, d3 = 4λ−1

0 ω2
pω

2l4d1 ≃ 1200.11

Clearly, if ε is sufficiently small, then λε > 1. This means that the
hyperbolic nature of the unstable fixed point remains unchanged under small

8The vector ξε(t) is nothing else than the derivative
dϕt

ε(x+sξ(0))

ds
|s=0, the following

equation is then obtained by exchanging the derivative with respect to t with the derivative
with respect to s.

9The following bounds are not sharp, working more one can obtain better estimates
but this would not make much of a difference in the sequel.

10In this chapter, we will adopt the strict convention that O(x) means a quantity
bounded, in absolute value, by x.

11This follows by the fact that the eigenvalues of DxfT0 are e±
2πωp

ω ≃ (23)±1, a simple
perturbation theory of matrices (see Problems 10, 11) and the already mentioned fact that
the map Tε is area preserving, thus the determinant of its derivative must be one.
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perturbations (see Problem 13 for a case when the perturbation is not so
small).12

If one does a similar analysis at the fixed point (0, 0) one finds that the
eigenvalues have modulus one: that is the infinitesimal motion is a rotation
around the fixed point, exactly as in the ε = 0 case.

Hence the comments made at the end of subsection 1.2.1 for the unper-
turbed pendulum hold for the perturbed pendulum as well. Only now the
is no longer an integral of motion (the energy) that controls globally the
behavior of the system.

Imagining that the map is linear (which is clearly false but, as we will
see, qualitatively not so wrong) this would mean that the distance between
two trajectories can be expanded by almost a factor 23 in a second. Initial
conditions that are δ close at time zero will be about 23δ far apart after 1
second. If such a state of affair could persist (and we will see it may) after
one minute the two configurations would differ roughly by a factor 1080δ,
which means that not even knowing the initial condition plus or minus a
quark could we predict the final one. This is certainly a rather worrisome
perspective but much more work it is needed to decide if this may be indeed
the case.

1.5 Local behavior (Hadamard-Perron Theorem)

The next step is to try to go from the above infinitesimal analysis to a local
picture in a small neighborhood of the fixed points.

It is natural to expect that the two fixed points are still stable and
unstable respectively, yet this is a far from trivial fact.

The stability of the point (0, 0) can be proven by invoking the so called
KAM Theorem (this exceeds the scope of the present book, and we will not
discuss such matters, see [36] for such a discussion).13

The study of the local behavior around the point xf is instead a bit
easier and can be performed by applying the Hadamard-Perron Theorem to

12As we will see later in detail, hyperbolicity means that there is a direction in which
the maps expands (the eigenvector vuε associated to the eigenvalue λε) and a direction in
which the map contracts (the eigenvector vsε associated to the eigenvalue λ−1

ε )
13In some sense, this implies that we can indeed predict the motion for an extremely

long time if we consider only oscillations close to the configuration (0, 0), so in that case
the assumption that the pendulum is isolated is legitimate. Yet, this depends on the
precision we are interested in and tends to degenerate if the amplitude of the oscillations
is rather large. A complete analysis would be a very complicated matter, but we will have
an idea of the type of problems that can arise by considering extremely large oscillations,
close to a full rotation of the pendulum.
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conclude that, in a neighborhood of (π, 0), there exists two curves xuε (s) =
(θuε (s), p

u
ε (s)), x

s
ε(s) that are invariant with respect to the map Tε.

Namely, there exists δε > 0 such that Tεx
s
ε([−δε, δε]) ⊂ xsε([−δε, δε]) and

T−1
ε xuε ([−δε, δε]) ⊂ xuε ([−δε, δε]); these are called the local stable and un-

stable manifold of zero, respectively. Essentially δε is determined by the
requirement that the non-linear part of Tε be smaller than the linear part.

Clearly, for ε = 0 xs0 = xu0 = x0 and it coincides with the homoclinic
orbit of the unperturbed pendulum. In addition, by Hadarmd-Perron and
the estimates of the previous section, we can choose δε such that

∥xuε − x0∥ ≤ 2d3ε∥x0∥. (1.5.13)

and the analogous for the stable manifold. We have obtained a local picture
of the behavior of the map Tε, yet this does not suffice to answer our original
question. To do so, we need to follow the motion for at least a full oscillation:
this requires global information.

To gain a more global knowledge, we can try to construct a larger in-
variant set for the map Tε. A natural way to do so is to iterate: define
W u = ∪∞

n=0T
n
ε x

u([−δε, δε]). Since Tεx
u([−δε, δε]) ⊃ xu([−δε, δε]), it is clear

that each time we iterate, we get a longer and longer curve. The set W u is
then clearly a manifold, and it is called the global unstable manifold.14

The global manifold, as the name clearly states, is a global object: it
carries information on the dynamics for arbitrarily long times. Yet, the
procedure by which it has been defined is far from constructive, and the
truth is that, besides the sketchy considerations above, at the moment we
know very little of it. The next step is to gain a more detailed understanding
of a large portion of W u.

1.6 A more global understanding (Melnikov)

From the above considerations follows that the stable and unstable manifolds
(θsε(s), p

s
ε(s)), (θ

u
ε (s), p

u
ε (s)), |s| ≤ δε, of Tε at 0, are ε close to the homoclinic

orbit of the unperturbed pendulum, (θ0(t), p0(t)), θ0(0) = 0.

Note, however, that while x0 = (θ0, p0) is invariant under the unper-
turbed flow, the same does not apply to (θs,uε (s), ps,uε (s)) under ϕt

ε. The in-
variant object is the time-space surface (τ, xs,uε (s, τ)) := (τ, ϕτ

ε(θ
s
ε(s), p

s
ε(s)))

where (s, τ) ∈ [−δε, δε]× [0, 2πω ] and and τ = t mod 2π
ω .15

14Applying the above procedure to the unperturbed problem yields the full separatrix.
15A standard way to bring the present non-autonomous setting into the more familiar
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We can choose freely the parameterization of our curves in such a sur-
face, and some are more convenient than others. The separatrix of the
unperturbed pendulum is most conveniently parametrized by time, hence
ϕt(θ0(s), p0(s)) = (θ0(s+ t), p0(s+ t)). Note that the separatrix can be visu-
alized as a graph of (θ,G(θ)). Analogously, for ε small enough, the perturbed
unstable manifold of Tε will be the graph of (θ,Gu

ε (θ)), for θ ∈ [0, 32π]. Given
θ ∈ [0, 32π], let Sn = 2πω−1n. Let zn := (θn, G

u
ε (θn)) = ϕ−Sn

ε (θ,Gu
ε (θ)), by

Hadamrad-Perron we know that |Gu
ε (θ) − G(θ)| ≤ Cθ for θ ∈ [0, δ], also

|θn| ≤ Ce−an for some C, a > 0. The basic idea is to compute16

H0(zn) = H0(z)−
∫ 0

−Sn

d

ds
H ◦ ϕε

s(z)ds

= H0(z)−
∫ 0

−Sn

⟨∇H0, J∇Hε⟩ ◦ ϕs
ε(z)ds

= H0(z)− ε

∫ 0

−Sn

⟨∇H0, J∇H1⟩ ◦ ϕs
ε(z)ds.

Note that equation (1.5.13) implies ∥ϕs
ε(θ,G

u
ε (θ))−ϕt

0(θ,G(θ))∥ ≤ Cε, more-
over zn → 0 as n → ∞ and ∇H0(0) = 0. Thus, taking the limit n → ∞,
yields

H0(θ,G
u
ε (θ)) = H0(0) + ε

∫ 0

−∞
⟨∇H0, J∇H1⟩ ◦ ϕs

0(z)ds+O(ε2).

Consequently,

Gu
ε (θ)−G0(θ) =

Gu
ε (θ)

2 −G0(θ)
2

Gu
ε (θ) +G0(θ)

=
2ℓ2m(H0(θ,G

u
ε (θ))−H0(θ,G0(θ)))

Gu
ε (θ) +G0(θ)

=
2ℓ2m(H0(θ,G

u
ε (θ))−H0(0))

Gu
ε (θ) +G0(θ)

= 2ℓ2mε

∫ 0
−∞⟨∇H0, J∇H1⟩ ◦ ϕs

0(θ,G(θ))ds+O(ε)

Gu
ε (θ) +G0(θ)

autonomous one is to introduce the fake variables (φ, η) ∈ S1 × R and the new, time
independent, Hamiltonian H̄ε(θ, p, φ, η) := Hε(θ, p, φ) +

2π
ω
η. The Hamilton equations

yield φ(t) = 2π
ω
t+φ(0) and hence the equations for θ, p reduce to (1.1.3). Since H̄ε is now

conserved under the motion we can restrict the system to the three dimensional manifold
H̄ε = 0. In such a manifold, we have the weak stable and unstable manifolds (now flow
invariant) (xs,u

ε (s, φ), φ,− 2π
ω
Hε((x

s,u
ε (s, φ), φ)).

16As usual J =

(
0 1
−1 0

)
.
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This allows us to conclude

Gu
ε (θ)−G0(θ) = εℓ2m

∫ 0
−∞⟨∇H0, J∇H1⟩ ◦ ϕs

0(θ,G(θ))ds

G0(θ)
+O(ε2)

Arguing analogously for the stable manifold yields

Gu
ε (θ)−Gs

ε(θ) = εℓ2m

∫
R⟨∇H0, J∇H1⟩ ◦ ϕs

0(θ,G(θ))ds

G0(θ)
+O(ε2). (1.6.14)

The separatrix of the unperturbed pendulum is most conveniently parametrized
by time, hence

ϕt(θ0(s), p0(s)) = (θ0(s+ t), p0(s+ t)) = (θ0(s+ t), G(θ0(s+ t)) =: x0(s+ t).

Setting ∆(s) = ε−1ℓ−2m−1[Gu
ε (θ0(s)) − Gs

ε(θ0(s))]G0(θ0(s)), one can com-
pute

∆(σ) =

∫ ∞

−∞
{H1, H}x0(t+σ)dt+O

(
εd4e

2ωp|σ|
)
, (1.6.15)

where and explcit computation yields d4 ≃ 4 · 106, and the curly brackets
stand for the so called Poisson brackets ({f, g}x = ⟨J∇xf, ∇xg⟩).
The integral in (1.6.15) is called Melnikov integral and provides an expres-
sion, at first order in ε, of the distance between the stable and the unstable
manifold. All we are left with is to compute the integrals in (1.6.15). This
turns out to be an exercise in complex analysis, and it is left to the reader,
the result is:17

∫ ∞

−∞
{H1(·, t), H}x0(t+σ)dt = 8πml

ω4e
− πω

2ωp

ω2
p(e

πω
ωp − 1)

sinωσ.

We have thus gained a very sharp control on the shape of the above

17A simple computation yields:

{H1, H}x0(t+s) = −ω2

l
p(t+ s) cosωt sin θ(t+ s).

Then, by using (1.2.7) and looking at Problem 6, one readily obtains:

{H1, H}x0(t) = 4
ω2

l

cosω(t− s) sinhωpt

(coshωpt)3
.

Finally, use Problem 15.
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��
��

−π π

Figure 1.3: Perturbed pendulum

manifolds.18 In particular, ∆(±1/4) ≃ ±76 + O(4 · 107ε) ̸= 0 provided
ε ≤ 1.5·10−6, that is the two manifolds intersect. To understand a bit better
such an intersection (we would like to know that in the region σ ∈ [−1/4, 1/4]
there is only one transversal intersection) its suffices to notice that (1.6.14)
provides a control on the angle between xuε and x0.

This intersections are called homoclinic intersection and their very exis-
tence is responsible for extremely interesting phenomena as can be readily
seen by trying to draw the stable and unstable manifolds (see Figure 1.3 for
an approximate first idea); we will discuss this issue in detail shortly.19

We have gained much more global information on the map Tε, yet it
does not suffice to answer to our question. The next section is devoted to
obtaining a really global picture. Up to now we have used mainly analytic
tools. Next, geometry will play a much more significant rôle.20

18Note that ε must be exponentially small with respect to ω. In many concrete problems
(notably the so-called Arnold diffusion it happens that this it is not the case. One can
try to solve such an obstacle by computing the next terms of the ε expansion of ∆. In
fact, it turns out that it is possible to express ∆ as a power series in ε with all the terms
exponentially small in ω . Yet this is a quite complex task far beyond our scope.

19Note that the intersection corresponds to an homoclinic orbit for the map Tε (that is,
an orbit which approaches the fixed point xf both in the future and in the past). This is
what it is left of the homoclinic orbit of the unperturbed pendulum.

20What comes next is the first example in this book of what is loosely called a dynamical
argument.
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1.7 Global behavior (an horseshoe)

We want to explicitly construct trajectories with special properties. A stan-
dard way to do so is to start by studying the evolution of appropriate regions
and to use judiciously the knowledge so gained. Let us see what this does
mean in practice.

The starting point is to note that we understand the shape of the invari-
ant manifold but not very well the dynamics on them, this is our next task.
Since points on the unstable manifolds are pulled apart by the dynamics,
the estimate must be done with a bit of care. In fact, we will use a way
of arguing which it typical when instabilities are present, we will see many
other instances of this type of strategy in the sequel.

For each x in the unstable manifold (zero included) let us call Du
xTε :=

DxTεv
u(x), where vu(0) = vu and if x = xuε (t) then vu(x) = ∥ẋuε (t)∥−1ẋuε (t),

that is the derivative of the map computed along the unstable manifold. A
useful idea in the following is the concept of fundamental domain. Define
α : R+ → R+ by xuε (t) = xuε (α(t)). Then [t, α(t)] is a fundamental domain
and has the property that, setting ti := αi(t), the sets αi[t0, t1] intersect
only at the boundary.

Lemma 1.7.1 (Distortion) For each x, y in the same fundamental do-
main of the unstable manifold, δ0 > 0, and n ∈ N such that ∥Tn

ε x∥ ≤ δ0,
holds21

e−δ0C2 ≤
∣∣∣∣Du

xT
n
ε

Du
yT

n
ε

∣∣∣∣ ≤ eδ0C2 ,

where C2 = supt≤0

∣∣∣ α̈(t)α̇(t)

∣∣∣.
Proof. The proof is a direct application of the chain rule:∣∣∣∣Du
xT

n
ε

Du
yT

n
ε

∣∣∣∣ = n∏
i=1

∣∣∣∣∣Du
T ix

Tε

Du
T iy

Tε

∣∣∣∣∣ ≤ Exp

[
n∑

i=1

| log(|Du
T ixTε)− log(|Du

T iyTε|)|

]

≤ Exp

[
n∑

i=1

C2∥T ix− T iy∥

]
= Exp

[
n∑

i=1

C2∥xuε (ti)− xuε (ti−1)∥

]
≤ eC2δ0 .

The other inequality is obtained by exchanging the rôle of x and y. □

21This quantity is commonly called Distortion because it measures how much the map
differs from a linear one (notice that if T is linear then DxT

DyT
= 1). Although apparently

an innocent quantity, it is hard to overstate its importance in the study of hyperbolic
dynamics.
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Figure 1.4: The evolution of the small box Qδ

Next we would like to consider the evolution of a small box constructed
around the fix point.

Consider the following small parallelogram: Qδ := {ξ ∈ R2 | ξ = avu +
bvs for some a, b ∈ [− δ

2 ,
δ
2 ]}, δ ≪ δ0. Next consider the first n ∈ N such

that Tn
ε Qδ ∩ {θ = 0} ̸= ∅. Our first task is to understand the shape of

Tn
ε Qδ near {θ = 0}. Since a fundamental domain in the latter region is of

order one, while at the boundary of Qε is of order δ, Lemma 1.7.1 implies
that the expansion is proportional to Cδ−1. By the area preserving of the
map it follows that Tn

ε Qδ must be contained din a Cδ2 neighborhood of the
unstable manifold, see Figure 1.4.

By the previous section considerations on the shape of the invariant
manifolds TnQδ ∩ TnQδ ̸= ∅, moreover they intersect transversally.22

This is all is needed to construct an horseshoe. In particular, in our case
it means that T 2n0Qδ ∩Qδ ̸= ∅, in fact the intersection are transversal and
consists of three strips almost parallel to the unstable sides. One contains
zero, and it is the lest interesting for us, the other two cross above and below
the unstable manifold respectively. The width of such a strip is about δ−3.
We will discuss in the next chapters all the implications of this situation,
here it suffices to notice that if we have two initial conditions in T−2n0Qδ∩Qδ

at a distance h, after 2n0 iterations the two points will be in Qδ again but

22The meaning of transversally is the following: the square Qδ has two sides parallel to
vu (the unstable direction), which we will call unstable sides, and two sides parallel to vs

(the stable direction), which we will call stable sides. Then the intersection is transversal
if it consists of a region with again four sides: two made of the image of the unstable sides
and two made of images of stable sides of Qδ.
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Figure 1.5: Horseshoe construction

at a distance hε−1. Since to decide if after that there will be a rotation or
an oscillation we need to know the final position with a precision of order δ,
we need to know the initial position with a precision O(δε) = O(δ3).

Note that in the above construction, we have lost almost all the points,
only the ones that come back to Qδ at time 2n0 are under control. Nev-
ertheless, we can consider the set Λ := ∪k∈Z

⋂
T 2kn0
ε Qδ. This is clearly a

measure zero set, yet it is far from empty (it contains uncountably many
points) and it is made of points that at times multiples of 2n0 are always
in Qδ. When they arrive in Qδ they will rotate if they are above the sep-
aratrices and oscillate otherwise. Let us call this two subsets of Qδ R and
O. Given a point ξ ∈ Qδ we can associate to it the doubly infinite sequence
σ ∈ {0, 1}Z by the rule σi = 1 iff T 2n0iξ ∈ R. The reader can check that the
correspondence is onto.

1.8 Conclusion–an answer

If ε = 10−6 and δ is a millimeter then we need to know the initial condition
with a precision of 10−9 meters if we want to decide if the point will come
back or rotate when it will get almost vertical again (this will happen in
about 6 seconds). By the same token if we want to answer the same question,
but for the second time the pendulum get close to the unstable position, we
need to know the initial condition with a precision of the order 10−15 meters,
and this just to predict the motion for about 12 seconds.23

23Remark that it is not just a matter of precision on the initial condition, it is also a
matter of how one actually does the prediction. If the method is to integrate numerically
the equation of motion, then one has to insure that the precision of the algorithm is of the
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We can finally answer to our original question:

Answer: NO!

Nevertheless, as we mentioned at the beginning, the above answer it is
not the end of the story. In fact, there exists many other very relevant ques-
tions that can be answered.24 The rest of the book deals with a particular
type of question: can we meaningfully talk about the statistical behavior of
a system?

Problems

1.1 Derive the Lagrangian, Hamiltonian and equations of motions for a
pendulum attached to a point vibrating with frequency ω and ampli-
tude ε. (Hint: see [47, 36] on how to do such things. Remember that
two Lagrangian that differ by a total time derivative give rise to the
same equation of motions and are thus equivalent.)

1.2 Consider the systems of differential equations ẋ = f(x), x ∈ Rn and
f smooth and bounded. Prove that the associated flow form a group.
(Hint: use the uniqueness of the solutions of the ordinary differential
equation)

1.3 Consider the systems of differential equations ẋ = f(x, t), x ∈ Rn

and f smooth, bounded and periodic in t of period τ . Let ϕt be the
associated flow. Define T = ϕτ , prove that Tn = ϕnτ .

1.4 Show that the Hamiltonian is a constant of motion for the pendulum.
(Hint: Compute the time derivative)

1.5 Prove (1.2.7). (Hint: Write (1.2.6) in the integral form

t =

∫ t

0

θ̇(s)√
2g
l (1 + cos θ(s))

ds.

order of 10−15. This maybe achieved by working in double precision but if one wants to
make predictions of the order of one minute it is quite clear that the numerical problem
becomes very quickly intractable.

24For example: which type of motions are possible? This is a qualitative question.
Such type of questions give rise to the qualitative theory of Dynamical Systems [58, 40],
an extremely important part of the theory of dynamical systems, although not the focus
here.
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Using some trigonometry and changing variable obtain

t =

∫ θ(t)

0

1

2ωp cos
θ
2

dθ.

Thne compute it.)

1.6 If θ(t) is the motion obtained in the previous problem, show that

sin θ(t) = 2
sinhωpt

(coshωpt)2
; cos θ(t) =

2

(coshωpt)2
− 1;

cos2
θ(t) + π

4
=

1

1 + e2ωpt
.

1.7 Consider the systems of differential equations ẋ = f(x, t), x ∈ Rn and
f smooth. Suppose further that divf = 0 (that is

∑n
i=1

∂fi
∂xi

= 0).
Show that the associated flow preserves the volume. (Hint: note that
this is equivalent to saying that | det dϕt| = 1, moreover by the group
property and the chain rule for differentiating it suffices to check the
property for small t. See that dϕt = 1 + Dft + O(t2) = eDft+O(t2).
Finally, remember the formula det eA = eTrA.)

1.8 Let T, T1 : R2 → R2 be a smooth maps such that T0 = 0 and
det(1 − D0T ) ̸= 0. Consider the map Tε = T + εT1 and show that,
for ε small enough, there exists points xε ∈ R2 such that Tεxε = xε.
(Hint: Consider the function F (x, ε) = x−Tεx and apply the Implicit
Function Theorem to F = 0.)

1.9 Let x(t) ∈ Rn be a smooth curve satisfying ∥ẋ(t)∥ ≤ a(t)∥x(t)∥+ b(t),
x(0) = x0, a, b ∈ C0(R,R+), prove that

∥x(t)− x0∥ ≤
∫ t

0
e
∫ t
s a(τ)dτ [a(s)∥x0∥+ b(s)] ds.

(Hint: Note that ∥x(t)−x0∥ ≤
∫ t
0 ∥ẋ(s)∥ds. Transform the differential

inequality into an integral inequality. Show that if z(t) ≤ 0 and z(t) ≤∫ t
0 z(s)ds, then z(t) ≤ 0 for each t. Use the last fact to compare a
function satisfying the obtained integral inequality with the solution
of the associated integral equation. This, essentially, is the Gronwall
inequality, which, indeed, you can use directly.)
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1.10 Given two by two matrices A,B such that A has eigenvalues λ ̸= µ,
show that the matrix Aε = A+εB, for ε small enough, has eigenvalues
λε, µε analytic as functions of ε. Show that the same holds for the
eigenvectors. (Hint:25 consider z in the resolvent of A, that is (z−A)−1

exists. Then (z − Aε) = (z − A)(1 − ε(z − A)−1B). Accordingly, if
ε is small enough, (z −Aε)

−1 =
{∑∞

n=0 ε
n
[
(z −A)−1B

]n}
(z −A)−1.

Finally, if γ, γ′ are curves on the complex plane containing λ and µ,
respectively, verify that

Πε :=
1

2πi

∫
γ
(z −Aε)

−1dz Π′
ε :=

1

2πi

∫
γ′
(z −Aε)

−1dz

are commuting projectors and Aε = λεΠε + µεΠ
′
ε. Finally verify that

λεΠε :=
1

2πi

∫
γ
z(z −Aε)

−1dz µεΠ
′
ε :=

1

2πi

∫
γ′
z(z −Aε)

−1dz.

The statement follows then from the fact that the right hand side of
the above equalities is written as a power series in ε.26)

1.11 Given two by two matrices A,B such that A has eigenvalues λ ̸= µ,
show that the matrix Aε = A + εB has eigenvalues λε, µε such that
|λε − λ| ≤ Cε∥B∥ and |µε − µ| ≤ Cε∥B∥ . Compute C. (Hint: By
Problem 10 we know that λε, µε are differentiable function of ε and
the same holds for the corresponding eigenvector vε, ṽε. Let us discuss
λε since the other eigenvalues can be treated in the same way. One
possibility is to use the above formula for λεΠε to obtain the wanted
estimates.

In alternative, let v, w, ⟨w, v⟩ = 1 and ∥v∥ = 1, be the eigenvectors
of A, with eigenvalue λ and of A∗, with eigenvalue λ̄, respectively.
Hence Π0 = v⊗w and ∥Π0∥ = ∥w∥. Normalize vε such that ⟨vε, w⟩ =
1. Differentiate then the above constraint and the defining equation
(A + εB)vε = λεvε obtaining (the prime refers to the derivative with
respect to ε)

Av′ε +Bvε + εBv′ε = λ′
εvε + λεv

′
ε

⟨v′ε, w⟩ = 0.

25Of course, for matrices one could argue more directly by looking at the characteristic
polynomial. Yet the strategy below has the advantage to work even in infinitely many
dimensions (that is, for operators over Banach spaces).

26This is a very simple case of the very general problem of perturbation of point spec-
trum, see [39] if you want to know more.



PROBLEMS 21

Multiplying the first for w yields λ′
ε = ⟨w,Bvε⟩ + ε⟨w,Bv′ε⟩. Setting

Ã := A− λΠ0 we have

v′ε = (λ− Ã)−1
[
Bvε + εBv′ε − λ′

εvε − (λ− λε)v
′
ε

]
.

Next, consider ε0 such that, for ε < ε0 holds

∥v′ε∥ ≤ 4∥(λ− Ã)−1∥ ∥B∥ ∥w∥ = 4∥(λ− Ã)−1∥ ∥B∥ ∥Π0∥ =: C0,
(1.8.16)

then ∥vε − v∥ ≤ εC0 and |λ′
ε| ≤ ∥B∥ ∥w∥(1 + 2εC0). If 4ε0C0 < 1,

then, indeed, (1.8.16) holds true. )

1.12 Compute D0T . (Hint: solve (1.3.10) for ε = 0, θ = π, p = 0 and
t = 2π

ω .)

1.13 Compute D0Tε and see that, if ω is sufficiently large, the eigenvalues
have modulus one (the unstable point becomes stable!). (Hint: setting

ξ := ξ1 equation (1.3.10) yields ξ̈ = ω2
pξ + εω

2

l cosωtξ. It is then

convenient to write ξ := ξ̄ + εη + ε2ζ where ¨̄ξ = ω2
p ξ̄ and η̈ = ω2

pη +
ω2

l cosωt ξ̄. One can look for a solution of the latter equation of the
form

η̄ = Aeωpt cosωt+Beωpt sinωt+ Ce−ωpt cosωt+De−ωpt sinωt.

This allows to compute D0Tε(α, β) = (ξ1(
2π
ω ), ξ2(

2π
ω )) +O(ε2), where

(ξ1(0), ξ2(0)) = (α, β). Finally one can verify that, for ε small and ω
large enough the eigenvalues of D0Tε are imaginary, hence the equi-
librium is linearly stable. )

1.14 Given an Hamiltonian H : R2 → R, for each solution x(t) of the
associated equations of motion show that ⟨∇x(t)H, ẋ(t)⟩ = 0.

1.15 Compute the following integrals (1.6.15):∫
R
eiat(cosh t)−n sinh t dt,

a ∈ R and n ∈ N, n > 1. (Hint: By a change of variable, one can
consider only the case a > 0. Consider the integral on the complex
plane, and show that the integral on the half circle Reiϕ, ϕ ∈ [0, π],
goes to zero as R → ∞, then check that the poles of the integrand, on
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the complex plane, lie on the imaginary axis, finally use the residue
theorem to compute the integrals. The result, for a > 0, is:∫

R
eiat(cosh t)−n sinh t = 2πi

∞∑
k=0

ϕ
(n−1)
n,k (i2k+1

2 π)

(n− 1)!
,

where

ϕn,k(z) = eiza sinh z

(
z − i2k+1

2 π

cosh z

)n

.

For n = 3 the above formula yields∫
R
eiat(cosh t)−3 sinh t = πa2e−

π
2
a(1− e−πa)−1. )

1.16 Do the same analysis carried out for the pendulum with a vibrating
suspension point in the case of a pendulum subject to an external force
ε cosωt and in presence of a small friction −ε2γθ̇.

Notes

As already mentioned in the text, the first to realize that the motions arising
from differential equations can be very complex was probably Poincaré [60].
At the time the main problem in celestial mechanics (the famous n-body
problem) was to find all the integral of motion. Dirichlet and Weierstrass
worked on this problem, but Poincaré was the first to rise serious doubt on
the existence of such integrals (which would have implied regular motions).
For more historical remarks see [56]. In fact, all the content of this chapter
is inspired by the more sophisticated, but more qualitative, analysis in [56].



Chapter 2

General facts and definitions

This chapter discusses some general facts concerning (measurable) dynam-
ical systems. It is intended for readers with no previous knowledge of Dy-
namical Systems.

The chapter contains few basic facts, some of which will be used in the
following while others are meant to provide a wider context to the material
actually discussed. For a much more complete discussion of the relevant
concepts the reader is referred to [55], [40].

2.1 Basic Definitions and examples

Definition 1 By Dynamical System1 with discrete time we mean a triplet
(X, T, µ) where X is a measurable space,2 µ is a probability measure and
T is a measurable map from X to itself that preserves the measure (i.e.,
µ(T−1A) = µ(A) for each measurable set A ⊂ X).

1To be really precise this is the definition of “Measurable Dynamical Systems,” hope-
fully the reader will excuse this abuse of language. More generally a Dynamical System
can be defined as a set X together with a map T : X → X or, even more generally, an
algebra A (e.g., the algebra of the functions on X) and an isomorphism τ : A → A (e.g.,
τf := f ◦ T ). This last definition is so general as to include Stochastic Processes and
Quantum Systems. A further generalization consists in realizing that the above setting
can be viewed as the action of the semigroup N (or the group Z if T is invertible) on the
algebra A. One can then consider other groups (already in the next definition the group
is R), for example, Zn or Rn, this goes in the direction of the Statistical Mechanics and
it has received a lot of attention lately. Yet, such a generality is excessive for the task at
hand.

2By measurable space we simply mean a set X together with a σ-algebra that defines
the measurable sets.

23
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An equivalent characterization of invariant measure is µ(f◦T ) = µ(f) for
each f ∈ L1(X, µ) since, for each measurable set A, µ(χA◦T ) = µ(χT−1A) =
µ(T−1A), where χA is the characteristic function of the set A.3

Remark 2.1.1 In this book we will always assume µ(X) < ∞ (and quite
often µ(X) = 1, i.e. µ is a probability measure). Nevertheless, the reader
should be aware that there exists a very rich theory pertaining to the case
µ(X) = ∞, see [1].

Definition 2 By Dynamical System with continuous time we mean a triplet
(X, ϕt, µ) where X is a measurable space, µ is a measure and ϕt is a mea-
surable group (ϕt(x) is a measurable function for a.e. x ∈ X, ϕt(x) is a mea-
surable function of t for almost all x ∈ X; ϕ0 =identity and ϕt ◦ ϕs = ϕt+s

for each t, s ∈ R) or semigroup (t ∈ R+) from X to itself that preserves the
measure (i.e., µ(ϕ−1

t A) = µ(A) for each measurable set A ⊂ X).

The above definitions are very general; this reflects the wideness of the
field of Dynamical Systems. In the present book, we will be interested in
much more restricted situations.

In particular, X will always be a topological compact space. The mea-
sures will always belong to the class M(X) of probability Borel measures on
X.4 For future use, given a topological space X and a map T let us define
MT as the collection of all Borel measures that are T invariant.5

Tipically, X will consist of finite unions of smooth manifolds (eventually
with boundaries). Analogously, the dynamics (the map or the flow) will be
almost surely differentiable on X.

Let us see few examples to get a feeling of how a Dynamical System can
look like.

2.1.1 Examples

Rotations

–Let T be R mod 1. By this we mean R quotiented with respect to the
equivalence relations x ∼ y if and only if x− y ∈ Z. T can be though as the
interval [0, 1] with the points 0 and 1 identified. We put on it the topology

3We use the notation, for each measurable function f , µ(f) =
∫
X
f(x)µ(dx).

4Remember that a Borel measure is a measure defined on the Borel σ-algebra, that is
the σ-algebra generated by the open sets. A probability measure gives measure one to the
full space X.

5Obviously, for each µ ∈ MT , (X,T, µ) is a Dynamical Systems.
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induced by the topology of R via the defined equivalence relation. Such a
topology is the usual one on [0, 1], apart from the fact that each open set
containing 0 must contain 1 as well. Clearly, from the topological point of
view, T is a circle. We choose the Borel σ-algebra. By µ we choose the
Lebesgue measure m, while T : T → T is defined by

Tx = x+ ω mod 1,

for some ω ∈ R. In essence, T translates, or rotates, each point by the same
quantity ω. It is easy to see that the measure µ is invariant (Problem 2.4).

Bernoulli shift

–A Dynamical System needs not live on some differentiable manifold, more
abstract possibilities are available.

Let Zn = {1, 2, ..., n}, then define the set of two sided (or one-sided)

sequences Σn = ZZ
n (Σ+

n = ZZ+
n ). This means that the elements of Σn

are sequences σ = {..., σ−1, σ0, σ1, ......} (σ = {σ0, σ1, ......} in the one-
sided case) where σi ∈ Zn. To define the measure and the σ-algebra it is
necessary a bit of care. To start with, consider the cylinder sets, that is the
sets of the form

Aj
i = {σ ∈ Σn | σi = j}.

Such sets will be our basic objects and can be used to generate the
algebra A of the cylinder sets via unions and intersections. We can then
define a topology on Σ (the product topology, if {1, . . . , n} is endowed by
the discrete topology) by declaring the above algebra made of open sets and a
basis for the topology. To define the σ-algebra we could take the minimal σ-
algebra containing A, yet this it is not a very constructive definition, neither
a particular useful one, it is better to invoke the Carathèodory construction.

Let us start by defining a measure on Zn, that is n numbers pi > 0 such
that

∑n
i=1 pi = 1. Then, for each i ∈ Z and j ∈ Zn,

µ(Aj
i ) = pj .

Next, for each collection of sets {Ajl
il
}sl=1, with il ̸= ik for each l ̸= k, we

define

µ(Aj1
i1
∩Aj2

i2
∩ ... ∩Ajs

is
) =

s∏
l=1

pjl .

We now know the measure of all finite intersection of the sets Aj
i . The

measure of the union of two sets A, B obviously must satisfy µ(A ∪ B) =



26 CHAPTER 2. GENERAL FACTS AND DEFINITIONS

µ(A) + µ(B) − µ(A ∩ B). We have so defined µ on A. It is easy to check
that such a µ is σ-additive on A; namely: if {Ai} ⊂ A are pairwise disjoint
sets and ∪∞

i=1Ai ∈ A, then µ(∪∞
i=1Ai) =

∑∞
i=1 µ(Ai). The following step is

to define the outer measure6

µ∗(A) := inf
B∈A
B⊃A

µ(A) ∀A ⊂ Σ.

Finally, we can define the σ-algebra as the collection of all the sets that
satisfy the Carathèodory’s criterion, namely A is measurable (that is belongs
to the σ-algebra) iff

µ∗(E) = µ∗(E ∩A) + µ∗(E ∩Ac) ∀E ⊂ Σ.

The reader can check that the sets in A are indeed measurable.

The Carathèodory Theorem then asserts that the measurable sets form
a σ-algebra and that on such a σ-algebra µ∗ is σ-additive, thus we have our
measure µ.7 The σ-algebra so obtained is nothing else that the completion
with respect to µ of the minimal σ-algebra containing A (all the sets with
zero outer measure are measurable).

The map T : Σn → Σn (usually called shift) is defined by

(Tσ)i = σi+1.

We leave to the reader the task to show that the measure is invariant (see
Problem 2.11).

To understand what’s going on, let us consider the function f : Σ → Zn

defined by f(σ) = σ0. If we consider T t, t ∈ N, as the time evolution
and f as an observation, then f(T tσ) = σt. This can be interpreted as
the observation of some phenomenon at various times. If we do not know
anything concerning the state of the system, then the probability to see the
value j at the time t is simply pj . If n = 2 and p1 = p2 = 1

2 , it could
very well be that we are observing the successive outcomes of tossing a fair
coin where 1 means head and 2 tail (or vice versa); if n = 6 it could be the
outcome of throwing a dice and so on.

6An outer measure has the following properties: i) µ∗(∅) = 0; ii) µ∗(A) ≤ µ∗(B) if
A ⊂ B; iii)µ∗(∪∞

i=1Ai) ≤
∑∞

i=1 µ
∗(Ai). Note that µ∗ need not be additive on all sets.

7See [50] if you want a quick look at the details of the above Theorem or consult [62]
if you want a more in-depth immersion in measure theory. If you think that the above
construction is too cumbersome see Problem 2.13.
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Dilation

–Again X = T and the measure is Lebesgue. T is defined by

Tx = 2x mod 1.

This map it is not invertible (similarly to the one sided shift). Note that, in
general, µ(TA) ̸= µ(A) (e.g., A = [0, 12 ]).

Arnold cat

–This is an automorphism of the torus and gets its name from a picture
drawn by Arnold [3]. The space X is the two dimensional torus T2. The
measure is again Lebesgue measure and the map is

T

(
x
y

)
=

(
1 1
1 2

)(
x
y

)
mod 1 =: L

(
x
y

)
mod 1.

Since the entries of L are integer numbers it is clear that T is well defined
on the torus; in fat, it is a linear toral automorphism. The invariance of the
measure follows from det(L) = 1.

Hamiltonian Systems

– Up to now, we have seen only examples with discrete time. Typical exam-
ples of Dynamical Systems with continuous time are the solutions of an ODE
or a PDE. Let us consider the case of a Hamiltonian system. The simplest
case is when X = R2n, the σ-algebra is the Borel one and the measure µ
is the Lebesgue measure m. The dynamics is defined by a smooth function
H : X → R via the equations

dx

dt
= JgradH(x)

where grad(H)i = (∇H)i =
∂H
∂xi

and J is the block matrix

J =

(
0 1

−1 0

)
.

The fact that m is invariant with respect to the Hamiltonian flow is due to
the Liouville Theorem (see [4] or Problem 2.6).

Such a dynamical system has a natural decomposition. Since H is an in-
tegral of the motion, for each h ∈ R we can consider Xh = {x ∈ X | H(x) =
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h}. If Xh ̸= ∅, then it will typically consist of a smooth manifold.8, let us
restrict ourselves to this case. Let σ be the surface measure on Xh, then
µh = σ

∥gradH∥ is an invariant measure on Xh and (Xh, ϕt, µh) is a Dynamical

System (see Problem 2.6).

Geodesic flow

–Along the same lines any geodesic flow on a compact Riemannian manifold
naturally defines a dynamical system.

2.2 Poincaré sections

Normally in Dynamical Systems is given a lot of emphasis to the discrete
case (we have already seen an instance of this in the introduction). One
reason is that there is a general device that allows to reduce the study of
many properties of a continuous time Dynamical System to the study of
an appropriate discrete time Dynamical System: Poincaré sections. Here
we want to make few comments on this precious tool that we will largely
employ in the study of billiards.

Let us consider a smooth Dynamical System (X,ϕt, µ) (that is a Dy-
namical Systems in continuous time where X is a smooth manifold and ϕt

is a smooth flow). Then we can define the vector field V (x) := dϕt(x)
dt |t=0.

9

Consider a smooth compact submanifold (possibly with boundaries) Σ
of codimension one such that TxΣ (the tangent space of Σ at the point x)
is transversal to V (x).10 We can then define the return time τΣ : Σ →
R+ ∪ {∞} by

τΣ = inf{t ∈ R+\{0} | ϕt(x) ∈ Σ},

where the inf is taken to be ∞ if the set is empty. Next we define the return
map TΣ : D(T ) ⊂ Σ → Σ, where D(T ) = {x ∈ Σ|τΣ(x) < ∞}, by

TΣ(x) = ϕτΣ(x)(x).

It is easy to check that there exists c > 0 such that τΣ ≥ c (Problem 2.9).
To define the measure, the natural idea is to project the invariant mea-

sure along the flow direction: for all measurable sets A ⊂ Σ, define11

8By the implicit function theorem this is locally the case if ∇H ̸= 0.
9Very often it is the other way around: first is given the vector field and then the

flow–as we saw in the introduction.
10That is TxΣ⊕ V (x) form the full tangent space at x.
11We use the notation: ϕI(A) := ∪t∈Iϕ

t(A) for each I ⊂ R.
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νΣ(A) := lim
δ→0

1

δ
µ(ϕ[0, δ](A)). (2.2.1)

See Problem 2.8 for the existence of the above limit; see Problem 2.9 for
the proof that τΣ is finite almost everywhere and Problem 2.10 for the proof
that (Σ, TΣ, νΣ) is a dynamical system. The reader is invited to meditate
on the relation between this Dynamical System and the original one.

2.3 Suspension flows

A natural question is if it is possible to construct a flow with a given Poincaré
section, the answer is positive and it is based on a very useful construction.
Let (f,X) be a dynamical system (the Poincarè map) and τ : X → R+/{0}
be a positive function (the roof or ceiling function). We will construct a
flow, called supsension. Define X̃ = {(x, s) ∈ X × R : 0 ≤ t < τ(x)} and
the flow

ϕt(x, s) =

{
(x, s+ t) if s+ t < τ(x)

(f(x), s− τ(x) + t) if τ(x)− s < t < τ(x)− s+ τ(f(x))

The reader can easily check that the flow has the wanted properties.

2.4 Invariant measures

A very natural question is: given a space X and a map T there always exists
an invariant measure µ? A non-exhaustive, but quite general, answer exists:
Krylov-Bogoluvov Theorem.

First, we need to characterize invariance in a useful way.

Lemma 2.4.1 Given a compact metric space X and map T continuous
apart from a compact set K,12 a Borel measure µ, such that µ(K) = 0, is
invariant if and only if µ(f ◦ T ) = µ(f) for each f ∈ C(0)(X).

Proof. To prove that the invariance of the measure implies the invari-
ance for continuous functions is obvious since each such function can be
approximate uniformly by simple functions–that is, the sum of characteris-
tic functions of measurable sets–for which the invariance is obvious.13 The
converse implication is not so obvious.

12This means that, if C ⊂ X is closed, then T−1C ∪K is closed as well.
13This is essentially the definition of integral.
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The first thing to remember is that the Borel measures, on a compact
metric space, are regular [61]. This means that for each measurable set A
the following holds14

µ(A) = inf
G⊃A

G=
◦
G

µ(G) = sup
C⊂A
C=C

µ(C). (2.4.2)

Next, remember that for each closed set A and open set G ⊃ A, there exists
f ∈ C(0)(X) such that f(X) ⊂ [0, 1], f |Gc = 0 and f |A = 1 (this is Urysohn
Lemma for Normal spaces [62]). Hence, setting BA := {f ∈ C(0)(X) | f ≥
χA},

µ(A) ≤ inf
f∈BA

µ(f) ≤ inf
G⊃A

G=
◦
G

µ(G) = µ(A). (2.4.3)

Accordingly, for each A closed, we have

µ(T−1A) ≤ inf
f∈BA

µ(f ◦ T ) = inf
f∈BA

µ(f) = µ(A).

In addition, using again the regularity of the measure, for each A Borel
holds15

µ(T−1A) = inf
U⊃K

U=
◦
U

µ(T−1A\U) ≤ inf
U⊃K

U=
◦
U

sup
C⊂T−1A\U

C=C

µ(T−1(TC))

≤ inf
U⊃K

U=
◦
U

sup
C⊂A\TU

C=C

µ(T−1C) ≤ sup
C⊂A
C=C

µ(T−1C) = sup
C⊂A
C=C

µ(C) = µ(A).

Applying the same argument to the complement Ac of A it follow that it
must be µ(T−1A) = µ(A) for each Borel set. □

Proposition 2.4.2 (Krylov–Bogoluvov) If X is a metric compact space
and T : X → X is continuous, then there exists at least one invariant
(Borel) measure.

14Note that this is almost obvious if one thinks of the Carathéodory construction starting
from the open sets.

15Note that, by hypothesis, if C is compact and C ∩K = ∅, then TC is compact.
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Proof. Consider any Borel probability measure ν and define the fol-
lowing sequence of measures {νn}n∈N:16 for each Borel set A

νn(A) = ν(T−nA).

The reader can easily see that νn ∈ M1(X). Indeed, since T−1X = X,
νn(X) = 1 for each n ∈ N. Next, define

µn =
1

n

n−1∑
i=0

νi.

Again µn(X) = 1, so the sequence {µi}∞i=1 is contained in a weakly compact
set (the unit ball) and therefore admits a weakly convergent subsequence
{µni}∞i=1; let µ be the weak limit.17 We claim that µ is T invariant. Since
µ is a Borel measure it suffices to verify that for each f ∈ C(0)(X) holds
µ(f ◦ T ) = µ(f) (see Lemma 2.4.1). Let f be a continuous function, then
by the weak convergence we have18

µ(f ◦ T ) = lim
j→∞

1

nj

nj−1∑
i=0

νi(f ◦ T ) = lim
j→∞

1

nj

nj−1∑
i=0

ν(f ◦ T i+1)

= lim
j→∞

1

nj


nj−1∑
i=0

νi(f) + ν(f ◦ Tnj+1)− ν(f)

 = µ(f).

□

16Intuitively, if we chose a point x ∈ X at random, according to the measure ν and we
ask what is the probability that Tnx ∈ A, this is exactly ν(T−nA). Hence, our procedure
to produce the point Tnx is equivalent to picking a point at random according to the
evolved measure νn.

17This depends on the Riesz-Markov Representation Theorem [61] that states that
M(X) is exactly the dual of the Banach space C(0)(X). Since the weak convergence
of measures in this case correspond exactly to the weak-* topology [61], the result follows
from the Banach-Alaoglu theorem stating that the unit ball of the dual of a Banach space
is compact in the weak-* topology. But see problem Problem 2.16 if you want a more
direct proof.

18Note that it is essential that we can check invariance only on continuous functions:
if we would have to check it with respect to all bounded measurable functions we would
need that µn converges in a stronger sense (strong convergence) and this may not be true.
Note as well that this is the only point where the continuity of T is used: to insure that
f ◦ T is continuous and hence that µnj (f ◦ T ) → µ(f ◦ T ).
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The reason why the above theorem it is not completely satisfactory is
that it is not constructive and, in particular, does not provide any informa-
tion on the nature of the invariant measure. In fact, in many instances the
interest is focused not just on any Borel measure but on special classes of
measures, for example measures connected to the Lebesgue measure which,
in some sense, can be thought as reasonably physical measures (if such mea-
sures exists).

In the following examples we will see two main techniques to study such
problems: on the one hand it is possible to try to construct explicitly the
measure and study its properties in the given situations (expanding maps,
strange attractors, solenoid, horseshoe); on the other hand one can try to
conjugate19 the given problem with another, better understood, one (logistic
map, circle maps). In view of this last possibility, it is very important the
last example (Markov measures) that gives just a hint of the possibility of
constructing a multitude of invariant measures for the shift that, as we will
see briefly, is a standard system to which many others can be conjugated.

2.4.1 Examples

Contracting maps

Let X ⊂ Rn be compact and connected, T : X → X differentiable with
∥DT∥ ≤ λ−1 < 1 and T0 = 0 ∈ X. In this case 0 is the unique fixed point
and the delta function at zero is the only invariant measure.20

Expanding maps

The simplest possible case is X = T, T ∈ C(2)(T) with |DT | ≥ λ > 1.21 We
would like to have an invariant measure absolutely continuous with respect
to Lebesgue. Any such measure µ has, by definition, the Radon-Nikodym
derivative h = dµ

dm ∈ L1(T, m), [62]. In Proposition 2.4.2 we saw how a

measure evolves by defining the operator T∗µ(f) = µ(f ◦T ) for each f ∈ C(0)

and µ ∈ M(X) (see also footnote 17 at page 31). If we want to study a
smaller class of measures we must first check that T∗ leaves such a class
invariant. Indeed, if µ is absolutely continuous with respect to Lebesgue

19See Definition 5 for a precise definition and Problem 2.38 and 2.39 for some insight.
20The reader will hopefully excuse this physicist language, naturally we mean that the

invariant measure is defined by δ0(f) = f(0). The property that there exists only one
invariant measure is called unique ergodicity, we will see more of it in the sequel.

21Note that this generalizes Examples 2.1.1–Dilations.
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then T∗µ has the same property. Moreover, if h = dµ
dm and h1 = dT∗µ

dm then
(Problem 2.14)

h1(x) = Lh(x) :=
∑

y∈T−1(x)

|DyT |−1h(y).

The operator L : L1(T, m) → L1(T, m) is called Transfer operator or Ruelle-
Perron-Frobenius operator, and has an extremely important rôle in the study
of the statistical properties of the system. Notice that ∥Lh∥1 ≤ ∥h∥1. The
key property of L, in this context, is given by the following inequality (this
type of inequality is commonly called of Lasota-York type) (Problem 2.15)

∥ d

dx
Lh∥1 ≤ λ−1∥h′∥1 + C∥h∥1 (2.4.4)

where C = ∥D2T∥∞
∥DT∥2∞

.

The above inequality implies immediately ∥(Lnh)′∥1 ≤ C
1−λ−1 ∥h∥1 +

∥h′∥1, for all n ∈ N. This, in turns, implies that the supn∈N ∥Lnh∥∞ < ∞.
Consequently, the sequence hn := 1

n

∑n−1
i=0 Lih is compact in L1 (this is a

consequence of standard Sobolev embedding theorems [33], but see Problem
2.16 for an elementary proof). In analogy with Lemma 2.4.2, we have that
there exists h∗ ∈ L1 such that Lh∗ = h∗. Thus dµ := h∗dm is an invariant
measure of the type we are looking for.

Logistic maps

Consider X = [0, 1] and

T (x) = 4x(1− x).

This map is not an everywhere expanding map (D 1
2
T = 0), yet it can be

conjugate with one.

To see this consider the continuous change of variables Ψ : [0, 1] → [0, 1]
defined by

Ψ(x) =
2

π
arcsin

√
x,

thus Ψ−1(x) =
(
sin π

2x
)2
. Accordingly,

T̃ (x) := Ψ ◦ T ◦Ψ−1(x) = Ψ(4 sin2 π
2x cos

2 π
2x)

= Ψ([sinπx]2) = 2
π arcsin[sinπx]
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which yields22

T̃ (x) =

{
2x for x ∈ [0, 12 ]

2− 2x for x ∈ [12 , 1].

The map T̃ is called tent map for its characteristic shape. What is more
interesting is that the Lebesgue measure is invariant for T̃ , as the reader can
easily check. This means that, if we define µ(f) := m(f ◦Ψ−1), holds

µ(f ◦ T ) = m(f ◦ T ◦Ψ−1) = m(f ◦Ψ−1 ◦ T̃ ) = m(f ◦Ψ−1) = µ(f).

Hence, ([0, 1], T, µ) is a Dynamical Systems. In addition, a trivial computa-
tion shows

µ(dx) =
1

π
√

x(1− x)
dx,

thus µ is absolutely continuous with respect to Lebesgue.

Circle maps

A circle map is an order preserving continuous map of the circle. A simple
way to describe it is to start by considering its lift. Let T̂ : R → R, such
that T̂ (0) ∈ [0, 1], T̂ (x+ 1) = T̂ (x) + 1 and T̂∗ ≥ 0. The circle map is then
defined as T (x) = T̂ (x) mod 1. Circle maps have a very rich theory that
we do not intend to develop here, we confine ourselves to some facts (see
[40] for a detailed discussion of the properties below). The first fact is that
the rotation number

ρ(T ) = lim
n→∞

1

n
T̂n(x).

is well defined and does not depend on x.

We have already seen a concrete example of circle maps: the rotation Rω

by ω. Clearly ρ(Rω) = ω. It is fairly easy to see that if ρ(T ) ∈ Q then the
map has a periodic orbit. We are more interested in the case in which the
rotation number is irrational. In this case, with the extra assumption that
T is twice differentiable (actually a bit less is needed) the Denjoy theorem
holds stating that there exists a continuous invertible function h such that
Rρ(T ) ◦ h = h ◦ T , that is T is topologically conjugated to a rigid rotation.
Since we know that the Lebesgue measure is invariant for the rotations, we
can obtain an invariant measure for T by pushing the Lebesgue measure by
h, namely define

µ(f) = m(f ◦ h−1).

22Remember that the domain of arcsin is [−π
2
, π
2
] and sinπx = sinπ(1− x).



2.4. INVARIANT MEASURES 35

The natural question if the measure µ is absolutely continuous with respect
to Lebesgue is rather subtle and depends, once again, by KAM theory. In
essence the answer is positive only if T has more regularity and the rotation
number in not very well approximated by rational numbers (in some sense
it is ‘very irrational’).

Strange Attractors

We have seen the case in which all the trajectories are attracted by a point.
The reader can probably imagine a case in which the attractor is a curve
or some other simple set. Yet, it has been a fairly recent discovery that
an attractor may have a very complex (strange) structure. The following is
probably the simplest example. Let X = Q = [0, 1]2 and

T (x, y) =

{
(2x, 1

8y +
1
4) if x ∈ [0, 1/2]

(2x− 1, 1
8y +

3
4) if x ∈]1/2, 1].

We have a map of the square that stretches in one direction by a factor
2 and contract in the other by a factor 8.

Note that T it is not continuous with respect to the normal topology, so
Proposition 2.4.2 cannot be applied directly. This problem can be solved in
at least two ways: one is to code the system, and we will discuss it later,
the other is to study more precisely what happens by iterating a measure in
special cases.

In our situation, since TnQ consists of a multitude of thinner and thinner
strips, it is clear that there can be no invariant measure absolutely continu-
ous with respect to Lebesgue.23 Yet, it is very natural to ask what happens
if we iterate the Lebesgue measure by the operator T∗. It is easy to see
that T∗m is still absolutely continuous with respect to Lebesgue. In fact,
T∗ maps absolutely continuous measures in absolutely continuous measures.
Once we note this, it is very tempting to define the transfer operator. An
easy computation yields

Lh(x) = χTQ(x)
∑

y∈T−1(x)

| det(DyT )|−1h(y) = 4χTQ(x)h(T
−1(x)).

23In fact, if µ is an invariant measure, T∗µ = µ, it follows

µ(χTnQ) = Tn
∗ µ(χTnQ) = µ(χQ) = 1,

so µ must be supported on Λ = ∩∞
n=0T

nQ.
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Since the map expands in the unstable direction, it is quite natural to
investigate, in analogy with the expanding case, the unstable derivative Du,
that is the derivative in the x direction, of the iterate of the density.

∥DuLh∥1 ≤
1

2
∥Duh∥1 ∀h ∈ C(1)(Q) (2.4.5)

To see the consequences of the above estimate, consider f ∈ C(1)(Q) with
f(0, y) = f(1, y) = 0 for each y ∈ [0, 1], then if ν is a measure obtained by
the measure hdm (h ∈ C(1)) with the procedure of Proposition 2.4.2,24 we
have

ν(Duf) = lim
j→∞

1

nj

nj−1∑
i=0

(T∗)
im(hDuf) = lim

j→∞

1

nj

nj−1∑
i=0

m(LihDuf)

= − lim
j→∞

1

nj

nj−1∑
i=0

m(fDuLih)

where we have integrated by part. Remembering (2.4.5) we have

ν(Duf) = 0,

for all f ∈ C(1)
per(Q) = {f ∈ C(1)(Q) | f(0, y) = f(1, y)}. The enlargement

of the class of functions is due to the obvious fact that, if f ∈ C(1)
per(Q),

then f̃(x, y) = f(x, y)−f(0, y) is zero on the vertical (stable) boundary and
Duf̃ = Duf .

This means that the measure ν, when restrict to the horizontal direction,
is ν-a.e. constant (see Problem 2.30). Such a strong result is clearly a
consequence of the fact the map is essentially linear, one can easily imagine a
non linear case (think of dilations and expanding maps) and in that case the
same argument would lead to conclude that the measure, when restricted to
unstable manifolds, is absolutely continuous with respect to the restriction
of Lebesgue (these type of measures are commonly called SRB from Sinai,
Bowen and Ruelle).

We can now prove that indeed the measure ν is invariant. The disconti-
nuity line of T is {x = 1

2}. Points close to {x = 1
2} are mapped close to the

boundary of Q, so if f(0, y) = f(1, y) = 0, then f ◦ T is continuous. Hence,
the argument of Proposition 2.4.2 proves that ν(f ◦T ) = µ(f) for all f that

24As we noted in the proof of Proposition 2.4.2, the only part that uses the continuity
of T is the proof of the invariance. Thus, in general we can construct a measure by the
averaging procedure but the invariance it is not automatic.
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vanish at the stable boundary. Yet, the characterization of ν proves that
ν({(x, y) ∈ Q | x ∈ {0, 1}}) = 0, thus we can obtain ν(f ◦ T ) = µ(f) for all
continuous functions via the Lebesgue dominate convergence theorem and
the invariance follows by Lemma 2.4.1.

Horseshoe

This very famous example consists of a map of the square Q = [0, 1]2, the
map is obtained by stretching the square in the horizontal direction, bending
it in the shape of an horseshoe and then superimposing it to the original
square in such a way that the intersection consists of two horizontal strips.25

Such a description is just topological, to make things clearer let us consider
a very special case:

T (x, y) =

{
(5x mod 1, 1

4y) if x ∈ [1/5, 2/5]

(5x mod 1, 1
4y +

3
4) if x ∈ [3/5, 4/5].

Note that T is not explicitly defined for x ∈ [0, 1/5[∪[23 ,
3
5 [∪]4/5, 1] since

for this values the horseshoe falls outside Q, so its actual shape is irrelevant.
Since the map from Q to Q it is not defined on the all square, so we can have
a Dynamical System only with respect to a measure for which the domain
of definition of T , and all of its powers, has measure one. We will start by
constructing such a measure.

The first step is to notice that the set

Λ = ∩n∈ZT
nQ (2.4.6)

of the points which trajectory is always in Q is ̸= ∅. Second, note that
λ = TΛ = T−1Λ, such an invariant set is called hyperbolic set as we will
see later. We would like to construct an invariant measure on Λ. Since Λ is
a compact set and T is continuous on it we know that there exist invariant
measures; yet, in analogy with the previous examples, we would like to
construct one coming from Lebesgue.

As already mentioned we must start by constructing a measure on Λ− =
∩n∈N∪{0}T

−nQ since T kΛ− ⊂ Λ−. To do so it is quite natural to construct
a measure by subtracting the mass that leaks out of Q. namely, define the
operator T̃ : M(X) → M(X) by

T̃ µ(A) := µ(TA ∩Q).

25We have already seen something very similar in the introduction.
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Again we consider the evolution of measures of the type dµ = hdm. For
each continuous f with supp(f) ⊂ Q holds

T̃ µ(f) = µ(f ◦ T−1χQ) =

∫
T−1Q

fh ◦ T |detDT |dm.

We can thus define the operator L that evolves the densities:

Lh(x) = 5

4
χT−1Q∩Q(x)h(Tx).

Clearly T̃ µ(f) = m(fLh).
Note that T̃m(1) = 1

2 , thus T̃ does not map probability measures into
probability measures; this is clearly due to the mass leaking out ofQ. Calling
Ds (stable derivative) the derivative in the y direction, follows easily

∥DsLh∥1 ≤
1

4
∥Dsh∥1

for each h differentiable in the stable direction.
On the other hand, if ∥Dsh∥1 ≤ c and ∆ = [0, 1/4] ∪ [3/4, 1],

|T̃ µ(1)| =
∫
Q∩TQ

h =

∫
∆
dy

∫ 1

0
dxh(x, y)

=

∫
∆
dy

∫ 1

0
dx

∫ 1

0
dξh(x, ξ) +O(∥Dsh∥1)

=|∆|∥h∥1 +O(∥Dsh∥1) =
1

2
µ(1) +O(∥Dsh∥1).

It is then natural to define L̂h := 2Lh and T̂ = 2T̃ . Thus ∥DsL̂h∥1 ≤
1
2∥D

sh∥1. This means that { 1
n

∑n−1
i=0 T̂ iµ} are probability measures. Ac-

cordingly, there exists an accumulation point µ∗ and µ∗(D
sf) = 0 for each

f periodic in the y direction. By the same type of arguments used in the
previous examples, this means that µ∗ is constant in the y direction, it is
supported on Λ− by construction and T̃ µ∗ = 1

2µ∗ (conformal invariance) :
just the measure we where looking for.

We can now conclude the argument by evolving the measure as usual:

T∗µ∗(f) = µ∗(f ◦ T )

for all continuous f with the support in Q. Now the standard argument
applies. In such a way we have obtained the invariant measure supported
on Λ.
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Markov Measures

Let us consider the shift (Σ+
n , T ). We would like to construct other invari-

ant measures bedside Bernoulli. As we have seen it suffices to specify the
measure on the algebra of the cylinders. Let us define

A(m; k1, . . . , kl) = {σ ∈ Σ+
n | σi+m = ki ∀ i ∈ {1, . . . , l}};

this are a basis for the algebra of the cylinders.

For each n × n matrix P , Pij ≥ 0,
∑

j Pij = 1 by the Perron-Frobenius
theorem there exists {pi} such that pP = p. Let us define

µ(A(m; k1, . . . , kl)) = pk1Pk1k2Pk2k3 . . . Pkl−1kl .

The reader can easily verify that µ is invariant over the algebra A and thus
extends to an invariant measure. This is called Markov because it is nothing
else than a Markov chain together with its stationary measure.26

2.5 Ergodicity

The examples in the previous section (strange attractor, horseshoe) show
only a very dim glimpse of a much more general and extremely rich theory
(the study of SRB measures) while the last (Markov measures) points toward
another extremely rich theory: Gibbs (or equilibrium) measures. Although
this it is not the focus here, we will see a bit more in the future.

One of the main objectives in dynamical systems is the study of the long
time behavior (that is the study of the trajectories Tnx for large n). There
are two main cases in which it is possible to study, in some detail, such a
long time behavior. The case in which the motion is rather regular27 or close
to it (the main examples of this possibility are given by the so-called KAM
theory and by situations in which the motions is attracted by a simple set);
and the case in which the motion is very irregular.28 This last case may seem
surprising since the irregularity of the motion should make its study very
difficult. The reason why such systems can be studied is, as usual, because

26The probabilistic interpretation is that the probability of seeing the state k at time
one, given that we saw the state l at time zero, is given by Plk. So the process has a bit of
memory: it remembers its state one time step before. Of course, it is possible to consider
processes that have a longer–possibly infinite–memory. Proceeding in this direction one
would define the so called Gibbs measures.

27Typically, quasi periodic motion, remember the small oscillation in the pendulum.
28Remember the example in the introduction.
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we ask the right questions,29 that is we ask questions not concerning the
fine details of the motion but only concerning its statistical or qualitative
properties.

The first example of such properties is the study of the invariant sets.

Definition 3 A measurable set A is invariant for T if T−1A ⊂ A.
A dynamical system (X, T, µ) is ergodic if each invariant set has mea-

sure zero or one.

Note that if A is invariant then µ(A\T−1A) = µ(A) − µ(T−1A) = 0,
moreover Λ = ∩∞

n=0T
−nA ⊂ A is invariant as well. In addition, by definition,

Λ = TΛ, which implies Λ = T−1Λ and µ(A\Λ) = 0. This means that, if A
is invariant, then it always contains a set Λ invariant in the stronger (maybe
more natural) sense that TΛ = T−1Λ = Λ. Moreover, Λ is of full measure
in A. Our definition of invariance is motivated by its greater flexibility and
the fact that, from a measure theoretical point of view, zero measure sets
can be discarded.

In essence, if a system is ergodic then most trajectories explore all
the available space. In fact, for any A of positive measure, define Ab =
∪n∈NT

−nA (this are the points that eventually end up in A), since Ab ⊃ A,
µ(Ab) > 0. Since T−1Ab ⊂ Ab, by ergodicity follows µ(Ab) = 1. Thus,
the points that never enter in A (that is, the points in Ac

b) have zero mea-
sure. Actually, if the system has more structure (topology), more is true
(see Problem 2.19).

2.5.1 Examples

Rotations

–The ergodicity of a rotations depends on ω. If ω ∈ Q then the system is
not ergodic. In fact, let ω = p

q (p, q ∈ N), then, for each x ∈ T T qx = x+ p
mod 1 = x, so T q is just the identity. An alternative way of saying this
is to notice that all the points have a periodic trajectory of period q. It is
then easy to exhibit an invariant set with measure strictly larger than 0 but
strictly less than 1. Consider [0, ε], then A = ∪q−1

i=1T
−i[0, ε] is an invariant

set; clearly ε ≤ µ(A) ≤ qε, so it suffices to choose ε < q−1.
The case ω ̸∈ Q is much more interesting. First of all, for each point

x ∈ T we have that the closure of the set {Tnx}∞i=0 is equal to T, which is
to say that the orbits are dense.30 The proof is based on the fact that there

29Of course, the “right questions” are the ones that can be answered.
30A system with a dense orbits called Topologically Transitive.
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cannot be any periodic orbit. To see this suppose that x ∈ T has a periodic
orbit, that is there exists q ∈ N such that T qx = x. As a consequence
there must exist p ∈ Z such that x + p = x + qω or ω ∈ Q contrary to the
hypothesis. Hence, the set {T k0}∞k=0 must contain infinitely many points
and, by compactness, must contain a convergent subsequence ki. Hence, for
each ε > 0, there exists m > n ∈ N:

|Tm0− Tn0| < ε.

Since T preserves the distances, calling q = m− n, holds

|T q0| < ε.

Accordingly, the trajectory of T jq0 is a translation by a quantity less than ε,
therefore it will get closer than ε to each point in T (i.e., the orbit is dense).
Again by the conservation of the distance, since zero has a dense orbit the
same will hold for every other point.

Intuitively, the fact that the orbits are dense implies that there cannot
be a non trivial invariant set, henceforth the system is ergodic. Yet, the
proof it is not trivial since it is based on the existence of Lebesgue density
points [33] (see Problem 2.41). It is a fact from general measure theory that
each measurable set A ⊂ R of positive Lebesgue measure contains, at least,
one point x such that for each ε ∈ (0, 1) there exists δ > 0:

m(A ∩ [x− δ, x+ δ])

2δ
> 1− ε.

Hence, given an invariant set A of positive measure and ε > 0, first
choose an interval I ⊂ A such that m(I∩A) > (1−ε)m(I).Second, we know
already that there exists q,M ∈ N such that {T−kqx}Mk=1 divides [0, 1] into
intervals of length less that ε

2δ. Hence, given any point x ∈ T choose k ∈ N
such that m(T−kqI ∩ [x− δ, x+ δ]) > m(I)(1− ε) so,

m(A ∩ [x− δ, x+ δ]) ≥ m(A ∩ T−kqI)−m(I)ε

≥ m(A ∩ I)−m(I)ε ≥ (1− 2ε)2δ.

Thus, A has density everywhere larger than 1− 2ε, which implies µ(A) = 1
since ε is arbitrary.

The above proof of ergodicity it is not so trivial but it has a definite
dynamical flavor (in the sense that it is obtained by studying the evolution
of the system). Its structure allows generalizations to contexts whit a less
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rich algebraic structure. Nevertheless, we must notice that, by taking ad-
vantage of the algebraic structure (or rather the group structure) of T, a
much simpler and powerful proof is available.

Let ν ∈ M1
T , then define

Fn =

∫
T
e2πinxν(dx), n ∈ N.

A simple computation, using the invariance of ν, yields

Fn = e2πinωFn

and, if ω is irrational, this implies Fn = 0 for all n ̸= 0, while F0 = 1. Next,
consider f ∈ C(2)(T1) (so that we are sure that the Fourier series converges
uniformly, see Problem 2.29), then

ν(f) =

∞∑
n=0

ν(fne
2πin·) =

∞∑
n=0

fnFn = f0 =

∫
T
f(x)dx.

Hence m is the unique invariant measure (unique ergodicity). This is
clearly much stronger than ergodicity (see Problem 2.23)

Baker

–This transformation gets its name from the activity of bread making, it
bears some resemblance with the horseshoe. The space X is the square
[0, 1]2, µ is again Lebesgue, and T is a transformation obtained by squashing
down the square into the rectangle [0, 2]× [0, 1

2 ] and then cutting the piece
[1, 2]× [0, 1

2 ] and putting it on top of the other one. In formulas

T (x, y) =


(2x,

1

2
y) mod 1 if x ∈ [0,

1

2
)

(2x,
1

2
(y + 1)) mod 1 if x ∈ [

1

2
, 1].

This transformation is ergodic as well, in fact much more. We will discuss
it later.

The properties of the invariant sets of a dynamical systems have very
important reflections on the statistics of the system, in particular on its time
averages. Before making this precise (see Theorem 2.6.8) we state few very
general and far reaching results.
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2.6 Some basic Theorems

Theorem 2.6.1 (Birkhoff) Let (X, T, µ) be a dynamical system, then for
each f ∈ L1(X, µ)

lim
n→∞

1

n

n−1∑
j=0

f(T jx)

exists for almost every point x ∈ X. In addition, setting

f+(x) = lim
n→∞

1

n

n−1∑
j=0

f(T jx),

holds ∫
X
f+dµ =

∫
X
fdµ.

Proof

Since the task at hand is mainly didactic, we will consider explicitly
only the case of positive bounded functions, the completion of the proof
is left to the reader. Also, this is an elementary but lengthy proof. More
sophisticated and shorter proof exists [40].

Let f ∈ L∞(X, dµ), f ≥ 0, and

Sn(x) ≡
1

n

n−1∑
i=0

f(T ix).

For each x ∈ X, there exists

f
+
(x) = lim sup

n→∞
Sn(x)

f+(x) = lim inf
n→∞

Sn(x).

The first remark is that both f
+
and f+ are invariant functions. In fact,

Sn(Tx) = Sn(x) + f(Tnx)− f(x)

so, tacking the limit the result follows.31

31Here we have used the boundedness, this is not necessary. If f ∈ L1(X, dµ) and

positive, then Sn(Tx) ≥ Sn(x)− f(x), so f
+
(Tx) ≥ f

+
(x) and it is and easy exercise to

check that any such function must be invariant.
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Next, for each n ∈ N and k, j ∈ Z we define

Dn,l,j =

{
x ∈ X

∣∣∣∣ f+
(x) ∈

[
l

n
,
l + 1

n

)
; f+(x) ∈

[
j

n
,
j + 1

n

)}
,

by the invariance of the functions follows the invariance of the sets Dn,l,j .
Also, by the boundedness, follows that for each n exists n0 such as⋃

j,l∈{−n0, ..., n0}

Dn,l,j = X.

The key observation is the following.

Lemma 2.6.2 For each n ∈ N and l, j ∈ Z, setting A = Dn,l,j, holds

l + 1

n
µ(A) <

∫
A
fdµ+

3

n
µ(A)

j

n
µ(A) >

∫
A
fdµ− 3

n
µ(A)

From the Lemma follows

0 ≤
∫
X
(f

+ − f+)dµ =

n0∑
l, j=−n0

∫
Dn,l,j

(f
+ − f+)dµ

≤
n0∑

l, j=−n0

[
l + 1

n
− j

n

]
µ(Dn,l,j) <

6

n

n0∑
l, j=−n0

µ(Dn,l,j) =
6

n
.

Since n is arbitrary we have∫
X
(f

+ − f+)dµ = 0

which implies f
+

= f+ almost everywhere (since f
+ ≥ f+ by definition)

proving that the limit exists. Analogously, we can prove∫
X
(f − f+)dµ = 0.

Proof of the Lemma 2.6.2 We will prove only the first inequality, the
second being proven in exactly the same way.

For each x ∈ A we will call k(x) the first m ∈ N such that

Sm(x) >
l − 1

n
,
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by construction k(x) must be finite for each x ∈ A. Hence, setting Xk =
{x ∈ A | k(x) = k}, ∪kXk = A, and for each ε > 0 there exists N ∈ N such
that

µ

(
N⋃
k=1

Xk

)
≥ µ(A)(1− ε).

Let us call

Y = A\
N⋃
k=1

Xk.

Then µ(Y ) ≤ µ(A)ε, also set L = supx∈A |f(x)|. The basic idea is to follow,
for each point x ∈ A, the trajectory {T ix}Mi=0, where M > N will be chosen
sufficiently large. If the point would never visit the set Y , we could group
the sum SM (x) in pieces all, in average, larger than l−1

n , so the same would
hold for SM (x). The difficulties come from the visits to the set Y .

For each n ∈ {0, ..., M} define

f̃n(x) =

f(Tnx) if Tnx ̸∈ Y

l

n
if Tnx ∈ Y

and

S̃M (x) =
1

M

M−1∑
n=0

f̃n(x).

By definition y ∈ Y implies y ̸∈ X1, i.e. f(y) ≤ l−1
n . Accordingly, f̃(x) ≥

f(Tnx) for each x ∈ A. Note that for each n we change the function f ◦ Tn

only at some points belonging to the set Y and l
n can be taken less or equal

than L ( otherwise µ(A) = 0), consequently∫
A
fdµ =

∫
A
SMdµ ≥

∫
A
S̃Mdµ− Lµ(Y ) ≥

∫
A
S̃Mdµ− Lµ(A)ε.

We are left with the problem of computing the sum. As already mentioned
the strategy consists in dividing the points according to their trajectory with
respect to the sets Xn. To be more precise, let x ∈ A, then by definition
it must belong to some Xn or to Y . We set k1(x) equal to j is x ∈ Xj

and k1(x) = 1 if x ∈ Y . Next, k2(x) will have value j if T k1(x)x ∈ Xj or
value 1 if T k1(x) ∈ Y . If k1(x) + k2(x) < M , then we go on and define
similarly k3(x). In this way, to each x ∈ A we can associate a number

m(x) ∈ {1, ..., M} and indices {ki(x)}m(x)
i=1 , ki(x) ∈ {1, ..., N}, such that
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M − N ≤
∑m(x)−1

i=1 ki(x) < M ,
∑m(x)

i=1 ki(x) ≥ M . Let us call Kp(x) =∑p
j=1 kj(x). Using such a division of the orbit in segments of length ki(x)

we can easily estimate

S̃M (x) =
1

M


m(x)−1∑

i=1

ki(x)

 1

ki(x)

Ki(x)−1∑
j=Ki−1(x)

f̃j(x)

+

M−1∑
i=Km(x)−1(x)

f̃(T ix)


≥ 1

M

m(x)−1∑
i=1

ki(x)
l − 1

n
≥ M −N

M

l − 1

n
.

Putting together the above inequalities we get

∫
A
fdµ ≥

{
(M −N)(l − 1)

Mn
− Lε

}
µ(A)

≥ l + 1

n
µ(A)−

{
2

n
+

N(l − 1)

Mn
+ Lε

}
µ(A).

which, by choosing first ε sufficiently small and, after, M sufficiently
large, concludes the proof. □

To prove the result for all function in L1(X, µ) it is convenient to deal
at first only with positive functions (which suffice since any function is the
difference of two positive functions) and then use the usual trick to cut off
a function (that is, given f define fL by fL(x) = f(x) if f(x) ≤ L, and
fL(x) = L otherwise) and then remove the cut off. The reader can try it as
an exercise. □

Birkhoff theorem has some interesting consequences.

Corollary 2.6.3 For each f ∈ L1(X, µ) the following holds

1. f+ ∈ L1(X, µ);

2. f+(Tx) = f+(x) almost surely.

The proof is left to the reader as an easy exercise (see Problem 2.17).
Another important consequence pertains to the case of invertible dynam-

ics. Let T be invertible, we can then define the backward ergodic average

f−(x) = lim
n→∞

1

n

n−1∑
k=0

f ◦ T−k(x).

It is a surprising fact that the backward average equals the forward one.



2.6. SOME BASIC THEOREMS 47

Corollary 2.6.4 Let (X,T, µ) be a dinamical systems and T be invertible.
Then, for all f ∈ L1(X,µ), almost surely we have f+ = f−.

Proof. We prove it for bounded functions, the result for L1 function
can then be obtained by approximation. By Birkhoff theorem, the set K =
{x ∈ X : f+(x) ≥ f−(x)} is invariant. It follows that

0 ≤
∫
K
[f+(x)−f−(x)]µ(dx) = lim

n→∞

1

n

n−1∑
k=0

∫
K
[f◦T k(x)−f◦T−k(x)]µ(dx) = 0

In the first equality, we used the Lebesgue dominated convergence theorem
and then the invariance of the measure. It follows that f+(x) ≤ f−(x).
Exchanging the role of f+ and f− the Lemma follows. □

A further interesting fact, that starts to show some connections between av-
erages and invariant sets, emerges by considering a measurable set A and its
characteristic function χA. A little thought shows that the ergodic average
χ+
A(x) is simply the average frequency of visit of the set A by the trajectory

{Tnx} (Problem 2.26).
One may wonder about other types of convergences that take place in the

ergodic average, notably L2 convergence. The next theorem is a consequence
of Theorem 2.6.1 (see Problem 2.24). I provide an independent proof because
it introduces the idea of a coboundary decomposition that turns out to be
of great importance in many other situations.

Theorem 2.6.5 (Von Neumann) Let (X,T, µ) be a Dynamical System,
then for each f ∈ L2(X, µ) the ergodic average converges in L2(X, µ).

Proof. We have already seen that it can be useful to lift the dynamics
at the level of the algebra of function or at the level of measures. This game
assumes different guises according to how one plays it, here is another very
interesting version.

Let us define U : L2(X,µ) → L2(X,µ) as

Uf := f ◦ T.

Then, by the invariance of the measure, it follows ∥Uf∥2 = ∥f∥2, so U is
an L2 contraction (actually, and L2-isometry). If T is invertible, the same
argument applied to the inverse shows that U is indeed unitary, otherwise
we must content ourselves with

∥U∗f∥22 = ⟨UU∗f, f⟩ ≤ ∥UU∗f∥2∥f∥2 = ∥U∗f∥2∥f∥2,
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that is ∥U∗∥2 ≤ 1 (also U∗ is and L2 contraction).
Next, consider V1 = {f ∈ L2 | Uf = f} and V2 = Rank(1− U). First of

all, note that if f ∈ V1, then

∥U∗f − f∥22 = ∥U∗f∥22 − ⟨f, U∗f⟩ − ⟨U∗f, f⟩+ ∥f∥22 ≤ 0.

Thus, f ∈ V ∗
1 := {f ∈ L2 | U∗f = f}. The same argument applied to

f ∈ V ∗
1 shows that V1 = V ∗

1 . To continue, consider f ∈ V1 and h ∈ L2, then

⟨f, h− Uh⟩ = ⟨f − U∗f, h⟩ = 0.

This implies that V ⊥
1 = V2, hence V1 ⊕ V2 = L2. Finally, if g ∈ V2, then

there exists h ∈ L2 such that g = h− Uh and

lim
n→∞

1

n

∞∑
i=0

U ig = lim
n→∞

1

n
(h− Unh) = 0.

On the other hand if f ∈ V1 then limn→∞
1
n

∑∞
i=0 U

if = f . The only
function on which we do not still have control are the g belonging to the
closure of V2 but not in V2. In such a case there exists {gk} ⊂ V2 with
limk→∞ gk = g. Thus,

∥ 1
n

∞∑
i=0

U ig∥2 ≤ ∥ 1
n

∞∑
i=0

U igk∥2 + ∥g − gk∥2 ≤ ∥ 1
n

∞∑
i=0

U igk∥2 +
ε

2
,

provided we choose k large enough. Then, by choosing n sufficiently large
we obtain

∥ 1
n

∞∑
i=0

U ig∥2 ≤ ε.

We have just proven that

lim
n→∞

1

n

n−1∑
i=0

U i = P

where P is the orthogonal projection on V1. □

Another very general result, of a somewhat disturbing nature, is Poincaré
return theorem.

Theorem 2.6.6 (Poincaré) Given a dynamical systems (X, T, µ) and a
measurable set A, with µ(A) > 0, there exists infinitely many n ∈ N such
that

µ(T−nA ∩A) ̸= 0.
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The proof is rather simple (by contradiction) and the reader can certainly
find it out by herself (see Problem 2.18).32

A natural question is how long it takes, on average, to come back to a
set A. Let A ⊂ X be a measurable set, and let us define the return time

τA(x) = inf{n ∈ N : fn(x) ∈ A},

the reader can easily check that τ : A → N ∪ {∞} is a measurable function.

Lemma 2.6.7 (Kač) Given a dynamical systems (X, T, µ) and a measur-
able set A, with µ(A) > 0,∫

A
τA(x)µ(dx) = 1− µ(Y ),

where Y = {x ∈ X : Tn(x) ̸∈ A∀n ∈ N}.

Proof. Consider the set X̃A = ∪∞
n=1T

−n(A), clearly T−1(X̃A) ⊂ X̃A.
This means that X̃A \ T−1(X̃A) has zero measure. We can then define
XA = ∩∞

n=0T
−nX̃A, clearly X̃A \XA has zero measure and T (XA) = XA =

T−1(XA). Also, B = A \XA, must have zero measure, otherwise Poincarè
theorem would imply that there exists m ∈ N such that T−mB ∩ B ̸= ∅,
but T−mB ⊂ Tm(A) ⊂ XA, which is a contradiction. The same argument
shows that τA is almost everywhere finite on A. We can thus resctrict to
the dynamical systems (XA, T, µ̄), where µ̄ = µ(XA)

−1µ. By construction,
τA is almost everywhere finite on XA.

Let En = {x ∈ A∗ : τA(x) = n} and Rn = {x ∈ A∗ : τA(x) = n}.
Note that all this sets are disjoint, hence thier measure must tend to zero
as n → ∞. Then

T−1Rn = En+1 ∪Rn+1.

Consequently,

µ(Rn) = µ(En+1) + µ(Rn+1) =

∞∑
k=n+1

µ(Ek).

32An unsettling aspect of the theorem is due to the following possibility. Consider a
room full of air, the motion of the molecules can be thought to happen accordingly to
Newton equations, i.e. it is an Hamiltonian systems, hence a dynamical system to which
Poincaré theorem applies. Let A be the set of configurations in which all the air is in the
left side of the room. Since we ignore, in general, the past history of the room, it could
very well be that at some point in the past the systems was in a configuration belonging
to A–maybe some silly experiment was performed. So there is a positive probability for
the system to return in the same state. Therefore the disturbing possibility of sudden
death by decompression.
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It follows

1− µ(Y ) = µ(XA) =
∞∑
n=1

µ(En) + µ(Rn) =
∞∑
n=1

∞∑
k=n

µ(Ek)

=

∞∑
k=1

kµ(Ek) =

∫
A
τA(x)µ(dx).

□

Let us go back to the relation between ergodicity and averages. From
an intuitive point of view a function from X to R can be thought as an “ob-
servable,” since to each configuration it associates a value that can represent
some relevant property of the configuration (the property that we observe).
So, if we observe the system for a long time via the function f , what we
see should be well represented by the function f+. Furthermore, notice that
there is a simple relations between invariant functions and invariant sets.
More precisely, if a measurable set A is invariant, then its characteristic
function χA is a measurable invariant function; if f is an invariant function
then for each measurable set I ∈ R the set f−1(I) is a measurable invariant
set (if the implications of the above discussions are not clear to you, see
Problem 2.25).

As a byproduct of the previous discussion it follows that if a system
is ergodic then for each function f ∈ L1(X, µ) the function f+ is almost
everywhere constant and equal to

∫
X f . We have just proven an interesting

characterization of the ergodic systems:

Theorem 2.6.8 A Dynamical System (X, T, µ) is ergodic if and only if for
each f ∈ L1(X, µ) the ergodic average f+ is constant; in fact, f+ = µ(f)
a.e..

In other words, if we observe the time average of some observable for
a sufficiently long time then we obtain a value close to its space average.
The previous observation is very important especially because the space
average of a function does not depend on the dynamics. This is exactly what
we where mentioning previously: the fact that the dynamics is sufficiently
‘complex’ allows us to ignore it completely, provided we are interested only
in knowing some average behavior. The relevance of ergodic theory for
physical systems is largely connected to this fact.
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2.7 Mixing

We have argued the importance of ergodicity, yet from a physical point of
view ergodicity may be relevant only if it takes places at a sufficiently fast
rate (i.e., if the time average converges to the space average on a physically
meaningful time scale). This has prompted the study of stronger statistical
properties of which we will give a brief, and by no mean complete, account
in the following.

Definition 4 A Dynamical System (X, T, µ) is called mixing if for every
pairs of measurable sets A, B we have

lim
n→∞

µ(T−n(A) ∩B) = µ(A)µ(B).

Obviously, if a system is mixing, then it is ergodic. In fact, if A is an
invariant set for T , then T−nA ⊂ A, so, calling Ac the complement of A, we
have

µ(A)µ(Ac) = lim
n→∞

µ(T−nA ∩Ac) = 0,

and the measure of A is either one or zero.
An equivalent characterization of mixing is the following:

Proposition 2.7.1 A Dynamical System (X, T, µ) is mixing if and only if

lim
n→∞

∫
X
f ◦ Tngdµ =

∫
X
fdµ

∫
X
gdµ

for every f, g ∈ L2(X, µ) or for every f ∈ L∞(X,µ) and g ∈ L1(X,µ).33

The proof is rather straightforward and it is left as an exercise to the
reader (see Problem 2.27) together with the proof of the next statement.

Proposition 2.7.2 A Dynamical System (X, T, µ), with X a compact met-
ric space, T continuous and µ Borel, is mixing if and only if for each prob-
ability measure λ absolutely continuous with respect to µ

lim
n→∞

λ(f ◦ Tn) = µ(f)

for each f ∈ C(0)(T2).

33The quantity
∫
X
f◦Tg−

∫
X
f
∫
X
g is called “correlation,” and its tending to zero–which

takes places always in mixing systems–it is called “decay of correlation.”



52 CHAPTER 2. GENERAL FACTS AND DEFINITIONS

This last characterization is interesting from a mathematical point of
view. Define, as usual, the evolution of a measure via the equation

(T∗λ)(f) ≡ λ(f ◦ T )

for each continuous function f . If for each measure, absolutely continuous
with respect to the invariant one, the evolved measure converges weakly
to the invariant measure, then the system is mixing (and thus the evolved
measures converge strongly). This has also a very important physical mean-
ing: if the initial configuration is known only in probability, the probability
distribution is absolutely continuous with respect to the invariant measure,
and the system is mixing, then, after some time, the configurations are
distributed according to the invariant measure. Again the details of the
evolution are not important to describe relevant properties of the system.

2.7.1 Examples

Rotations

–We have seen that the translations by an irrational angle are ergodic. They
are not mixing. The reader can easily see why.

Bernoulli shift

–The key observation is that, given a measurable set A, for each ε > 0 there
exists a set Aε ∈ A, thus depending only on a finite subset of indices,34 with
the property35

µ(Aε\A) ≤ ε.

This is not immediately obvious, but it is a general measure theoretic conse-
quence of our definition of the σ-algebra (be more precise refers to previous
discussion). Then, given A, B measurable, and for each ε > 0, let Aε, Bε

be such an approximation, and IA, IB the defining sets of indices, then∣∣µ(T−mA ∩B)− µ(A)µ(B)
∣∣ ≤ 4ε+

∣∣µ(T−mAε ∩Bε)− µ(Aε)µ(Bε)
∣∣.

If we choose m so large that (IA + m) ∩ IB = ∅, then by the definition of
Bernoulli measure we have

µ(T−mAε ∩Bε) = µ(T−mAε)µ(Bε) = µ(Aε)µ(Bε),

34Remember, this means that there exists a finite set I ⊂ Z such that it is possible to
decide if σ ∈ Σn belongs or not to Aε only by looking at {σi}i∈I .

35This follows from our construction of the σ-algebra and by the definition of outer
measure.
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which proves

lim
m→∞

µ(T−mA ∩B) = µ(A)µ(B).

Dilation

–This system is mixing. In fact, let f, g ∈ C(1)(T), then we can represent
them via their Fourier series f(x) =

∑
k∈Z e

2πikxfk, f−k = fk. It is well
known that

∑
k∈Z |fk| < ∞ and |fk| ≤ c

|k| , for some constant c depending
on f . Therefore,

f(Tnx) =
∑
k∈Z

e2πi2
nkxfk,

which implies that the only Fourier coefficients of f ◦ Tn different from zero
are the {2nk}k∈Z. Hence,∣∣∣∣∫

T
f ◦ Tng −

∫
T
f

∫
T
g

∣∣∣∣ =
∣∣∣∣∣∑
k∈Z

fkg2nk − f0g0

∣∣∣∣∣ ≤ c2−n
∑
k∈Z

|fk|.

The previous inequalities imply the exponential decay of correlations for
each smooth function. The proof is concluded by a standard approximation
argument: given f, g ∈ L2(X, dµ), for each ε > 0 exists fε, gε ∈ C(1)(X):
∥f − fε∥2 < ε and ∥g − gε∥2 < ε. Thus,∣∣∣∣∫

T
f ◦ Tng −

∫
T
f

∫
T
g

∣∣∣∣ ≤ ∣∣∣∣∫
T
fε ◦ Tngε −

∫
T
fε

∫
T
gε

∣∣∣∣+ 2(∥f∥2 + ∥g∥2)ε,

which yields the result by choosing first ε small and then n sufficiently large.

2.8 Stronger statistical properties

Even more extreme form statistical behaviors are possible, to present them
we need to introduce the idea of equivalent systems. This is done via the
concept of conjugation that we have already seen informally in Example
2.4.1 (logistic map, circle map).

Definition 5 Two Dynamical Systems (X1, T1, µ1), (X2, T2, µ2) are (mea-
surably) conjugate if there exists a measurable map ϕ : X1 → X2 almost
everywhere invertible36 such that µ1(A) = µ(ϕ(A)) and T2 ◦ ϕ = ϕ ◦ T1.

36This means that there exists a measurable function ϕ−1 : X2 → X1 such that ϕ◦ϕ−1 =
id µ2-a.e. and ϕ−1 ◦ ϕ = id µ1-a.e..
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Clearly, the conjugation is an equivalence relation. Its relevance for the
present discussion is that conjugate systems have the same ergodic properties
(Problem2.39).37

We can now introduce the most extreme form of stochasticity.

Definition 6 A dynamical system (X, T, µ) is called Bernoulli if there ex-
ists a Bernoulli shift (M, ν, σ) and a measurable isomorphism ϕ : X → M
(i.e., a measurable map one one and onto apart from a set of zero measure
and with measurable inverse) such that, for each A ∈ X,

ν(ϕ(A)) = µ(A)

and

T = ϕ−1 ◦ σ ◦ ϕ.

That is a system is Bernoulli if it is isomorphic to a Bernoulli shift. Since
we have seen that Bernoulli systems are very stochastic (remind that they
can be seen as describing a random event like coin tossing) this is certainly
a very strong condition on the systems. In particular it is immediate to see
that Bernoulli systems are mixing (Problem2.39).

2.8.1 Examples

Dilation

–We will show that such a system is indeed Bernoulli. The map ϕ is obtained
by dividing [0, 1) in [0, 1

2) and [12 , 1). Then, given x ∈ T, we define ϕ : T →
Σ+
2 by

ϕ(x)i =


1 if T ix ∈ [0,

1

2
)

2 if T ix ∈ [
1

2
, 1)

the reader can check that the map is measurable and that it satisfy the
required properties. Note that the above shows that the Bernoulli measure
with p1 = p2 = 1

2 is nothing else than Lebesgue measure viewed on the
numbers written in basis two. This may explain why we had to be so careful
in the construction of the Bernoulli measure.

37Of course the reader can easily imagine other forms of conjugacy, e.g. topological or
differential conjugation.
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Baker

–Let us define ϕ−1; for each σ ∈ Σ2

x =

∞∑
i=0

σ−i

2i+1
,

y =

∞∑
i=1

σi
2i
.

Again the rest is left to the reader.

Problems

2.1 Given an invariant set A prove that, if T (A) is measurable, then
µ(TA) ≥ (A).

2.2 Set M1(X) = {µ ∈ M | µ(X) = 1} and M1
T (X) = M1(X)∩MT (X).

Prove that M1
T (X) and M1(X) are convex sets in M(x).

2.3 Call Me(X) ⊂ M1(X) the set of ergodic probability measures. Show
that Me(X) consists of the extremal points of MT (X). (Hint: Krein-
Milman Theorem [63]).

2.4 Prove that the Lebesgue measure is invariant for the rotations on T.

2.5 Consider a rotation by ω ∈ Q, find invariant measures different from
Lebesgue.

2.6 Prove that the measure µh defined in Examples 2.1.1 (Hamiltonian sys-
tems) is invariant for the Hamiltonian flow. (Hint: Use the properties
of H to deduce ⟨∇ϕtxH, dxϕ

t∇xH⟩ = ∥∇xH∥2, and thus dxϕ
t∇xH =

∥∇xH∥2
∥∇ϕtxH∥2∇ϕtxH + v where ⟨∇ϕtxH, v⟩ = 0. Then study the evolution

of an arbitrarily small parallelepiped with one side parallel to ∇xH–
or look at the volume form if you are more mathematically incline–
remembering the invariance of the volume with respect to the flow.)

2.7 Given a Poincaré section prove that there exists c > 0 such that
inf τΣ ≥ c > 0.

2.8 Show that νΣ, defined in (2.2.1) is well defined.(Hint: use the in-
variance of µ and the fact that, by Problem 2.7, if A ⊂ Σ then
µ(ϕ[0,δ](A) ∩ ϕ[nδ, (n+1)δ]) = 0 provided (n+ 1)δ ≤ c.)
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2.9 Show that the return time τΣ is finite νΣ-a.e. .(Hint: let δ < c and
Σδ := ϕ[0,δ]Σ, apply Poincaré return theorem to Σδ.)

2.10 Show that νΣ is TΣ invariant. Verify that, collecting the results of the
last exercises, (Σ, TΣ, νΣ) is a Dynamical Systems.

2.11 Prove that the Bernoulli measure is invariant with respect to the shift.
(Hint: check it on the algebra A first.)

2.12 Let Σp be the set of periodic configurations of Σ. If µ is the Bernoulli
measure prove that µ(Σp) = 0 (Hint: Σp is the countable union of zero
measure sets.)

2.13 Consider the Bernoulli shift on Z and define the following equivalence
relation: σ ∼ σ′ iff there exists n ∈ Z such that Tnσ = σ′ (this means
that two sequences are equivalent if they belong to the same orbit).
Consider now the equivalence classes (the space of orbits) and choose38

a representative from each class, call the set so obtained K. Show that
K cannot be a measurable set. (Hint: show that K ∩TnK ⊂ Σp, then
by using Problem 2.12 show that if K is measurable

∑∞
i=1 µ(T

nK) = 1
which, by the invariance of µ, is impossible).

2.14 Compute the transfer operator for maps of T. (Hint: Use the equiva-
lent definition

∫
gLfdm =

∫
fg ◦ Tdm.) Prove that ∥Lh∥1 ≤ ∥h∥1.

2.15 Prove the Lasota-York inequality (2.4.4).

2.16 Prove that for each sequence {hn} ⊂ C(1)(T), with the property

sup
n∈N

∥h′n∥1 + ∥hn∥1 < ∞,

it is possible to extract a subsequence converging in L1. (Hint: Con-
sider partitions Pn of T in intervals of size 1

n . Define the conditional ex-
pectation E(h|Pn)(x) =

1
m(I(x)

∫
I(x) hdm, where x ∈ I(x) ∈ Pn. Prove

that ∥E(h|Pn) − h∥1 ≤ 1
n∥h

′∥1. Notice that the functions E(hn|Pm)
have only m distinct values and, by using the standard diagonal trick,
construct an subsequence hnj such that all the E(hnj |Pm) are converg-
ing. Prove that hnj converges in L1.)

2.17 Prove Corollary 2.6.3.

38Attention !!!: here we are using the Axiom of choice.
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2.18 Prove Theorem 2.6.6 (Hint: Note that µ(T−nA ∩ T−mA) ̸= 0 then,
supposing without loss of generality n < m, µ(A ∩ T−m+nA) ̸= 0.
Then prove the theorem by absurd remembering that µ(X) < ∞.)

2.19 A topological Dynamical System (X,T ) is called Topologically transi-
tive, if it has a dense orbit. Show that if (Td, T,m) is ergodic and T
is continuous, then the system is topologically transitive. (Hint: For
each n ∈ N, x ∈ Td consider B 1

m
(x)–the ball of radius 1

m centered at

x. By compactness, there are {xi} such that ∪iB 1
m
(xi) = Td. Let

Am,i = {y ∈ Td | T ky ∩B 1
M
(XI) = ∅ ∀k ∈ N},

clearly Am,i = ∩k∈NT
−kB 1

m
(xi)

c has the property T−1Am,i ⊃ Am,i.

It follows that Ãm,i = ∪n∈NT
−nAm,i ⊃ Am,i is an invariant set and

it holds µ(Ãm,i\Am,i) = 0. Since Am,i it is not of full measure, Ãm,i,
and thus Am,i, must have zero measure. Hence, Ām = ∩iAm,i has zero
measure. This means that ∪m∈NĀm has zero measure. Prove now
that, for each y ∈ Td, the trajectories that never get closer than 2

m to
y are contained in Ām, and thus have measure zero. Hence, almost
every point has a dense orbit.)
Extend the result to the case in which X is a compact metric space
and µ charges the open sets (that is: if U ⊂ X is open, then µ(U) > 0).

2.20 Give an example of a system with a dense orbit which it is not ergodic.

2.21 Give an example of an ergodic system with no dense orbit.

2.22 Give an example of a Dynamical Systems which does not have any
invariant probability measure. (Hint: X = Rd, Tx = x+ v, v ̸= 0.)

2.23 Show that a Dynamical Systems (X,T, µ) is ergodic if and only if there
does not exists any invariant probability measure absolutely continu-
ous with respect to µ, beside µ itself.

2.24 Prove that Birkhoff theorem implies Von Neumann theorem. (Hint:
Note that the ergodic average is an isometry in L2. Use Lebesgue
dominate convergence theorem to prove convergence in L2 for boun-
ded functions. Use Fatou to show that if f ∈ L2 then f+ ∈ L2 and a
3− ε argument to conclude).

2.25 Prove that if (X,T, µ) is ergodic, then all f ∈ L1(X,µ) and f ◦ T = f
are a.e. constant. Prove also the converse.
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2.26 For each measurable set A, let

FA,n(x) = lim
n→∞

n∑
i=0

χA(T
ix).

be the average number of times x visits A in the time n. Show that
there exists FA = limn→∞ FA,n a.e. and prove that, if the system is
ergodic, FA = µ(A). (Hint: Birkhoff theorem and Theorem 2.6.8).

2.27 Prove Proposition 2.7.1 and Proposition 2.7.2. (Hint: Note that for
each measurable set A and ε > 0 there exists f ∈ C(0)(X) such
that µ(|f − χA|) < ε –by Uryshon Lemma and by the regularity of
Borel measures. To prove that µ(T−nA ∩ B) → µ(A)µ(B) choose
dλ = µ(B)−1χBdµ and use the invariance of µ to obtain the uniform
estimate λ(|f ◦ Tn − χA ◦ Tn|) ≤ µ(B)−1µ(|f − χA|).)

2.28 Show that the irrational rotations are not mixing.

2.29 Prove that if f ∈ C(2)(T), then its Fourier series converges uniformly.39

(Hint: Remember that fn = 1
2π

∫
T e

2πinxf(x)dx.

Thus fn = 1
(2πin)22π

∫
T e

2πinxf (2)(x)dx.)

2.30 Let ν be a Borel measure on Q = [0, 1]2 such that ν(∂xf) = 0 for all

f ∈ C(1)
per(Q) = {f ∈ C(1)(Q) | f(0, y) = f(1, y) ∀ y ∈ [0, 1]}. Prove

that there exists a Borel measure ν1 on [0, 1] such that ν = m × ν1.
(Hint: The measure ν1 is nothing else then the marginal with respect to
x, that is: for each continuous function f : [0, 1] → R define f̃ : Q → R
by f̃(x, y) = f(y), then ν1(f) = ν(f̃). To prove the statement use
Fourier series. If f is smooth enough f(x, y) =

∑
k∈Z f̂k(y)e

2πikx where
the Fourier series for f and ∂xf converge uniformly. Then notice that
0 = ν(∂xe

2πik·) = 2πikν(e2πik·) implies ν(f) = ν(f̂0) = m× ν1(f).)

2.31 Prove that is a flow is ergodic (mixing) so is each Poincarè section.
Prove that is a map is ergodic so is any suspension on the map. Give
an example of a mixing map with a non-mixing suspension (constant
ceiling).

2.32 Consider ([0, 1], T ) where

T (x) =
1

x
−
[
1

x

]
39This result is far from optimal, see [71] if you want to get deeper into the theory of

Fourier series
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([a] is the integer part of a), and

µ(f) =
1

ln 2

∫ 1

0
f(x)

1

1 + x
dx.

Prove that ([0, 1], T, µ) is a Dynamical System.40 (Hint: write µ(f ◦
T ) =

∑∞
i=1

∫ 1
i
1

i+1

f ◦ T (x)µ(dx), change variable and use the identity

1
a2+a

= 1
a − 1

a+1 to obtain a series with alternating signs.)

2.33 Prove that for each x ∈ Q ∩ [0, 1] holds limn→∞ Tn(x) = 0. (Hint: if
x = p0

q0
, p0 ≤ q0, then q0 = k1p0 + p1, with p1 < p0, and T (x) = p1

p0
.

Let q1 = p0 and go on noticing that pi+1 < pi.)
41

2.34 In view of the two previous exercises explain why it is problematic to
study the statistical properties of the Gauss map on a computer.(Hint:
The computer uses only rational numbers. It is quite amazing that tese
type of pathologies arises rather rarely in the nu,erical studies carried
out by so many theoretical physicist.)

2.35 Prove that any infinite continuous fraction of the form

1

a1 +
1

a2 +
1

a3 + .. .

with ai ∈ N defines a real number. (Hint: Note that if you fix the first
n {ai}, this corresponds to specifying which elements of the partition
{[ 1

i+1 ,
1
i ]} are visited by the trajectory of {T ix}. By the expansivity

of the map readily follows that x must belong to an interval of size
λ−n for some λ > 1.)

40The above map is often called Gauss map since to him is due the discovery of the
above invariant measure

41This is nothing else that the Euclidean algorithm to find the greatest common divisor
of two integers [32] Elements, Book VII, Proposition 1 and 2. The greatest common divisor
is clearly the last non-zero pi. This provides also a remarkable way of writing rational
numbers: continuous fractions

p0
q0

=
1

k1 +
1

k2 + ...
+ 1

kn

.
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2.36 Prove that, for each a ∈ N,

x =
1

a+
1

a+
1

a+ .. .

=
−a+

√
a2 + 4

2
.

(Hint: Note that T (x) = x.) Study other periodic continuous fractions.

2.37 Choose a number in [0, 1] at random according to Lebesgue distribu-
tion. Assuming that the Gauss map is mixing (which is), compute the
average percentage of numbers larger than n in the associated con-
tinuous fraction. (Hint: Define f(x) = [x−1], then the entries of the
continuous fraction of x are {f ◦T i}. The quantity one must compute
is then m(limk→∞

i
k

∑k−1
i=0 χ[n,∞) ◦ f ◦ T i) = µ([n,∞)).)

2.38 Let (X0, T0, µ0) be a Dynamical System and ϕ : X0 → X1 an homeo-
morphism. Define T1 := ϕ ◦ T0 ◦ ϕ−1 and µ1(f) = µ0(f ◦ ϕ−1). Prove
that (X1, T1, µ1) is a Dynamical System.

2.39 Let (X0, T0, µ0) be measurably conjugate to (X1, T1, µ1), then show
that one of the two is ergodic if and only if the other is ergodic. Prove
the same for mixing.

2.40 Show that the systems described in Examples 2.4.1–strange attractor
and horseshoe, are Bernoulli.

2.41 Prove Lebesgue density theorem: for each measurable set A, m(A) >
0, there exists x ∈ A such that for each ε > 0 exists δ > 0 such that
m(A∩[x−δ, x+δ]) > (1−ε)2δ. (Hint: we have seen in Examples 2.8.1-
Dilations that Lebesgue measure is equivalent to Bernoulli measure
and that the cylinder correspond to intervals. It the suffices to prove
the theorem for the latter. Let A ⊂ Σ+ such that µ(A) > 0, then, for
each ε > 0,there exists Aε ∈ A such that Aε ⊃ A and µ(Aε)− µ(A) <
εµ(A). Since Aε ∈ A, it exists nε ∈ N such that it is possible to decide
if σ ∈ Aε only by looking at {σ1, . . . , σnε}. Consider all the cylinders
I{A(0; k1, . . . , knε)}, clearly if I ∈ I then I ∩ Aε is either I or ∅. Let
I+ = {I ∈ I | I ∩ Aε = I} and I+ = {I ∈ I | I ∩ Aε = ∅}. Now
suppose that for each I ∈ I+ holds µ(I ∩A) ≤ (1− ε)µ(I) then

µ(A) =
∑
I∈I+

µ(A ∩ I) ≤ (1− ε)µ(Aε) < µ(A),
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which is absurd. Thus there must exists I ∈ I+: µ(A ∩ I) > (1 −
ε)µ(I).)



Chapter 3

Uniformly hyperbolic
systems

The concept of ergodicity is a very important one in dynamical systems,
yet it turns out to be surprisingly difficult to establish if a system is or not
ergodic and very few examples have been fully analyzed. Nonetheless, in this
chapter we will see that a very simple idea introduced by Hopf [45, 46] allows
to discuss the ergodicity in some special cases. The relevance of Hopf’s idea
is that, properly generalized, it allows to prove ergodicity in a vast class of
systems. Much in the following chapters will deal with such a generalization.

3.1 A Basic Example

To explain the Hopf approach we will study a very simple case: a slight
generalization of Arnold’s cat, see Examples 2.1.1. Let T : T2 → T2 (here
by T2 we mean R2 mod 1) be defined by

T

(
x1
x2

)
=

(
1 a
a 1 + a2

)(
x1
x2

)
mod 1 (3.1.1)

It is obvious that if a ∈ Z, then T is well defined and it is a linear
automorphism of T2 . Moreover, for all x ∈ T2

DxT =

(
1 a
a 1 + a2

)
≡ L.

Since detL = 1, Lebesgue measure is preserved. It is immediate to see that

62
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there exists λ > 1; v+, v− ∈ R2:

Lv+ =λv+

Lv− =λ−1v−.

We will call v+ the unstable eigenvector (direction) and v− the stable eigen-
vector (direction). Remark that, since L∗ = L, ⟨v+, v−⟩ = 0.

The dynamical system just described is a basic model of hyperbolic sys-
tems (see next chapter) and will appear in various disguises in this book.

Proposition 3.1.1 The Arnold cat is ergodic.

Sections 3.1.1 and 3.2.1 contain two different proofs of the above propo-
sition.

3.1.1 An algebraic proof

A first idea to studying the ergodic properties of this system is to imitate
what we have done for the Rotations (Examples 2.5.1) and the Dilations:
use Fourier series. Let us see how such an approach would work.

Let f, g ∈ C(m)(T2), then1

f ◦ Tn(x) =
∑
k∈Z2

e2πi⟨k, L
nx⟩fk =

∑
k∈Z2

e2πi⟨k, x⟩fL−nk,

so ∫
T2

f ◦ T 2ng =

∫
T2

f ◦ Tng ◦ T−n =
∑
k∈Z2

fL−nkgLnk

= f0g0 +
∑

k∈Z2\{0}

fL−nkgLnk.

It is well known that f ∈ C(m)(T2) implies2

|fk| ≤
∥f (m)∥1
∥k∥m

for k ̸= 0

hence ∣∣∣∣∣∣
∑

k∈Z2\{0}

fL−nkgLnk

∣∣∣∣∣∣ ≤
∑

k∈Z2\{0}

∥f (m)∥1∥g(m)∥1
∥L−nk∥m∥Lnk∥m

.

1Note that e2πi⟨k,Tnx⟩ = e2πi⟨k,Lnx⟩.
2Here for ∥f (m)∥1 we mean sup

i+j=m
i,j≥0

1
(2π)m

∫
T2 |∂i

x1
∂j
x2
f |dx1dx2; and ∥k∥ =

√
k2
1 + k2

2.
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For each k ∈ Z2 holds ∥k∥2 = ⟨k, v+⟩2+⟨k, v−⟩2 hence one of the two terms
must be larger than ∥k∥2/2.3 Moreover if k ̸= 0 ∥Lnk∥ ≥ 1 for each n ∈ Z.
Using the above facts it yields

∣∣∣∣∣∣
∑

k∈Z2\{0}

fL−nkgLnk

∣∣∣∣∣∣ ≤
∑

k∈Z2\{0}

∥f (m)∥1∥g(m)∥12m/2

λnm∥k∥m

≤ const.∥f (m)∥1∥g(m)∥1λ−nm,

where the constant does not depend on f or g and we have assumed m ≥ 3
to insure the convergence of the series.

Accordingly, for each f, g ∈ C(3)(T2) we have∣∣∣∣∫
T2

f ◦ Tng −
∫
T2

f

∫
T2

g

∣∣∣∣ ≤ const.∥f (3)∥1∥g(3)∥1λ−3n/2.

To obtain the final result we need an approximation argument. If f, g ∈
L2(T2) we can choose fn, gn ∈ C(3)(T2) such that they converge to f and
g, respectively, in L2.

Then, for each ε ≥ 0, choose m ∈ N such that

∥f − fm∥2 + ∥g − gm∥2 ≤ ε.

Accordingly,

∣∣∣∣∫
T2

f ◦ Tng −
∫
T2

f

∫
T2

g

∣∣∣∣ ≤ ∣∣∣∣∫
T2

fm ◦ Tngm −
∫
T2

fm

∫
T2

gm

∣∣∣∣
+ 2∥f − fm∥2∥g∥2 + 2∥fm∥2∥g − gm∥2

≤2(∥g∥2 + ∥f∥2)ε+ ε,

where we have chosen n large enough depending on m and ε. We have just
proven mixing.

The above result is certainly rather satisfactory: non only it proves the
mixing–hence the ergodicity–of the map but gives an explicit estimate on
the rate of decay and shows how such a rate depends on the regularity of
the functions.4 Therefore, an eventual critique can not concern the type of
result but only the method; indeed the method does have a shortcoming.

3Here we have normalized the eigenvalues so that ∥v±∥ = 1.
4In fact, the obtained estimate it is not optimal: using the Diofantine properties of the

stable and unstable directions a better estimate can be obtained.
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The use of Fourier series is strictly related to the group structure of
T2 and the linearity of the map. Clearly in more general systems, where
both such properties may fail, such a technique has no hope whatsoever of
being applied.5 In some sense, much of the theory of hyperbolic systems
may be view as an attempt to find an alternative proof of the above facts.
Such a proof must be dynamical meaning that it must use properties of the
dynamics and as little as possible of the structure of the space.

The best way to gain a real feeling of what is meant by dynamical is to
see such type of arguments in action.

3.2 An Idea by Hopf

The following argument, due to Hopf [45, 46] is exactly such a dynamical
proof of ergodicity. Let f : T2 → R be a continuous function. We want to
prove that for almost every x ∈ T2 the time averages converge as n → +∞
to the average value of f , i.e.,

∫
T2 fdµ. Once this is established, one can

obtain the same property for all integrable functions by an approximation
argument, which proves ergodicity due to the characterization provided by
Theorem 2.6.8 (see also Problem 2.25). From Birkhoff Ergodic Theorem
(BET) we know that the time averages converge almost everywhere to a
function f+ ∈ L1(T2, µ) which is invariant on the orbits of T , i.e., f+ ◦T =
f+, and has the same average value as f , i.e.,

∫
f+dµ =

∫
fdµ. Further,

applying BET to f and T−1 we obtain that the time averages in the past

f(x) + f(T−1x) + · · ·+ f(T−n+1x)

n

converge almost everywhere as n → +∞ to f− ∈ L1(T2, µ), f− ◦ T = f−

and
∫
f−dµ =

∫
fdµ.

The next Lemma is part of the usual magic of the ergodic theory.

Lemma 3.2.1 The functions f+ and f− coincide almost everywhere.

Proof. Let
A+ = {x ∈ T2 | f+(x) > f−(x)};

by definition A+ is an invariant set, hence∫
A+

[f+(x)− f−(x)] dµ(x) =

∫
A+

f(x)dµ(x)−
∫
A+

f(x)dµ(x) = 0

5In fact, there are very few cases in which this type of ideas has produced relevant
results, noticeably the case of geodesic flows on surfaces of constant negative curvature.
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which implies µ(A+) = 0 and f+ ≤ f− µ-almost everywhere. The same
argument, this time applied to the set A− = {x ∈ T2 | f−(x) > f+(x)},
implies the converse inequality. □

3.2.1 A dynamical proof

For x ∈ T2 let us denote by W u(x) (W s(x)) the line in T2 passing through x
and having the direction of the unstable eigenvector (the stable eigenvector),
i.e., the eigenvector with eigenvalue λ (λ−1). We call W u(x) (W s(x)) the
unstable (stable) leaf (or manifold) of x. The leaves of x have the following
property. If y ∈ W u(x) (y ∈ W s(x)) then the distance (computed along the
leaf)

d(Tny, Tnx) = λ−|n|d(y, x) → 0 as n → −∞(+∞).

Hence for y, z ∈ W u(s)(x)

|f(Tny)− f(Tnz)| → 0 as n → −∞(+∞).

It follows that for y, z ∈ W u)(x) either f−(y) and f−(z) are both defined
and equal or they are both undefined; the same can be said for f+(y) and
f+(z) if y, z ∈ W s(x).

It is interesting to notice thatW u(x) is an infinitely long line in the direc-
tion v+ that fills densely the torus This implies that the collection (foliation)
{W u(x)}x∈T2 of these global manifolds has a quite complex structure. For
this reason, it turns out to be much more convenient to deal only with local
manifolds.

A local manifold of size δ is simply a piece of W u(x) of size δ centered at
x. In the following, by W u(x) and W s(x) we will always mean local mani-
folds (lines) of some length. The exact length is, most of the time, irrelevant
and often will not be specified (in the following, it will be frequently chosen
so that the lines do not wrap around the torus more than once).

Up to now, we have seen that f+ is constant along a.e. stable lines while
f− is constant along a.e. unstable line, since they are equal a.e. it seems
obvious that they must be equal and constant. Yet, in the last sentence
there are a lot of almost everywhere and, being measure theory a rather
subtle subject, it is better to spell out the reasoning in full detail.6

Let us choose any point x ∈ T2 and prove that there is a neighborhood
of x in which f+ is a.e. constant. Since x is arbitrary this implies that

6We have already seen in Examples 2.5.1–Rotations that this type of argument must
employ measure theory in a non-trivial way.
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f+ is a.e. constant.7 Chose a square Qδ of size 2δ < 1
4 centered at x with

sides parallel to v+ and v− respectively. Let ϕ : [−δ, δ]2 → Qδ be defined
by ϕ(α, β) = x + αv+ + βv−, where we have chosen ∥v±∥ = 1. It is then
convenient to transport the problem in [−δ, δ]2 by ϕ: doing so the Lebesgue
measure is sent in the Lebesgue measure, and that f+ ◦ ϕ is a.e. constant
in the vertical direction (α constant), while f− ◦ ϕ is a.e. constant in the
horizontal direction. This corresponds simply to a change of variables and
from now on we will confuse Qδ and [−δ, δ]2 since this does not create any
ambiguity.

There are three full measure sets to consider:
B̃+ = {ξ ∈ Qδ | f+(ξ) is defined} ; B̃− = {ξ ∈ Qδ | f−(ξ) is defined} and
G = {ξ ∈ B̃+ ∩ B̃− | f+(ξ) = f−(ξ)}.

Let us call W s
α := {(a, b) ∈ Qδ | a = α} the segment in Qδ parallel to

the stable direction passing through the point (α, 0), and W u
β := {(a, b) ∈

Qδ | b = β} the segment in Qδ parallel to the unstable direction passing
through the point (0, β). The previous discussion proves that there exist
B± ∈ [−δ, δ] such that B̃+ = ∪α∈B+W

s
α and B̃− = ∪β∈B−W

u
β .

Sincem is the product of two one dimensional Lebesgue measures8 Fubini
theorem [62] implies that B± are measurable sets of full measure. Again by
Fubini Theorem, it follows

4δ2 = m(Qδ) = m(B̃+ ∩G) =

∫
B+

dα

∫ δ

−δ
dβχW s

α∩G(α, β).

This implies immediately that there exists a set I ⊂ B+, of full measure,
such that, for each α ∈ I the set Jα = {β ∈ B− | (α, β) ∈ G} is measurable
and has full measure as well; the same holds for E = ∪α∈IW

s
α.

Finally, let z, y ∈ E, z = (a, b) and y = (c, d). If a = c, then z, y ∈ W s
a

and f+(z) = f+(y). On the other hand, if a ̸= c then by choosing β ∈ Ja∩Jc
it follows

f+(z) = f+(W s
a ) = f+(a, β) = f−(a, β)

= f−(W u
β ) = f−(c, β) = f+(c, β) = f+(y).

That is, f+ is constant on E, hence f+ (and f−) is a.e. constant on Qδ. By
the arbitrariness of Qδ follows that f+ = f− =constant a.e..

7Please, note this apparently näıve idea to look at the problem first locally and then
globally, we will see much more of it in the following.

8Here, to have an unambiguous notation, we should use mn for the Lebesgue measure
in Rn, then we just said m2 = m1×m1. For simplicity, I have suppressed all the subscript
hoping not to confuse the reader too much.
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Up to now we have proved that f+ is a.e. constant only if f ∈ C(0)(T2),
to prove ergodicity we need the same result for each f ∈ L1(T2). This can
be easily obtained by an approximation argument; yet, it is probably more
interesting to prove directly that all invariant sets have measure zero or one.

Let us consider a T -invariant measurable subset A. Let

fn → χA in L1(T2, µ)

be a sequence of uniformly bounded continuous approximations to the in-
dicator function.9 We will use the fact that the time average is continuous
with respect to the L1 norm to establish that the time average of χA must
be constant on T2. Indeed, if we denote by ∥ · ∥1 the L1(T2, m) norm, then

∥f+
n − χ+

A

∥∥
1
=

∥∥∥∥ lim
N→∞

1

N

N∑
i=1

(
fn ◦ T i − χA ◦ T i

)∥∥∥∥
1

= lim
N→∞

1

N

∥∥∥∥ N∑
i=1

(
fn ◦ T i − χA ◦ T i

)∥∥∥∥
1

by the Lebesgue Dominated Convergence Theorem.
Using the invariance of the measure we obtain

∥f+
n − χ+

A

∥∥
1
≤ lim

N→∞

1

N

N∑
i=1

∥∥fn − χA

∥∥
1
=
∥∥fn − χA

∥∥
1
.

Since the time averages f+
n = m(fn) a.e. in T2 and limn→∞m(fn) = m(A),

the Lebesgue dominated convergence theorem implies ∥m(A) − χ+
A∥1 = 0,

that is χ+
A = m(A) a.e.. In addition, the invariance of A forces χ+

A = χA

so that either A or Ac has measure zero. In view of the arbitrariness of the
invariant set A it follows that T must be ergodic.

3.2.2 What have we done?

The question remains of how and if such an argument can be extended to
more general systems. The answer must lie in the possibility to generalize
the main ingredients of the previous proof. Such ingredients are essentially

9If the existence of such a sequence {fn} it is not obvious, consider the following: for
each ε > 0, by the regularity of the Lebesgue measure, there exists Cε ⊂ A ⊂ Gε (Cε

closed and Gε open) such that m(Gε) − m(Cε) ≤ ε. Then Uryshon lemma implies that
there exists fε ∈ C(0)(T2) such that fε(T2) ⊂ [0, 1], fε|Cε = 1 and fε|Gc

ε
= 0. Thus

∥fε − χA∥1 ≤ m(Gε\Cε) ≤ ε.
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two: a) the existence of two foliations on which f+ (f− respectively) are
constant; b) some regularity property of such foliations.

In general the foliations will be provided by the stable and unstable
manifolds (the existence of which is the content of the next chapter). A
careful look at the previous proof should convince the reader that the needed
regularity is a property of the type: consider two manifolds W s

1 , W
s
2 and

define a map ϕ : W s
1 → W s

2 by ϕ(x) = W u(x) ∩ W s
2 (this is often called

holonomy map or Poincaré transformation10, we will use the first name),
then ϕ is measurable and absolutely continuous that is : if A ⊂ W s

2 has
positive measure so has ϕ−1A.

3.3 About mixing

We continue our investigations with a discussion of an other dynamical
proofs in which we will see the role of hyperbolicity and some basic ideas
associated to it at work. The final goal will be to obtain a dynamical proof
of the following.

Proposition 3.3.1 The Arnold cat is mixing.

We will start by proving Topological Mixing.

Definition 7 A smooth Dynamical System is topologically mixing if for each
two open sets U and V there exists an integer n ∈ N such that

T−mU ∩ V ̸= ∅ ∀m ≥ n.

Note that the all point in the above definition is that it holds for all n
large enough.

Remark that it suffices to have the above property for any class of sets
that can be used as a basis for the topology. The most convenient choice is
given by the so called “rectangles.” Such sets are an extremely important
tool in hyperbolic theory and we have already met them several times–
although I will not insist on them in the present book–here they appear in
the simplest possible form.

Definition 8 By rectangle we mean a quadrilater (i.e. a region with bound-
aries consisting of four segments) with sides parallel to the stable or unstable
directions.

10Note that if one could define a flow along the unstable direction–and in our case it is
possible–then the above map would indeed be a Poincaré map with respect to such a flow.
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Proposition 3.3.2 The Arnold cat is topologically mixing.

Proof. Let us consider two rectangles A and B. A first key observation
is that, for each m ∈ N, TmA and TmB are rectangles as well. The second
key observation is that they have a very special shape: in the stable direc-
tion their size has contracted by a factor λm while in the unstable direction
the size has expanded by the same factor. Hence, provided m is chosen large
enough, TmA and TmB are very thin in the stable direction and very elon-
gated in the unstable direction. This property of stretching and squeezing,
that we are witnessing here, is the cornerstone of almost all arguments in
hyperbolic theory. Of course, similar, but symmetrical, arguments hold for
T−mA and T−mB. We can then choose m ∈ N so large that the length of
the unstable sides of TmB is larger than 2 and, at the same time, the same is
true for the stable side of T−mA. It is then a trivial geometric observation,
best seen on the covering of T2, that TnA∩T−nB ̸= ∅, for each n ≥ m, thus
T−2nA ∩B ̸= ∅, which suffices to prove the topological mixing. □

The reader who starts to appreciate the spirit of the game may be un-
happy about the previous proof. The problem is that we have used a bit too
heavily the structure of the foliation (straight lines) and of T2 (the covering).

It is then quite natural to wonder if a more flexible and dynamical proof
is available. Here it is.

Another proof of Proposition 3.3.2. Let us start by a prelimi-
nary result.

Given any rectangle A let us call Ac a rectangle of half the size and
situated at its center.11

Lemma 3.3.3 If T−nAc ∩ Ac ̸= ∅ for some n ∈ N such that λn > 4, then
T−mnA ∩A ̸= ∅ for all m ∈ N.

Proof. By construction T−nA intersects A completely from one unsta-
ble side to the other (see figure 3.1)

This means that T−2nA ⊃ T−n(T−nA∩A), which is a very thin rectangle
contained in T−nA and that crosses it from one unstable side to the other.
Accordingly T−2nA will intersect A completely (from one unstable side to
the other). By induction the result follows. □

11This may seem a silly construction but it is a rather general trick used to exploit
topological mixing and we will see it again under the name of core of a rectangle in
chapter 3.
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Ac A

� T−nA

-T−nAc

Figure 3.1: Intersection between A and T−nA

Note that the n ∈ N required by the above statement always exists.
Next, let A,B ⊂ T2 be two rectangles and let nB ∈ N such that Lemma

3.3.3 applies to B. We then consider the Dynamical Systems (T2, TnB ,m),
this is ergodic as well .12 Consequently, for each integer i ∈ {1, . . . , nB − 1}
there exists ki ∈ N such that

T−kinB (T−iAc) ∩Bc ̸= ∅,

and the unstable size of A times λ−kinB is smaller than one quarter of the
unstable size of B. This implies immediately that

T−knB (T−iA) ∩B ̸= ∅ ∀k ≥ ki. (3.3.2)

In fact, T−kinB (T−iA) crosses B from one unstable side to the other and
touches Bc, thus (3.3.2) can be proved by the same type of arguments used
in Lemma 3.3.3.

Finally, set km := max{ki | i ∈ {1, . . . , nB}}. For each n > kmnB we
can write n = knB + i where 0 < i < nB, thus

T−nA ∩B = T knB (T−iA) ∩B ̸= ∅,

by (3.3.2). □

12This is the crucial property always needed to obtain mixing in hyperbolic systems:
ergodicity of all the powers of the map.
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By the same arguments, one can prove the following.

Lemma 3.3.4 Given any stable segment W s of length δ, and any unstable
segment W u of length L > λδ−1, then it holds W s ∩W u ̸= ∅.

To start discussing the problem of mixing we need to adopt a point of
view among the many possible. We will take the one that looks at the
measures (see Proposition 2.7.2 and Problem 2.27) which, by now, should
be rather familiar to the reader. Calling µ0 a measure absolutely continuous
with respect to Lebesgue we would like to study the asymptotic behavior of
µn := T∗

nµ0. Thanks to Proposition 2.7.2 we need to study only the weak
convergence. The first observation is that such a set of measures is compact
hence we can study the set of its limit points Γ (of course with the goal
of showing that it consists of only one point).13 Such a set is simply the
set of limits of convergent subsequences. Since the measure µ0 is absolutely
continuous with respect to m there exists a function h ∈ L1(T2), h ≥ 0,
such that

µ0(f) = m(hf).

A lesson that we have learned from the computation in Fourier trans-
form and from the Hopf argument is that the regularity of the functions do
matter considerably and that it may be useful to consider, at first, regular
functions and then obtain the wanted result by an approximation argument.
Accordingly, we will restrict ourself to the case h ∈ C(1)(T2) and establish
two fundamental facts.14

Lemma 3.3.5 If µ̄ ∈ Γ then µ̄ is absolutely continuous with respect to
Lebesgue. In addition, h̄ = dµ̄

dm ∈ L∞(T2,m).

Proof. We notice that the sequence µn is uniformly absolutely contin-
uous with respect to Lebesgue, that is ∀f ∈ C(0)(T2) such that f ≥ 0

µn(f) =

∫
T2

h ◦ T−nf ≤ ∥h∥∞∥f∥1.

This implies µ̄(f) ≤ ∥h∥∞m(f) and

µ̄(A) = sup
C⊂A
C=C

µ̄(C) = sup
C⊂A
C=C

inf
{f∈C(0) | f>χC}

µ̄(f) ≤ ∥h∥∞m(A), (3.3.3)

13Note that such accumulation points are not necessarily invariant measures, this is why
we considered accumulation points of averages in section 2.4.

14Actually, this regularity condition on h will be needed only in Lemma 3.3.6.
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where we have used (2.4.2) and (2.4.3). Clearly (3.3.3) implies the absolute
continuity. Hence, by the Radon-Nikodym theorem [62], there exists h̄ ∈
L1(T2,m) such that dµ̄ = h̄dm.

Next, let A = {x ∈ T2 | h̄(x) > ∥h∥∞}. If m(A) ̸= 0, then

∥h∥∞m(A) <

∫
A
h̄dm = µ̄(A) ≤ ∥h∥∞m(A)

which is a contradiction, thus h̄ ≤ ∥h∥∞ a.e.. □

The next argument is very similar to what we have already seen in Ex-
amples 2.4.1–Strange Attractors. Let us call Du the derivative along the
unstable direction (if v+ is the normal vector in the unstable direction then
Duf := ⟨∇f, v+⟩).

Lemma 3.3.6 There exists c > 0 : for each f ∈ C(1)(T2)

|µn(D
uf)| ≤ λ−nc∥f∥∞.

Proof.

µn(D
uf) =

∫
T2

h(Duf) ◦ Tn =

∫
T2

h⟨(∇f) ◦ Tn, v+⟩

=

∫
T2

h⟨L−n∇(f ◦ Tn), v+⟩ = λ−n
2∑

i=1

∫
T2

h∂xi(f ◦ Tn)v+i

= −λ−n

∫
T2

Duhf ◦ Tn,

where the last equality is obtained by integrating by parts with respect to
both coordinates. Accordingly,

|µn(D
uf)| ≤ λ−n∥∇h∥1∥f∥∞.

□

From the above results it follows that if µ̄ ∈ Γ then there exists h̄ ∈
L∞(T2) such that, for each f ∈ L1(T2, m),

µ̄(f) =

∫
fh̄dm

and for each f ∈ C(1)(T2), µ̄(Duf) = 0. This two facts together imply that
h̄ is constant almost everywhere.
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To see this we start by a local argument showing that h̄ is constant
along the unstable direction. We have already done a similar argument, in
Examples 2.4.1–Strange Attractors, by using Fourier series, let us see here
a more measure theoretical argument to convince the reader that the global
structure of T2 has nothing to do with the result.

Let us consider an arbitrary rectangle R of size smaller than 1/4. Con-

sider an arbitrary f ∈ C(1)(T2) with support contained in
◦
R. Then consider

coordinates in R parallel to its sides (since this is achieved by rotations and
rigid translations it leaves invariant the Lebesgue measure). As before, the
unstable sides are horizontal. Let us call x the coordinate along the stable
direction and y the one along the unstable direction. In such coordinates
R = [0, a]× [0, b] (we have translates the origin at the bottom left corner of
R). Given f ∈ C(1), we define

f̃(x, y) = f(x, y)− 1

a

∫ a

0
f(ξ, y)dξ,

F (x, y) =

∫ x

0
f̃(ξ, y)dξ.

Then F |∂R = 0 so F can be extended to a function on T2 by setting F = 0
outside R. Note, that F is continuous and differentiable everywhere apart
from the boundary ∂R where the derivative can be discontinuous. In the
new coordinates Du becomes simply the derivative with respect to x.∫

T2

h̄f =

∫
R
h̄f =

∫ a

0
dx

∫ b

0
dyh̄f̃ +

1

a

∫ b

0
dy

∫ a

0
dxh̄(x, y)

∫ a

0
dξf(ξ, y),

and, setting h̃(y) = 1
a

∫ a
0 dξh̄(ξ, y), f̄(y) =

∫ a
0 dξf(ξ, y),∫

T2

h̄f =

∫ a

0
dy

∫ b

0
dxh̄∂xF +

∫ b

0
dyh̃(y)f̄(y) =

∫
T2

h̄DuF +

∫ b

0
dyh̃(y)f̄(y).

At this point a small obstacle appears, due to the fact that F is not C(1).
The problem is easily solved by approximating F by C(1) functions Fε such
that ∥DuF −DuFε∥1 ≤ ε. Then∣∣∣∣∫

T2

h̄DuF

∣∣∣∣ = ∣∣∣∣∫
T2

h̄DuF −
∫
T2

h̄DuFε

∣∣∣∣ ≤ ∥h̄∥∞ε.

Hence,
∫
T2 h̄D

uF = 0 also if the derivative is not continuous, consequently∫
T2

h̄f =

∫
T2

h̃f. (3.3.4)
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By the arbitrariness of f (3.3.4) implies that h̄ = h̃ almost everywhere in
◦
R. Since R is arbitrary it follows that h̄ is constant a.e. along the unstable
direction.

A global argument is now needed to show that h̄ must be constant.15

Proof of Proposition 3.3.1–a shortcut. Consider a line ℓa = {x =
a}. Clearly for each point p = (a, y) ∈ ℓa W u

p intersects again ℓa at the point
(a, y+ω+ mod 1) where (1, ω+) is the unstable direction. Then we can con-
sider the Dynamical Systems (ℓa, Rω+ ,m), and the function ha = h̄(a, y).
By the previous discussion (and Fubini Theorem) it follows that, for almost
every a, the function ha is an L1(ℓa,m) invariant function for the rotation
Rω+ ; but we know that the irrational rotations are ergodic (see Examples
2.5.1), thus ha =constant which implies immediately h̄ constant. □

The above proof is simple but uses quite heavily the global properties of
the foliation and of T2 to reduce the problem to one already studied (the
irrational rotations). Clearly it is not clear how such a trick could work in
more general situations. Again we would like a more flexible and dynamical
argument.

Proof of Proposition 3.3.1–dynamical. We will use a strategy al-
ready employed to prove the ergodicity of irrational rotations based on the
existence of density points. Morally, this allows us to consider only rect-
angles. By topological mixing we can ensure that any two rectangle are
crossed by the same unstable line (although it is more convenient to take
preimmages of the rectangle and show that they must intersect a given un-
stable segment), so it is not possible that h̄ has values different in the two
rectangles. This very näıve argument can be made precise as follows.

If h̄ it is not a.e. constant then there exists two sets A and B of positive
measure such that h̄|A > h̄|B a.e.. Let xA and xB be density points, of A
and B respectively, and choose two rectangle RA and RB of the same size,
smaller than 1

4 , and such that

m(A ∩RA) ≥ αm(RA)

m(B ∩RB) ≥ αm(RB) (3.3.5)

where α ∈ [0, 1) will be chosen later.

15The fact that the argument is global, i.e. uses some properties of T2, reflects the fact
that it is not as general as the Hopf argument which, instead, is of a completely local
nature, as we will see better later.
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Let us consider h◦Tn, clearly h◦Tn|T−nA > h◦Tn|T−nB and the relations
(3.3.5) hold for T−nA, T−nRA and T−nB, T−nRB.

Next, let R̂A ⊂ RA and R̂B ⊂ RB be two shorter rectangles obtained
by the original ones by chopping off a quarter of the length in the stable
direction from each side. Let n0 be so large that the stable length of the
rectangles time λn0 is larger than one. Now chose another rectangle R, of
size ρ ≤ 1

4 , as you please. By topological mixing it follows that there exists

n > n0 such that T−nR̂A ∩ R ̸= ∅ and T−nR̂B ∩ R ̸= ∅. In addition, by
the construction of R̂A and R̂B and the choice of n0, it follows that T

−nRA

and T−nRB cross R̃ completely from one unstable side to the other, where
R̃ is a rectangle containing R at its center and of double size. Moreover,
the same quantitative argument of Lemma 3.3.4 shows that it is possible to
choose n such that the stable length of T−nRA, T

−nRB is shorter than 8λ2.

Let LA, LB the two rectangles contained in T−nRA∩ R̃ and T−nRB ∩ R̃,
respectively, that cross R̃ from an unstable side to the other. Chose

α = 1− m(LB)

4m(RB)
= 1− m(LA)

4m(RA)
.

The all point is that, on almost all the unstable lines in R̃, h̄◦Tn is constant,
so if one of this unstable lines intersects both T−nA and T−nB we have a
contradiction. Thus, it must be

m

 ⋃
x∈T−nA

W u
x ∩ LB

⋂ ⋃
x∈T−nB

W u
x ∩ LB

 = 0.

Fubini theorem implies

m

 ⋃
x∈T−nA

W u
x ∩ LB

 = m

 ⋃
x∈T−nA

W u
x ∩ LA

 ≥ m(T−nA ∩ LA),

and

m

 ⋃
x∈T−nB

W u
x ∩ LB

 ≥ m(T−nB ∩ LB),

This yields:



3.4. SHADOWING 77

m(LB) ≥ m(T−nA ∩ LA) +m(T−nB ∩ LB)

≥ m(T−nA ∩ T−nRA)−m(T−nRA\LA)

+m(T−nB ∩ T−nRB)−m(T−nRB\LB)

≥ 2{αm(T−nRB)−m(T−nRB) +m(LB)}

≥ 3

2
m(LB)

which is a contradiction. This shows that is not possible that the unstable
manifolds starting at T−nA systematically avoid T−nB.

Hence, h̄ is constant, but then h̄ =
∫
T2 h̄ = µ̄(1) = µ0(1). We have just

proved that Γ consists of only one measure: the Lebesgue measure. Thus

lim
n→∞

∫
T2

hf ◦ Tndm =

∫
T2

hdm

∫
T2

fdm,

for each g, f ∈ C(1)(T2). The mixing follows by the same approximation
argument used in the Fourier series analyses. □

3.4 Shadowing

In this section we explore the topological complexity of the dynamics of our
model systems. I have already remarked that when such a strong instability
with respect to the initial condition is present it is impossible to follow
exactly an orbit of the system. In fact if we compute (e.g. with a computer)
the orbit of the initial point x ∈ T2, due to round off errors we do not get
an orbit but rather a pseudo-orbit.

Definition 9 Give an systems (X,T ), X Riemannian manifold, an infinite
sequence {xi}i∈Z ⊂ T2 is called an ε-pseudo orbit if, for all i ∈ Z,

d(xi+1, Txi) ≤ ε.

Which means exactly that at each step an error of order ε is allowed.

The following result, beside being very useful, is a partial replay to the
argument that it is not possible to follow orbits on a computer. Although
the result is quite general, we state, and prove, it in our special context.
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T 2Qδ(x0)
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Figure 3.2: Intersection between TnQδ(x0) and Qδ(xn)

Proposition 3.4.1 For each δ > 0 there exists and ε > 0 such that, if {xi}
is a ε-pseudo-orbit for the Arnold cat, then there exists ξ ∈ T2 such that

d(xi, T
iξ) ≤ δ ∀i ∈ Z.

That is, there exists an orbit that δ-shadows the pseudo-orbit, moreover such
an orbit is unique.

Proof. As usual we consider rectangular (better yet: square) neigh-
borhood of points. So, let Qε(x) be a square of size ε centered at x with
sides parallel to the stable and unstable direction, respectively.

Next, let us consider TQδ(x0), since d(Tx0, x) ≤ ε, if δ
2λ + ε < δ

2 and
λδ
2 − ε > δ

2 , then TQδ(x0) crosses Qδ(x1) completely from the stable side

to the other stable side. Thus, provided we choose δ ≥ 2λ
λ−1ε, we have the

picture of the intersection between rectangle that we have already learned
to like.

Of course the same transversal intersection takes place for each TQδ(xi)
and Qδ(xi+1). This immediately implies that TnQδ(x0) crosses Qδ(xn) from
one stable side to the other (see figure 3.2)

Thus Kn = T−n(TnQδ(x0) ∩ Qδ(xn)) is a sequence of nested (Kn+1 ⊂
Kn) vertical rectangles. The unstable side of Kn is of size λ−nδ while the
stable side is of size δ.

Clearly, if ξ ∈ Kn, then

d(T iξ, xi) < δ ∀i ∈ {0, . . . , n}.

We can then consider the vertical line K∞ = ∩n∈NKn, by construction K∞
consists of points whose orbit δ shadows {xi}i∈N. By doing the same exact
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construction in the past we obtain an horizontal line K̃∞ of points that δ
shadows {x−i}i∈N. The theorem is then proven by choosing {ξ} = K̃∞∩K∞.

the uniqueness should be obvious from the construction. In alternative
the reader can prove it by contradiction. □

The above theorem is not so helpful from the measure-theoretical point of
view, since it could happen that the set of trajectories that shadow pseudo-
orbits is of measure zero. (say more)

Nevertheless, it is very useful from the topological point of view.

3.5 Markov partitions

In all the above constructions, the concept of rectangle has played a key
rôle. In this section, we present a construction that is the glorification of
such a point of view.

Consider the stable and unstable manifolds of zero and prolong them
until they meet (of course when they meet we meet an old friend: an homo-
clinic intersection) few times.

Clearly in such a way we have obtained a partition of T2. Such a partition
consists of rectangles with sides that are either stable or unstable manifolds.
We call them respectively the stable and the unstable sides of the rectangles.
A partition is Markov if the preimage of each unstable side of a rectangle is
contained in the unstable side of a rectangle and the image of every stable
side is contained in the stable side of a rectangle. The reader can check that
it is possible to use the above construction to have a Markov partition with
(for example) three rectangles.

Problems

3.1 Use the Diofantine properties of the stable and unstable direction to
obtain better estimates of the decay of correlations. The Diofantine
property refers to the following fact: if we normalize the eigenvectors
in such a way that v± = (1, ω±), then ω± are irrational numbers that
are badly approximated by rationals: there exists c ≥ 0 such that
|ω± − p

q | ≥
c
q2

for each p, q ∈ N.

3.2 Prove that the dynamical System (T2, Tn,m) (where T is the Arnold
cat map) is ergodic for each n ∈ N. (Hint: the same proof as for
n = 1.)
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3.3 Let (X,T, µ) be a Dynamical Systems where X is a compact metric
space, T is continuous, and µ charges the open sets (i.e. if U ⊂ X
is open, then µ(U) > 0). Prove that for each U ⊂ X open, there
exist infinitely many n ∈ N such that T−nU ∩U ̸= ∅. (Hint: Poincaré
Theorem.)

3.4 Let (X,T, µ) be an ergodic Dynamical Systems where X is a compact
metric space, T is continuous, and µ charges the open sets. Prove that
for each U, V ⊂ X open, there exist infinitely many n ∈ N such that
T−nU ∩ V ̸= ∅. (Hint:For each k ∈ N, A = ∪n≤kT

−nU is an invariant
open set, if it does not intersect V , then m(A) < 1, thus, by ergodicity,
m(A) = 0 which implies U = ∅.)

3.5 Prove Lemma 3.3.4. (Hint: As in the proof of Topologically mixing
consider T−nW s, TnW u and chose n so large that λδ > 2 while the
length L of W u must satisfy λ−nL > 2.)

3.6 Show that for each x ∈ T2 the global unstable manifold W u(x) is dense
in T2. (Hint: An algebraic proof–Let us normalize v+ = (1, ω), then ω
is irrational. Clearly W u(x) = {x+ tv+ mod 1}t∈R. Consider a point
y = (y1, y2) and chose t0 = y1 − x1, then, for each n ∈ Z, x + (t0 +
n)v+1 mod 1 = (y1, R

n
ωξ mod 1) where ξ = x2+(y1−x1)ω mod 1. Now,

we know that Rω has dense orbits (see Examples 2.5.1–Rotations),
thus the result.
A dynamical proof–It follows Lemma 3.3.4 plus the fact that T−nW u

is shorter than W u.)

3.7 Consider the global unstable foliation {W u(x)} and choose an interval
of length (in the horizontal direction) one from each fiber.16 Let K be
the set obtained by the union of all such segments. Prove that K it
is not measurable. (Hint: Define R : T2 → T2 by R(x, y) = (x,Rωy).
Then, remember Problem 2.13.)

3.8 Let W u(x), W s(x) ⊂ U ⊂ R2, U =
◦
U and Ū compact, smooth mani-

folds (C(1) curves) such that, the {W u(s)(x)}x∈U are pairwise disjoint,
∂W u(s)(x) ⊂ ∂U , if z ∈ W u(x)∩W s(y), then the angle betweenW u(x)
and W s(y) at z is larger than some θ > 0. In addition, assume that,
calling vu(s)(x) the unit tangent vector to W u(s)(x) at x, vu(s) ∈ C(1).
We will call such two foliation “ C(1) uniformly transversal foliations.”
Show that to each such a foliation it is associated a change of variable

16The Axiom of choice again.
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(a diffeomorphism Ψ : U → U) and that to each change of variables is
associated such a foliation. (Hint: . . . )

3.9 Consider two C(1) uniformly transversal foliations. Prove that if f ∈
L∞ is constant along almost every fiber of the two foliations, then it
is constant almost everywhere. (Hint: Do the argument locally and
change variables so that the foliations becomes straight.)

3.10 Consider the Bernoulli measures µB
p defined on Σ+

2 (the one sided
sequences with two symbols) by choosing p0 = p and p1 = 1 − p (see
Examples 2.1.1–Bernoulli shift). Show that, if p ̸= p′ then µB

p and µB
p′

are mutually singular. (Hint: All the dynamical systems (Σ+
2 , τ, µ

B
p )

are ergodic.)

3.11 Let µp be the measure on [0, 1] obtained from µB
p by the binary rep-

resentation of the real numbers, let

Fp(x) := µp([0, x]).

Show that, for each p ∈ (0, 1), Fp : [0, 1] → [0, 1] is one one, onto,
continuous. In addition, show that there exists c ∈ R+ such that, for
each p, q ∈ [14 ,

3
4 ], holds

|Fp(x)− Fq(x)| ≤ c|p− q|.

(Hint: Note that the cylinder correspond to intervals with end points
made of binary rationals. It is then immediately clear that all the
measures µp give positive measures to the open sets. To prove the last
inequality prove the representation

Fp(x) =
∞∑
n=0

σn

n∏
i=0

pσi(1− p)1−σi

where σ is the binary representation of x.)

3.12 Construct ϕ : [0, 1] → [0, 1], invertible and continuous, such that there
exists A ⊂ [0, 1] with m(A) = 0 while m(ϕ(A)) = 1. (Hint: Any of the
above Fp will do.)

3.13 Construct a continuous foliation Ψ in [0, 1]2made of C∞ leaves (that
is Ψ is a isomomorphism of [0, 1]2 and Ψ(·, y) ∈ C∞). In addition,
the foliation must be made of straight lines in {(x, y) ∈ [0, 1]2 | x ∈
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[0, 14 ]∪ [34 , 1]} but is should not be absolutely continuous in the region

{(x, y) ∈ [0, 1]2 | x ∈ [14 ,
3
4 ]}. (Hint: Let φ ∈ C(∞)(R), φ(R) = [0, 1],

φ(x) = 0 for x < 0 and φ(x) = 1 for x > 1
2 . Then, using and approriate

ϕ, define

Ψ(x, y) =


(x, y) if x ∈ [0, 14 ]
(x, [1− φ(x− 1

4)]y + φ(x− 1
4)ϕ(y)) if x ∈ [14 ,

3
4 ]

(x, ϕ(y)) if x ∈ [34 , 1].

Clearly the leaves Ψ(·, y) are C(∞), yet the foliation it is not absolutely
continuous.)

3.14 Find two C(0) uniformly transversal foliations in [0, 1]2, with C(∞)

leaves, such that the Hopf argument does not apply. (Hint: Call Ψp,
p ∈ [14 ,

3
4 ] the foliation constructed in the Problem 13 starting from

the function Fp defined in the Problem 11. Choose a sequence pn con-
verging to one quarter, e.g. pn = 1

4 +
1
4n , then let xn = 1

2 −
1
2n . Finally

define the foliation

Ψ(x, y) =

{
Ψpn(xn + (xn+1 − xn)x, y) for x ∈ [xn, xn+1]
(x, F 1

4
(y)) for x ∈ [12 , 1]

Further define the function g : [0, 1] → [0, 1] to be one on a set of full
measure for µ 1

4
and of zero measure for µpn and zero otherwise. The

functions f+, f− defined by

f−(x, y) =

{
0 for x ∈ [0, 12)
1 for x ∈ [12 , 1]

and
f+(x,Ψ(x, y)) = g(x),

are then constant on the vertical and the Ψ foliation respectively.
Moreover they clearly are equal Lebesgue almost everywhere, nev-
ertheless they are certainly not constant.)

3.15 Show (first without using Markov Partitions and then by using Markov
partitions) that the Arnold cat has at least ecn periodic orbits of pe-
riod n, for some c > 0. (Hint: If we have a rectangle R of size ε, then
T−nR ∩ R ̸= ∅ for some n ≤ c ln ε−1. Then, if x ∈ T−nR ∩ R we con-
sider the pseudo orbit xk = T ix where i = k mod n. Then Proposi-
tion 3.4.1 implies the existence of a periodic orbit in an ε-neighborhood
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Rε of R. On the other hand the boxed T−kRε, k ∈ {0, . . . , n} invade
a part of T2 of measure cε2 ln ε−1. The argument is then concluded
taking boxes in the remaining space and continuing until all the avail-
able space is exhausted. On the other hand, if one takes in account
Markov partions, then the number of periodic orbits is given–appart
from the non-invertibility of the coding–by the number of periodic
simbolic sequences of period n.)



Chapter 4

Hyperbolic Systems–general
facts

This chapter is designed to give a general idea of hyperbolic theory. Since
such a theory covers a rather vast landscape, and it contains very technical
results our exposition is bound to be quite sketchy.

4.1 Hyperbolicity

Our goal in this section is to introduce and discuss a class of systems for
which we can hope to investigate the properties introduced in the previous
section. As we have seen, the chief property that we used in the study of
the Arnold cat were the expanding and contracting properties of the map.
These are generalized in the following definition.

Definition 10 By Hyperbolic System (with discrete time) we mean a Dy-
namical System (X, f, µ) such that X is a smooth compact Riemannian
manifold (possibly with boundary), f is µ-almost everywhere differentiable
and there exists two measurable families of invariant1 subspaces Eu(x), Es(x) ∈
TxX almost surely transversal,2 and measurable functions ν(x) > 1, c(x) > 0
such that for almost all x ∈ X

∥Dxf
nv∥ ≥ c(x)−1ν(x)n∥v∥ ∀v ∈ Eu(x)

∥Dxf
nv∥ ≤ c(x)ν(x)−n∥v∥ ∀v ∈ Es(x).

1That is DxfE
s(u)(x) = Es(u)(fx).

2That is, Eu(x) ∩ Es(x) = {0} and Eu(x)⊕ Es(x) = TxX a.e.

84
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If the functions c, ν can be chosen constant and the distributions are transver-
sal at each point, then the system is called Uniformly Hyperbolic. In ad-
dition, if f is a diffeomorphism and Eu, Es vary with continuity, then the
system is called Anosov (or sometimes C or U systems).

The condition in Definition 10 is essentially equivalent to saying that two
very close initial conditions almost certainly will grow apart at an exponen-
tial rate. This corresponds to a strong instability with respect to the initial
conditions and characterizes the sense in which the dynamics of hyperbolic
systems is a very complex one. Such complex behaviour has captured the
popular fantasy under the ambiguous name of chaos.

4.1.1 Examples

Rotations

Clearly the rotations are not hyperbolic since Df = 1.

Dilation

One can easily see that such a system is expanding, hence Eu = R and
Es = ∅.

Arnold cat

We have seen it in detail in the previous chapter.

Baker

In this case one direction is expanding and one is contracting, dimEu =dimEs =
1

A more general notion of hyperbolicity is the one of hyperbolic set.

Definition 11 Given a diffeomorphism f of a manifold X, we say that Λ ⊂
X is hyperbolic if Λ is compact, f(Λ) = Λ and there exists two measurable
families of invariant subspaces Eu(x), Es(x) ∈ TxX transversal at each point
and measurable functions ν(x) > 1, c(x) > 0 such that for all x ∈ Λ

∥Dxf
nv∥ ≥ c(x)−1ν(x)n∥v∥ ∀v ∈ Eu(x)

∥Dxf
nv∥ ≤ c(x)ν(x)−n∥v∥ ∀v ∈ Es(x).

If the constants c, ν can be chosen independently of x ∈ Λ then Λ is called
Uniformly Hyperbolic.
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4.1.2 Examples

Smale Horseshoe

In this case the set Λ is the one constructed in Examples 2.4.1 and dimEs =
dimEu = 1.

Forced pendulum

Same situations as for the horseshoe, see Examples 2.8.1.

Definition 10 it is not particularly helpful in concrete cases since, in
general, it is not clear how to verify if a systems is hyperbolic or not.

4.2 Lyapunov exponents and invariant distribu-
tions

We start by a different and very helpful characterization of hyperbolicity
obtained by introducing the so called Lyapunov Exponents (LE).

Definition 12 For each x ∈ X, v ∈ TxX we define

λ(x, v) = lim
n→∞

1

n
log ∥Dxf

nv∥.

If λ(x, v) exists it is called “Lyapunov exponent” (LE).

It is interesting to notice that λ(f(x), Dxfv) = λ(x, v) (see Problem
4.1). Moreover, it should be clear that, if the system is ergodic and the map
invertible, then λ(x, v), if it exists, can assume only finitely many values (see
Problem 4.3).

The existence and properties of the LE have been intensively studied
and have given rise to a multitude of results. Here, we content ourselves
with the following theorem, which is by far not the most general version,
but it suffices for our needs. See [76] for a more extensive presentation of
the theorem and its proof. I will provide some ideas related to the proof at
the end of the section.

Theorem 4.2.1 (Oseledets [57]) Let (X,µ) be a probability space and f :
X → X a measure-preserving transformation. Let L : X → GL(d,R) be
a measurable mapping from X to the invertible n × n matrices such that
ln ∥L(·)±1∥ ∈ L1(X,µ). Then for µ-almost all x ∈ X there are subspaces



4.2. LYAPUNOV EXPONENTS AND INVARIANT DISTRIBUTIONS87

{0} = V 0
x ⊂ V 1

x ⊂ · · · ⊂ V d
x = Rd and numbers λ1(x) ≤ · · · ≤ λd(x) such

that, for all i ∈ {1, . . . , d},3

lim
n→∞

1

n
ln ∥L(fn−1(x)) · · ·L(f(x))L(x)v∥ = λi(x)

if v ∈ V i
x \ V i−1

x . In addition, if µ is ergodic, the spaces and exponents
are almost surely constant and denoting by dk the difference between the
dimension of Vk and Vk−1 we have∑

k

dkλk =

∫
log | det(L(x))|µ(dx).

The above theorem is taylored to study cocylces, that is the dynamical sys-
tems (X×Rd, F ) where F (x, v) = (f(x), L(x)v). Indeed one can easily check
that Fn(x, v) = (fn(x), L(fn−1(x)) · · ·L(x)v)).
Given a measurable dynamical system (X, f, µ), where X is a d dimen-
sional Riemannian manifold (possibly with boundary) and T is almost surely
differentiable we have the natural cocycle (X × Rd, F ) where F (x, v) =
(f(x), Dxf(v)). Note that, by the chain rule, Fn(x, v) = (fn(x), Dxf

nv).
So, the Lyapunov exponents of f are exactly the numbers given by Oseledets’
Theorem for the associated cocycle. The connection between Lyapunov ex-
ponents and hyperbolicity is illustrated by the following.

Theorem 4.2.2 A system (X, f, µ, ), where X is a Riemannian manifold
and f is a diffeomorphism. Then, f is hyperbolic iff for almost all x ∈ X

λ(x, v) ̸= 0 ∀v ∈ TxX, v ̸= 0.

Proof. Clearly, if the system is hyperbolic, then all the LE are different
from zero. The other implication is almost as trivial. Define Es(x) = {v ∈
Tx | λ(x, v) < 0}; then consider the Dynamical system (X, f−1, µ) and its
LE λ−(x, v) and define Eu(x) = {v ∈ Tx | λ− < 0}. Next, let

ρ(x) = sup{λ(x, v), λ−(x,w) | v ∈ Es(x), w ∈ Eu(x)}

clearly ρ(x) < 0 a.e.. Then setting ν(x) = e−ρ(x)/2 and

c(x) = sup
n
{ν(x)n∥Dxf

nv∥, ν(x)n∥Dxf
−nw∥ | v ∈ Es(x); w ∈ Eu(x)}n∈N,

which is almost surely finite by construction, hence proving the theorem. □

3Note that the Vi and the λi are not necessarily distinct.
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To conclude the section, let me provide a few ideas related to the proof of
Theorem 4.2.1 to give a feeling of what is involved. Note that, thanks to
the ergodic decomposition, we can assume w.l.o.g. that µ is ergodic. Let us
define

λ̄(x, v) = lim sup
n→∞

1

n
ln ∥L(fn−1(x)) · · ·L(f(x))L(x)v∥. (4.2.1)

Note that, for each α ∈ R,

λ̄(x, αv) = lim sup
n→∞

1

n
ln
{
∥L(fn−1(x)) · · ·L(f(x))L(x)v∥|α|

}
= λ(x, v).

In addition,

λ̄(x, v) ≤ lim sup
n→∞

1

n
ln ∥L(fn−1(x)) · · ·L(f(x))L(x)∥

≤ lim sup
n→∞

1

n

n−1∑
k=0

ln ∥L(fk−1(x))∥ =

∫
X
ln ∥L(x)∥µ(dx) = λ+(x).

where the last inequality follows by Birkhoff’s theorem. In addition, for
∥v∥ = 1,

0 = ln ∥L(x)−1L(f(x))−1 · · ·L(fn−1(x))−1L(fn−1(x)) · · ·L(x)v∥
≤ ln ∥L(x)−1L(f(x))−1 · · ·L(fn−1(x))−1∥+ ln ∥L(fn−1(x)) · · ·L(x)v∥.

Which, arguing as before, yields

λ̄(x, v) ≥
∫
X
ln ∥L(x)−1∥−1µ(dx).

Hence, the numbers λ̄(x, v) are almost surely bounded. Next, for v, w ∈ Rd

let

vn = ∥L(fn−1(x)) · · ·L(f(x))L(x)(v + w)∥
wn = ∥L(fn−1(x)) · · ·L(f(x))L(x)(v + w)∥

then

λ̄(x, v + w) ≤ lim sup
n→∞

1

n
ln [2max{vn, wn}] ≤ max{λ̄(x, v), λ̄(x,w)}.

Finally, by definition,

λ̄(x, L(x)v) = λ̄(f(x), v).
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It follows that if we define V(x, α) = {v ∈ Rd : λ̄(x, v) ≤ α}, then the
V(x, α) are vector spaces and L(x)V(x, α) = V(f(x), α). A technical issue
that I will not discuss is the proof that the functions V(·, α) are measur-
able;4 see [76] for a proof. Note that the dimension d(x, α) of V(x, α) is
an invariant function with respect to x, hence it must be constant almost
surely. Additionally, it is clearly increasing with α. It follows that there
must be at most d values {αi} of α for which the dimension of the space
changes. We have so obtained the flag {0} ⊂ V1 ⊂ · · · ⊂ Vd = Rd, where
some of the spaces can be repeated.

It remains to show that the limsup in (4.2.1) is indeed a limit. I refer to
[76] for a complete proof; here, I provide an outline of the idea, looking at
the maximal exponent. Assume, for simplicity, that ln ∥L∥ ∈ L∞.

Let

an(x) = ln sup
{∥v∥=1}

∥L(fn−1(x)) · · ·L(f(x))L(x)v∥

λ+(x) = lim sup
n→∞

1

n
an(x).

We have that, for all n,m ∈ N, an+m(x) ≤ an(f
m(x))+am(x). This implies

that

λ+(x) ≤ λ+(f(x)) + lim sup
n→∞

1

n
ln ∥L(x)∥ = λ+(f(x)).

Accordingly, by the invariance of the measure,

0 ≤
∫
[λ+(f(x))− λ+(x)]µ(dx) = 0.

Which implies that λ+(x) = λ+(f(x)) almost surely, and hence λ+ almost
surely constant, by ergodicity.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

For each ε > 0, thre exists nε ∈ N such that 1
pap(x) ≤ λ+(x) + ε for all

p ≥ nε. We can then write

1

km
akm(x) ≤ 1

k

k−1∑
j=0

1

m
am(f jm(x)).

4Here we see V(·, α) as elements of the union of Grassmanian, which is a topological
space. If you do not want to be very fancy, given V1,V2 ⊂ Rd, let their distance be the
Hausdorff distance between their intersection with the unit sphere. This gives a topology,
and we consider the associated Borel σ-algebra.
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Taking the limsup for k → ∞ Birkhoff’s theorem implies that, µ-almost
surely,

λ+(x) ≤
∫

1

m
am(y)µ(dy).

If we set λ−(x) = lim infn→∞
1
mam(x) and we take the linsup of the above

expression we obtain

λ+(x) ≤ lim sup
n→∞

∫
1

m
am(y)µ(dy) = lim inf

n→∞

∫
1

m
am(y)µ(dy)

≤
∫

λ−(y)µ(dy).

where, in the first equality, we have used the fact that the sequence ām :=∫
am(y)µ(dy) is subattive, hence 1

m ām has a limit. Integrating, we have∫
[λ+(y)− λ−(y)]µ(dy) ≤ 0

which implies λ+−λ− almost surely. We can now take the limsup in m and
obtain λ+(x) ≤

∫
λ+(x)µ(dx), which implies λ+(x) =

∫
λ+(x)µ(dx) =: λ+

almost surely.

4.3 Comments on the non-smooth case

The results of the last section can be applied to non-smooth systems, how-
ever to develop a useful theory the singularities of the system cannot be
arbitrary. As we will see in the following, systems that are quite natural
both from the mathematical point of view and from the physical one are not
smooth–typically they have discontinuities. In this section we will discuss
a class of systems called smooth systems with singularities. Although the
theory of such systems has been done in great generality, here we will give
a restrictive definition, just sufficient for our later purposes. See the notes
at the end of the chapter for information on more general settings.

Definition 13 By Smooth Dynamical System with singularities we mean
a Dynamical Systems (X,T, µ), where

• X is the union of finitely many compact pieces Xi of Rn, ∂Xi is the
union of finitely many n− 1 dimensional smooth manifolds.
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• T is smooth outside a compact set S. The singularity set S is the
finite union of smooth n− 1 dimensional manifolds with boundary Si,
Si ∩ Sj ̸⊂ ∂Si ∩ ∂Sj implies i = j. In addition, the boundary ∂Si is
the finite union of smooth n− 2 dimensional manifolds.

• There exists c1, c2 > 0 such that

∥DxT∥+ ∥D2
xT∥ ≤ c1dist (x,S)−c2 .

• The measure µ is absolutely continuous with respect to Lebesgue.

Remark 4.3.1 Note that the fact that (X,T, µ) is a Smooth Dynamical
System with singularities does not implies immediately that the same holds
for (X,T k, µ). The problem is that the map T can be very wild near the set S,
so it is not clear that the singularity set of T k will satisfy our requirements.
Nevertheless, in the examples we will consider, all the Dynamical System
(X,T k, µ) will always be Smooth Dynamical System with singularities.

Remark 4.3.2 We will call a smooth Dynamical System with singularities
invertible if T−1 is densely defined and (X,T−1, µ) is itself a smooth Dy-
namical System with singularities.

Note that the above conditions imply the applicability of Oseledets The-
orem.

4.3.1 Examples

Backer map

It is easy to check that the Backer map is a Smooth Dynamical System with
singularities.

Discontinuous Arnold cat

If we consider (R2, L,m) where

L

(
x1
x2

)
=

(
1 a
a 1 + a2

)(
x1
x2

)
(4.3.2)

with a ̸∈ Z, then it is not possible to project the system down to a torus
preserving the continuity of the map. Yet, we can construct a discontinuous
version of the Arnold cat.
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Consider M+ = {(x, y) ∈ R2 | 0 ≤ x + ay < 1; 0 ≤ y < 1} and
M− = {(x, y) ∈ R2 | 0 ≤ x < 1; 0 ≤ ax − y < 1}. It is easy to see
that, if Π is the projection from the universal cover R2 to the torus T2

(Πξ = ξ mod 1), then Π, restricted to M±, is one-one and onto. Moreover,
LM+ = M−. This means that we can define T : T2 → T2 by

T = ΠL(Π|M+)
−1.

Of course T is discontinuous on S+ := ∂M+ and T−1 is discontinuous on
S− := ∂M−. In addition, the Lebesgue measure is invariant and the map is
hyperbolic since DT = L.

The question arises if there exists stable and unstable manifolds. A
moment of thought shows that this is equivalent to the following question:
there exist segments in the stable (unstable) direction such that their images
in the future (past) never meet the discontinuity set S+ (S−)?

Let us analyze the unstable manifolds. Call Sδ the δ neighborhood of
S+. Consider a segment J centered at x, in the unstable direction, and
suppose that T−nJ ∩S+ ̸= ∅, then J cannot be the unstable manifold since
its points do not have the same asymptotic trajectory in the past. Let λ > 1
the eigenvalue of L, then T−nJ has total length λ−n|J |, so the trajectory of
x can be fairly close to S+ without having a problem. This discussion leads
naturally to considering the set

Gδ = {x ∈ T2 | dist (T−nx,S+) ≥ λ−nδ}.

On the one hand, it is clear that if x ∈ Gδ, a segment in the unstable
direction of size δ is indeed an unstable manifold. On the other hand,
m(Gδ) ≤ cδ. Thus almost all the points do have an unstable manifold of
some positive size. This it is encouraging, yet it is clearly not sufficient to
perform the Hopf argument. For the time being it suffices to notice that
what we have seen so far implies that the discontinuous Arnold cat has, at
most, countably many ergodic components.

4.4 Flows

All what we have described so far has a rather straightforward generalization
in the case of flows, yet some natural changes are called for.

To appreciate the problem let us consider a flow, on a compact Rieman-
nian manifold, generated by a smooth non-zero vector field V . By definition
d
dtϕ

t|t=0 = V (x) and dϕtV (x) = V (ϕtx), thus λ(x, V (x)) = 0. This is a
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rather general fact: the Lyapunov exponent in a flow, with a nonvanishing
vector field, is zero in the flow direction. The only relevant exception is
constituted by hyperbolic fixed points (think of the unstable equilibrium
point of the pendulum) that, in the previous example, was ruled out by the
assumption that the vector field be non zero. We will consider only such
case.

Consequently a flow is hyperbolic if the tangent space is split in three
transversal subspaces Es, Eu, E0, where E0 is the flow direction and corre-
sponds to a zero Lyapunov exponents.

Oseledec Theorem (Theorem 4.2.1) holds unchanged with the L1 condi-
tion on the cocycle obviously replaced by∫

X
∥ log dϕt∥dµ < ∞.

For a smooth flow coming from a non vanishing vector field Theorem 4.2.2
holds unchanged as well.

4.4.1 Examples

Smooth flows with collisions

Let M be a smooth manifold with piecewise smooth boundary ∂M . We
assume that the manifold M is equipped with a symplectic structure ω.5

Given a smooth function H on M with non vanishing differential we obtain
the non vanishing Hamiltonian vector field F = ∇ωH on M by ω(∇ωH, v) =
dH(v). The vector field F is tangent to the level sets of the Hamiltonian
M c = {z ∈ M |H(z) = c}.

We distinguish in the boundary ∂M the regular part, ∂Mr, consisting
of the points which do not belong to more than one smooth piece of the
boundary and where the vector field F is transversal to the boundary. The
regular part of the boundary is further split into “outgoing” part, ∂M−,
where the vector field F points outside the manifold M and the “incoming”
part, ∂M+, where the vector field is directed inside the manifold. Suppose
that additionally we have a piecewise smooth mapping Γ : ∂M− → ∂M+,
called the collision map. We assume that the mapping Γ preserves the
Hamiltonian, H ◦ Γ = H, and so it can be restricted to each level set of the
Hamiltonian.

We assume that all the integral curves of the vector field F that end (or
begin) in the singular part of the boundary lie in a codimension 1 subman-
ifold of M .

5That is a non–degenerate closed antisymmetric two form.
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We can now define a flow Ψt : M → M , called a flow with collisions,
which is a concatenation of the continuous time dynamics Φt given by the
vector field F , and the collision map Γ. More precisely a trajectory of the
flow with collisions, Ψt(x), x ∈ M , coincides with the trajectory of the flow
Φt until it gets to the boundary of M at time tc(x), the collision time. If
the point on the boundary lies in the singular part then the flow is not
defined for times t > tc(x) (the trajectory “dies” there). Otherwise the
trajectory is continued at the point Γ(Ψtcx) until the next collision time,
i.e., for 0 ≤ t ≤ tc

(
Γ(Ψtc(x)x)

)
Ψtc+tx = ΦtΓΨtcx.

We define a flow with collisions to be symplectic, if for the collision map
Γ restricted to any level set M c of the Hamiltonian we have

Γ∗ω = ω.

More explicitly we assume that for every vectors ξ and η from the tangent
space Tz∂M

c to the boundary of the level set M c we have

ω(DzΓξ,DzΓη) = ω(ξ, η).

We restrict the flow with collisions to one level setM c of the Hamiltonian
and we denote the resulting flow by Ψt

c. This flow is very likely to be badly
discontinuous but we can expect that for a fixed time t the mapping Ψt

c is
piecewise smooth, so that the derivative DΨt

c is well defined except for a
finite union of codimension one submanifolds of M c. We will consider only
such cases.

The symplectic volume ∧dω is clearly invariant for the flow, so will be the
measure µc obtained by restricting the symplectic volume to the manifold
M c. Clearly for such an invariant measure all the trajectories that begin (or
end) in the singular part of the boundary have measure zero. With respect
to the measure µc the flow Ψt

c is a measurable flow in the sense of Definition 2
and we obtain a measurable derivative cocycle DΨt

c : TxM
c → TΨt

cx
M c. We

can define Lyapunov exponents of the flow Ψt
c with respect to the measure

µc, if we assume that6∫
Mc

log+ ∥DxΨ
t
c∥dµc(x) < +∞∫

∂Mc
−

log+ ∥DyΓ∥dµcb(y) < +∞ (4.4.3)

(cf.[57]).

6Here µcb is the restriction of the volume to ∂Mc
−.
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Problems

4.1 Prove that λ(Tx,DxTv) = λ(x, v).

4.2 Prove that λ(x, v+w) ≤ max{λ(x, v), λ(x,w)} and λ(x, αv) = λ(x, v)
for each α ∈ R, if they all exist. (Hint: Just apply the definition of
LE and note that

λ(x, v + w) ≤ lim
n→∞

max{ 1
n
log ∥DxT

nv∥, 1

n
log ∥DxT

nw∥}.
)

4.3 Assuming only that the LE are well defined a.e., prove that, if (X,T, µ)
is ergodic, X is a d dimensional manifold and T a diffeomorphism,
then there exists d numbers {λi} such that the Lyapunov exponents
λ(x, v) ∈ {λi} a.e.. (Hint: For each α ∈ R define Vα(x) := {v ∈
TxX | λ(x, v) ≤ α}. By Problem 4.2 Vα(x) is a linear vector space
and, by Problem 4.1 the distribution Vα is invariant. Then dα(x) :=
dimVα(x) is an invariant function, thus a.e. constant for each α. In
addition, dα is an increasing function of α and can assume only the
values {0, . . . , d}. Thus there are at most s ≤ d {αj} where dα jumps.
But this means that the LE are discrete. In fact, let v ∈ Vα(x)\Vβ(x),
α > β, then for each w ∈ span{v, Vβ(x)} it is easy to compute that
λ(x,w) = λ(x, v) > β, which means: the LE is constant over Vα(x)
apart for lower dimensional subspaces. In addition, we have a flag of
subspaces {Vi}si=0, s ≤ d, such that Vα ∈ {Vi}si=0 for each α ∈ R.
Hence, if Vα ⊃ Vi but Vα ̸⊃ Vi+1 it must be Vα = Vi, thus if v ∈ Vα

but v ̸∈ Vi−1 λ(x, v) = αi where αi = inf{α ∈ R | Vα ⊃ Vi}.)

4.4 Show that, if T is invertible, {λi(x)} is equal a.e. to {−λ−
i (x)} where

{λ−
i (x)} are the LE of (X,T−1, µ).

4.5 Show that

lim
n→∞

1

n
log |det(DxT

n)|

exists almost everywhere. (Hint: Apply BET.)

4.6 Let (X,T, µ) be a Dynamical Systems, X a compact Riemannian
manifold and T a.e. differentiable. Suppose that there exists a one-
dimensional distribution E(x) such that DxTE(x) = E(Tx). Prove,
without using Oseledets theorem, that for each v ∈ E(x) the LE
λ(x, v) is well defined. (Hint: Let v(x) ∈ E(x), ∥v(x)∥ = 1, then
DxTv(x) = α(x)v(Tx) and thus DxT

nv(x) =
∏n

i=1 α(T
ix)v(T ix).

Then the result follows by the BET.)
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4.7 Define a cocycle associated with a flow with collision, which yields all
the Lyapunov exponents, but the one in the flow direction. (Hint: The
derivative of the flow with collisions can also be naturally factored onto
the quotient of the tangent bundle TM c of M c by the vector field F ,
which we denote by T̂M c. Note that for a point z ∈ ∂M c the tangent
to the boundary at z can be naturally identified with the quotient
space. We will again denote the factor of the derivative cocycle by

At(x) : T̂xM
c → T̂Ψt

cx
M c.

We will call it the transversal derivative cocycle. If the derivative cocy-
cle has well defined Lyapunov exponents then the transversal deriva-
tive cocycle has also well defined Lyapunov exponents which coin-
cide with the former ones except that one zero Lyapunov exponent is
skipped.)

The theory of foliations for piecewise continue maps is developed in great
generality in [41].



Chapter 5

Hyperbolicity: how to
establish it

Here, we discuss how to establish hyperbolicity for symplectic maps and
flows. The ideas put forward can also be used for more general systems,
but simpleciticy provides an extra structure that allows the development of
a much richer theory. Since Billiards are Hamiltonian systems, and hence
give rise to symplectic flows and maps, this theory is relevant for Billiards.

The material of this chapter is taken from [74, 52], and the reader is
referred to such articles for the full details. Here I just try to present the
ideas in the simplest possible form.

5.1 Hamiltonian flows and Symplectic structure

Given the matrix 2d× 2d defined by

J =

(
0 1

−1 0

)
Hamilton’s equations can be written as1

ẋ = J∇H(x) (5.1.1)

where x = (q, p). Note that J2 = −1 e JT = −J .2 The matrix J plays a
fundamental role in the Hamiltonian structure. In particular, one can define

1The gradient of a function f ∈ C1(Rd,R) is given by the vector ∇f := (∂xif).
2Note the similarity with the imaginary number i, where the transpose takes the place

of the complex conjugation; this is no accident!

97
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the bilinear form on R2d

ω(v, w) := ⟨v, Jw⟩. (5.1.2)

The form ω is called the symplectic form. A matrix A with the property
ω(Av,Aw) = ω(v, w), for every v, w ∈ R2d, is called symplectic. A transfor-
mation F ∈ C1(R2d,R2d) such that DF (x) is symplectic for every x ∈ R2d

is said to be symplectic transformation.

Lemma 5.1.1 For each Hamiltonian H the Hamiltonian flow ϕt is a sym-
plectic transformation.

Proof. Let Ξ(x, t) = Dϕt, then

Ξ̇(x, t) = JD2H ◦ ϕt(x) · Ξ(x, t)

hence, for each v, w ∈ R2d,

d

dt
ω(Ξv,Ξw) = ω(Ξ̇v,Ξw)+ω(Ξv, Ξ̇w) = ⟨JD2HΞv, JΞw⟩−⟨Ξv,D2HΞw⟩ = 0,

where we used the fact that D2H is a symmetric matrix.3 □

Lemma 5.1.2 The set of symplectic matrices form a group (called Sp(2d,R)).
Furthermore, if L ∈ Sp(2d,R), then LT ∈ Sp(2d,R).

Proof. First note that a matrix is symplectic if and only if LTJL = J .
Then it is trivial to verify that 1 ∈ Sp(2d,R). Furthermore, if L,B ∈
Sp(2d,R), then

(LB)TJLB = BTLTJLB = J,

therefore LB ∈ Sp(2d,R). Moreover, L[−JLTJ ] = 1 shows that L is invert-
ible and L−1 = −JLTJ , furthermore

(L−1)TJL−1 = (−JLTJ)TJL−1 = JLL−1 = J.

Hence L−1 ∈ Sp(2d,R). Finally, if L ∈ Sp(2d,R), then L−1J(LT )−1 = J
which impleis (LT )−1 ∈ Sp(2d,R) and LT ∈ Sp(2d,R). □

Next, we provide a useful decomposition.

3Obviously we are assuming that H ∈ C2 and symmetry follows from Schwartz’s
Lemma.
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Lemma 5.1.3 If L :=

(
a b
c d

)
∈ Sp(2d,R), where a, b, c,d are d × d ma-

trices, and det(a) ̸= 0, then there exist symmetric d× d matrices R,P such
that

L =

(
a 0
0 (a−1)T

)(
1 0
P 1

)(
1 R
0 1

)
, (5.1.3)

Proof. A direct computation shows that L ∈ Sp(2d,R) if and only if

cTa = (aTc)T = aTc ; dTb = (bTd)T = bTd ; aTd− cTb = 1. (5.1.4)

Since a is invertible, we can write

L =

(
a 0
0 (a−1)T

)(
1 R
P H

)
, (5.1.5)

where R = a−1b, P = aTc and H = aTd. Condition (5.1.4) implies

that

(
a 0
0 (a−1)T

)
is symplectic. Then, by Lemma 5.1.2, also the matrix(

1 R
P H

)
must be symplectic. Accordingly, (5.1.4) implies

P T = P ; H = 1+ P TR = 1+ PR.

On the other hand, by Lemma 5.1.2, also the matrix

(
1 P
RT HT

)
is sym-

plectic, hence (5.1.4) implies
RT = R

from which the Lemma follows. □

Note that LTJL = J implies det(L)2 = 1. In fact, since the symplectic
group is connected, the above decomposition implies that det(L) = 1 by
continuity (see Problem 5.8 for a more direct proof of this latter fact).

5.2 Symplectic Poincarè sections and time one
maps

Let τ : R2d → R+ be a piecewise differentiable function and define the map
f(x) = ϕτ(x)(x). Where f is differentiable, we have

Dxf = Dxϕτ + J∇H(ϕτ (x))⊗∇τ.
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We restrict the map f to a constant energy surface ME = {x ∈ R2d :
H(x) = E}. Then, for v ∈ TME we have ⟨∇H, v⟩ = 0. It follows that, for
v, w ∈ TME ,

ω(Dfv,Dfw) =⟨Dϕτv + J∇H(ϕτ (x))⟨∇τ, v⟩, J(Dϕτw + J∇H(ϕτ (x))⟨∇τ, w⟩)⟩
=ω(v, w) + ⟨∇H(ϕτ (x)), Dϕτw⟩⟨∇τ, v⟩

− ⟨Dϕτv,∇H(ϕτ (x))⟩⟨∇τ, w⟩
+ ⟨∇H(ϕτ (x)), J∇H(ϕτ (x))⟩⟨∇τ, v⟩⟨∇τ, w⟩ = ω(v, w).

It is then natural to introduce the equivalence relation v ∼ w is v − w =
λJ∇H for some λ ∈ R. Let Vx = TxME/ ∼ be the vector space formed by
the equivalence classes. Note that

Dxf(v + λJ∇H(x)) = Dxfv + λDxϕτJ∇H(x) + λJ∇H(ϕτ (x))⟨∇τ, J∇H(x)⟩
= Dxfv + λJ∇H(f(x)) [1 + ⟨∇τ, J∇H(x)⟩] .

Hence, the action of Df from TxME to Tf(x)ME quotients naturally in an
action between Vx and Vf(x). On the other hand, for v ∈ Vx we have

ω(J∇H, v) = ⟨∇H, v⟩ = 0.

Thus ω(v+λJ∇H,w+µJ∇H) = ω(v, w), that is we can quotient ω as well
on Vx. It follows that ω induces canonically a symplectic form, which we
still call ω, on each Vx. By the above discussion the d dimensional spaces
W+

1 = {(v, 0) : v ∈ Rd} and W+
2 = {(0, v) : v ∈ Rd} quotient to

d − 1 dimensional spaces Wi in each Vx, moreover ω(w,w′) = 0 for each
w,w′ ∈ W1 or w,w′ ∈ W2 (such subspaces, as we will see briefly, are called
Lagrangian). Next, one can check that it is possible to choose basis {ei} in
W1 and {fi} in W2 such that ω(ei, fj) = δij . Then we can write any vector

a ∈ Vx as a =
∑d−1

i=1 ξiei +
∑d−1

i=1 ηifi and

ω(a, a′) =
∑
i,j

ξiη
′
jω(ei, fj)+ηiξ

′
jω(fi, ej) =

∑
i

ξiη
′
i−ξ′ηi = ⟨(ξ, η), J(ξ′, η′).⟩

That is, in such coordinates, the symplectic form has the standard form
(5.1.2). We can thus identify all the spaces Vx and, in such coordinates,
Df |V is symplectic.

By choosing τ ≡ 1, the map ϕ1 can be seen as a 2d− 2 symplectic map.
Moreover, if Σ is a Poncarè section for the flow, then we can choose τ to be
the first return time and since V is naturally isomorphic to TΣ, again we
have that the Poincarè map f(x) = ϕτ(x)(x) is symplectic.
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5.3 Two dimensions

We are interested in the case L(x) = Dxϕ1, where ϕt is the billiard flow. Of
course, the flow will have a zero Lyapunov exponent (the flow direction).

Definition 14 A symplectic flow is hyperbolic if the only zero Lyapunov
exponent is the one associated with the flow direction. Equivalently, a sym-
plectic flow is hyperbolic if the Poincarè map has no zero Lyapunov exponent.

The problem is to have a tool to establish hyperbolicity. The following
theorem provides a very efficient tool (we do not provide the proof as it is a
special case of Theorem 5.4.2).

Theorem 5.3.1 (Wojtkowski [74]) Let X be a Riemannian manifold, pos-
sibly with boundaries, {C(x) ⊂ TxX : x ∈ X} a family of closed cones
in the tangent space. Let f : X → X and L : X → SL(n,R) as in
Theorem 4.2.1. If for µ almost x ∈ X there exists n(x) ∈ N such that
L(fn(x)−1) · · ·L(x)C(x) ⊂ int(C(fn(x)(x))), then the maximal Lyapunov ex-
ponent is strictly positive.

The above theorem suffices for planar billiards, where there are two Lya-
punov exponents λi and, by volume conservation λ1 = −λ2. For higher
dimensional billiard, it does not control all the Lyapunov exponents. To
achieve this, we have to use more heavily the fact that the Billiards flows
are Hamiltonian, and hence symplectic. In addition, while a two-dimensional
cone is simply a sector, a higher-dimensional cone can have many different
shapes, and it is not obvious what is a natural cone shape.

5.4 Higher dimensions: the symplectic structure

Given a symplectic form ω, which is left invariant by map f : M → M ,
we have a symplectic flow. If T M = R2d, then a d-dimensional subspace
V ⊂ R2d is called Lagrangian if ω|V ≡ 0. Given two transversal Lagrangian
subspaces V1, V2, we can write uniquely v ∈ R2d ad v = v1+v2, with vi ∈ Vi.
we can then define the quadratic function

Q(v) = ω(v1, v2).

This allows us to define special cones with remarkable properties:

C = {v ∈ R2n : Q(v) > 0}. (5.4.6)
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Accordingly, if we specify a field of transversal Lagrangian subspace, we have
the quadratic functions Qx and the cone field Cx.

Obviously, if Qf(x)(dxfv) ≥ Qx(v), then dxfCx ⊂ Cf(x), hence we have
cone invarince. Such maps are called monotone.

If Qf(x)(dxfv) > Qx(v) for all v ̸= 0, then dxf(Cx \ {0}) ⊂ Cf(x), such
maps are called strictly monotone.

Lemma 5.4.1 ([52], Sections 6) A map is monotone if and only if the
cone field is invariant. The same is true for strict monotonicity.

Theorem 5.4.2 ([52] Sections 5, 6, or [51]) If a map is eventually strictly
monotone, then all its Lyapunov exponents are non-zero.

This is proven exactly as Theorem 5.5.1, so we refer to the proof of the
latter.
The above also has a continuous version: a Hamiltonian flow in a 2d + 2
dimensional manifold, is determined by a Hamiltonian

5.4.1 Lagrangian subspaces

By a symplectic change of variables, we can assume that the space is R2d,
the vectors are written as (ξ, η), ξ, η ∈ Rd and the symplecit form is given
by

ω((ξ, η), (η′, η′) = ⟨ξ, η′⟩ − ⟨η, ξ′⟩.

Then, A ∈ GL(2d,R) is sympletc if and only if ω(Av,Aw) = ω(v, w) for all
v, w ∈ R2d. That is if

ATJA = J

J =

(
0 1

−1 0

)
To introduce an appropriate higher dimensional formalism, it is convenient
to discuss briefly Lagrangian subspaces.

Definition 15 A d-dimensional subspace V of R2d is Lagrangian iff

ω(v, w) = 0

for all v, w ∈ V.

Lemma 5.4.3 For each d× d matrix U , the space V = {(v, Uv) : v ∈ Rd}
is Lagrangian iff U is symmetric.
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Proof. Clearly V is d-dimensional. To conclude, it suffices to compute

ω((v, Uv), (w,Uw)) = ⟨v, Uw⟩ − ⟨w,Uv⟩

which is zero only if U is symmetric. □

Let V1, V2 ∈ R2d two transversal Lagrangian subspaces, then, for each v ∈
R2d we can write uniquely v = v1 + v2 with vi ∈ Vi. We then write

Q(v) := ω(v1, v2)

By a symplectic change of variable, we can always reduce the general case
to the case V1 = {(v1, 0) : v1 ∈ Rd} V1 = {(0, v2) : v2 ∈ Rd}. In this case

Q((v1, v2)) = ⟨v1, v2⟩.

We say that a symplectic matrix L is monotone if Q(Lv) ≥ Q(v) for each
v ∈ R2d, and we say that a symplectic matrix L is strictly monotone if
Q(Lv) > Q(v) for each v ∈ R2d \ {0}.

To measure precisely how much the quadric form increases, it is conve-
nient to introduce the cones

C = {v ∈ R2d : Q(v) > 0} ; C = {v ∈ R2d : Q(v) ≥ 0}.

Lemma 5.4.4 A Lagrangian space V belongs to C ∪{0} iff it is of the form
(v, Uv), with U strictly positive.

Proof. If πi(v1, v2) = vi, then π1 : V → Rn is injective. If not, there
exists (v1, v2) ∈ V \ {0} such that v1 = 0. But then Q((v1, v2)) = 0 contrary
to the hypothesis. We can then define U := π2 ◦ π−1

1 : Rn → Rn and
V = {(v, Uv) : v ∈ Rd}. Then, by Lemma 5.4.3 U must be symmetric.
Finally, for v ̸= 0,

0 < Q((v, Uv)) = ⟨v, Uv⟩

hence U is strictly positive. The opposite implication is trivial. □

Lemma 5.4.5 A symplectic matrix L =

(
a b
c d

)
is strictly monotone if

and only if deta ̸= 0 and the matrices R,P in the factorization (5.1.3) are
strictly positive.
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Proof. Indeed, if deta = 0, then there exists ξ ∈ Rd \ {0} such that
aξ = 0, but then

Q(L(ξ, 0)) = ⟨aξ, cξ⟩ = 0 = Q((ξ, 0))

contrary to the hypothesis. We can then apply Lemma 5.1.3 to write(
a 0
0 (a−1)T

)(
1 0
P 1

)(
1 R
0 1

)
(v1, v2) = (a(v1+Rv2), (a

−1)T (Pv1+(1+PR)v2)).

Thus,
Q(L(v1, v2)) = ⟨v1 +Rv2, Pv1 + (1+ PR)v2⟩ (5.4.7)

If v2 = 0, then we have

0 < Q(L(v1, 0)) = ⟨v1, Pv1⟩

hence P is a strictly positive matrix. On the other and, for each µ > 0 and
∥v∥ = 1, we have that

µ < Q(L(v, µv)) = ⟨v + µRv, Pv + µ(1+ PR)v⟩.

We can then chose v to be an eigenvector of R, so Rv = λv. Then we obtain

µ < ⟨(1 + µλ)v, Pv + µ(1+ λP )v⟩ = (1 + λ)µ+ (1 + λµ)2⟨v, Pv⟩

that is
λµ+ (1 + λµ)2⟨v, Pv⟩ > 0.

It follows that it must be λ ≥ 0 otherwise we can choose µ = −λ−1 and
obtain the contradiction −1 > 0. On the other hand, if λ = 0, then

0 < Q(L(0, v)) = ⟨0, v⟩ = 0

which is also impossible. Finally, if det(a) ̸= 0 and the matrices P,R are
strictly positive, then

Q(L(v1, v2)) = ⟨v1, v2⟩+ ⟨v2, Rv2⟩+ ⟨v1 +Rv2, P (v1 +Rv2)⟩ > Q((v1, v2)).

□

The above implies that if L is strictly monotone, then LVi ⊂ C ∪{0}. There
is a useful partial converse of this fact.4

4Note that [52, Proposition 4.8] is false as the example L =

(
1 0
1 1

)(
1 −21
0 1

)
shows.
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Lemma 5.4.6 If LVi ⊂ C ∪ {0} and, for all v ∈ Rd,

ω(L(0, v), ((aT )−1v, 0)) ≥ 0,

then L is strictly monotone.

Proof. First of all, note that

0 < Q(L(v, 0)) = ⟨Q((av, cv)) = ⟨v, cTav⟩.

Since (5.1.4) implies that cTa is a symmetric matrix, it follows that cTa
is strictly positive, hence det(a) ̸= 0. We can then use the decomposition
(5.1.3) which yields the expression (5.4.7) which implies

0 < Q(L(v, 0)) = ⟨v, Pv⟩

which implies that P is a strictly positive matrix. This implies that

Q

((
1 0
P 1

)(
v1
v2

))
= Q((v1, Pv1+v2)) = Q((v1, v2))+⟨v1, Pv1⟩ ≥ Q((v1, v2)).

On the other hand

0 < Q(L(0, v)) = ⟨Rv, (1+ PR)v⟩ = ⟨v, (R+RPR)v⟩,

that is R + RPR is strictly positive matrix. Since R is symmetric it has
d eigenvectors, let w, ∥w∥ = 1, and eigenvector and λ the corresponding
eigenvalue, then

0 < ⟨w, (R+RPR)w⟩ = λ+ λ2⟨w,Pw⟩ = λ(1 + λ⟨w,Pw⟩).

which implies λ ̸= 0. Finally,

0 ≤ ω(L(0, v), ((aT )−1w, 0)) = ⟨aRw, (aT )−1w⟩ = ⟨Rw,w⟩

implies that R is positive and hence strictly positive. The Lemma follows
then from Lemma 5.4.5. □

Let us define

σ(L) = inf
v∈C

√
Q(Lv)

Q(v)
.
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Lemma 5.4.7 If a symplectic matrix L =

(
a b
c d

)
is strictly monotone,

then the eaigenvalues of cTb are all strictly positive and, calling t the mini-
mal such eigenvalue, we have

σ(L) ≥
√
t+

√
1 + t > 1.

Proof. We use the decomposition (5.1.3) and note that the matrix

R =

(
R− 1

2 0

0 R
1
2

)
is a Q-isometry, that is Q(Rv) = Q(v) for all v ∈ R2d. In particular, this

implies that RC = C. Hence, setting L =

(
1 R
P 1+ PR

)
,

inf
v∈C

√
Q(Lv)

Q(v)
= inf

v∈C

√
Q(Lv)
Q(v)

= inf
v∈C

√
Q(RLR−1(Rv))

Q(Rv)
= inf

v∈C

√
Q(RLR−1v)

Q(v)
.

Setting T = R
1
2PR

1
2 , we have

RLR−1 =

(
1 1

T 1+ T

)
=: T

Note that T is a strictly positive matrix; hence, calling ti its eigenvalues and
wi the associated eigenvector, we have ti > 0. In addition, we have

PR(R− 1
2wi) = R− 1

2Twi = tiR
− 1

2wi.

That is, the eigenvalues of T are also the eigenvalues of PR = cTaa−1b =
cTb, where we have used (5.1.5) and the fact that P T = P . To conclude,
we note that, setting v = (v1, v2) and calling t the minimal eigenvalue ot T ,

Q(T v)

Q(v)
=

⟨v1, v2⟩+ ⟨v2, v2⟩+ ⟨(v1 + v2), T (v1 + v2)⟩
⟨v1, v2⟩

≥ 1 +
∥v2∥2 + t∥v1 + v2∥2

⟨v1, v2⟩

= 1 +
(1 + t)∥v1∥2 + 2t⟨v1, v2⟩+ t∥v2∥2

⟨v1, v2⟩

= 1 +
2t⟨v1, v2⟩+ (1 + t)

1
2 t

1
2

[
(1 + t)

1
2 t−

1
2 ∥v1∥2 + (1 + t)−

1
2 t

1
2 ∥v2∥2

]
⟨v1, v2⟩

≥ 1 +
2
[
t+ (1 + t)

1
2 t

1
2

]
⟨v1, v2⟩

⟨v1, v2⟩
=
[√

t+
√
1 + t

]2
.

□
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5.5 Higher dimensions: hyperbolicity

We say that a Hamiltonian flow (M,ϕt) is hyperbolic on a constant
energy surface ME if, when restricted to such a surface, all his Lyponov
exponents, but one (the one in the flow direction), are non-zero. For sim-
plicity, we restrict to the case M ⊂ R2d, but the result holds for general
symplectic manifolds. Also, we require that ME is compact. Let µ be the
Liouville measure normalized so that µ(M) = 1. The goal of this section is
to prove the following theorem:

Theorem 5.5.1 ([74], or see [52] Sections 5, 6, or [51]) If a flow on
ME is eventually strictly monotone, then all its Lyapunov exponents, apart
from the one in the flow direction, are non-zero.

By the results of section 5.2, we can restrict ourselves to a discrete-time
analysis. We will consider the time one map f = ϕ1 with the differential
acting on the quotient space there described; the study of the Poincarè map
being similar. For x ∈ M , le s(x) = min{k : Dfk is strictly monotone}.

By eventually strictly monotone, we mean that, for almost all x ∈ M ,
Dxf is monotone and s(x) < ∞.

Proof of Theorem 5.5.1. Let Am = {x ∈ M : s(x) = m}. For such
m we define the first hyperbolic return time to Am as

nm(x) =

{
0 if x ̸∈ Am

min{k ≥ m : fk(x) ∈ Am} otherwise.

If f is eventually strictly monotone, then
∑∞

m=1 µ(Am) = 1. Hence, there
existsm > 0 such that µ(Am) > 0. Define the return map F (x) = fnm(x)(x),
x ∈ Am. For each n ∈ N let k(x) = min{k ∈ N :

∑k
j=0 nm(F j(x)) ≥ n}.

Then

σ(Dfn) ≥ σ(DFk(x)−1(x)f
nm(Fk(x)−1(x)) · · ·Dxf

nm(x))

≥
k(x)−1∏
j=0

σ(DF j(x)f
nm(F j(x))).

Also, note that, by definition, it must be nm(s) ≥ m. So, by Lemma 5.4.7,
we have, for each y ∈ Am, σ(Dyf

nm(y)) ≥
√
t(x) +

√
1 + t(x) =: eα(x)
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where α(x) > 0. Since α could be unbounded it is convenient to set ᾱ(x) =
min{1, α(x)} and again σ(Dyf

nm(y)) ≥ eᾱ(x). Accordingly,

lim
n→∞

1

n
lnσ(Dxf

n) ≥ lim
n→∞

1

n

k(x)−1∑
j=0

lnσ(DF j(x)f
nm(F j(x)))

≥ lim
n→∞

1

n

k(x)−1∑
j=0

ᾱ(F j(x)) ≥
limk→∞

1
k

∑k−1
j=0 ᾱ(F

j(x))

limk→∞
1
k

∑k
j=0 nm(F j(x))

.

By Birkhoff’s ergodic theorem, the limits exist almost surely and are L1

functions. Hence, the limit can be zero on a positive measure set only if
the numerator is. Also, the points for which the numerator is zero form an
invariant set B ⊂ Am. But if µ(B) > 0, then we can restrict the above
argument to B and we obtain, for almost al x ∈ B, the contradiction

0 =

∫
B

lim
k→∞

1

k

k−1∑
j=0

ᾱ(F j(x)) = lim
k→∞

1

k

k−1∑
j=0

∫
B
ᾱ(F j(x)) =

∫
B
ᾱ(x) > 0.

Accordingly, almost surely,

lim
n→∞

1

n
lnσ(Dxf

n) > 0. (5.5.8)

The above implies that for each v ∈ C we have

lim
n→∞

1

n
ln ∥Dfnv∥ = lim

n→∞

1

2n
ln ∥Dfnv∥2 ≥ lim

n→∞

1

2n
lnQ(Dfnv)

≥ lim
n→∞

1

2n
lnσ(Dfn) > 0.

Since the Lagrangian spaceW = {(w,w)} ⊂ C∪{0}, we have a d-dimensional
subspace with strictly positive Lyapunov exponents. Hence, we have d
strictly positive Lyapunov exponents. Let Vi the spaces in Oseldets’ The-
orem, so that dim(Vi) = i (note that if the spectrum is not simple, there
are many possible choices). Note that for each i ∈ {d + 1, . . . 2d}, there
must be v ∈ Vi, and w ∈ V2d−i+1 such that ω(v, w) ̸= 0; otherwise the
two spaces would be skew orthogonal which is impossible since the sum of
their dimensions is 2d + 1. Then, by continuity, we can find vi ∈ Vi \ Vi−1

and wi ∈ V2d−i+1 \ V2d−i such that ω(vi, wi) ̸= 0. By construction, λi is
the Lyapunov exponent associated to vi ad λ2d−i+1 the Lyapunov exponents
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associated with ŵi. Then

0 = lim
n→∞

1

n
lnω(vi, wi) = lim

n→∞

1

n
lnω(Dfnvi, Dfnwi)

≤ lim
n→∞

1

n
ln ∥Dfnvi∥∥Dfnwi∥ = λi + λ2d−i+1.

On the other hand, by Oseledets Theorem 4.2.1,

0 = lim
n→∞

1

n
ln | ∧d ω(vd+1, . . . v2d, wd+1, . . . , w2d)|

= lim
n→∞

1

n
ln | ∧d ω(Dfnvd+1, . . . Dfnv2d, Dfnwd+1, . . . , Dfnw2d)|

= lim
n→∞

1

n
ln | det(Dfn)| | ∧d ω(vd+1, . . . v2d, wd+1, . . . , w2d)|

=
2d∑
i=1

λi =
d∑

i=1

[λi + λ2d−i+1] ≥ 0

which implies λ2d−i+1 = −λi, hence all the Lyapunov exponents are non
zero. □

Problems

5.1 Construct a strictly invariant cone family for the irrational transla-
tion on T2 (see Examples 2.1.1) and show that it is not measurable.
(Hint: For each trajectory choose a point x. At such a point choose
the standard cone C+, let C−

n = {(v1, v2) ∈ R2 | 1 + 1
n ≤ v2

v1
≤ 2 + 1

n}
and C+

n = {(v1, v2) ∈ R2 | − 2 − 1
n ≤ v2

v1
≤ −1 − 1

n}
c. Then set

C(Tnx) = C+
n and C(T−nx) = C−

n . Such a cone family is strictly mono-
tone by construction (since DxT = 1), yet the system has obviously
zero Lyapunov exponents. Since all the other hypothesis of Theorem
4.2.1 are satisfied, it follows that the above cone family cannot be
measurable.)

5.2 Show that for two dimensional symplectic maps the sum of the Lya-
punov exponent is zero (pairing of the Lyapunov exponents). (Hint:
If ω(v, w) = 1 then 1 = ω(DTnv,DTnw) ∼ ∥DTnv∥∥DTnw∥.)

5.3 Check that inf
v∈C+

√
Q(Lv)
Q(v) = inf

v∈C−

√
Q(L−1v)
Q(v) , remember that C− = (C+)c.

(Hint: see [52, Proposition 6.2])
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5.4 Consider R2 endowed with the scalar product ⟨v, w⟩G := ⟨v,Gw⟩,
where ⟨·, ·⟩ is the standard scalar product and G > 0. Show that
there exists a change of coordinates M : R2 → R2 such that, in the
new coordinates ⟨·, ·⟩G becomes the standard scalar product.

5.5 Consider the cone C defined by the two transversal vectors v1, v2 ∈ R2.
This means that v ∈ R2 belongs to the cone iff v = αv1 + βv2 with
αβ ≥ 0. Show that there is a linear change of coordinatesM : R2 → R2

such that MC = C+ and detM = 1.

5.6 Show that, in a two dimensional area preserving systems, if the LE are
different from zero then there exists and eventually strictly invariant
cone family. (Hint: By Oseledets there exists the unstable distribu-
tions, then construct the cones around it.)

5.7 Prove that if M is the two by two matrix

M =

(
a b
b c

)
,

with a, b, c ∈ Z, then M > 0 iff a, c > 0 and c > b2

a .

5.8 Prove that is L is symplect then detL = 1. (Hint: The determinant of
a matrix is nothing else than the volume of the parallelepiped of sides
(Le1, . . . , Le2d) (where e1, . . . , e2d is the standard orthonormal basis
of R2d). On the other hand the volume form can be written has ∧dω
(since that is a 2d form with the right normalization and the space
of 2d forms is one dimensional). Thus detL = ∧dω(Le1, . . . , Le2d) =
∧dω(e1, . . . , e2d) = 1 where we have used the fact that ω(Lv, Lu) =
ω(v, u). The reader that wants to appreciate the power of the above
geometrical interpretation of the determinant and of the external forms
can try to prove the statement by purely algebraic means.)

5.9 Show that all symplectic Q-isometrys L (that is Q(Lv) = Q(v)) have
the form

L =

(
A 0
0 A∗−1

)
.

(Hint: Start by considering the vector (0, u), U ∈ Rd, clearlyQ((0, u)) =
0 thus Q(L(0, u)) = 0 if L is a Q-isometry. But if

L =

(
A B
C D

)
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it follows ⟨Bu,Du⟩ = 0 for each u ∈ Rd, that is B∗D = 0. The same
argument applied to the vector (u, 0) yields A∗C = 0. Accordingly, by
symplecticity

Q(L(v, u)) =⟨Au+Bv, Cu+Dv⟩ = ⟨u, (A∗D + C∗B)v⟩
=⟨u, (1+ 2C∗B)v⟩

thus Q(L(v, u)) = Q(v, u) iff C∗B = 0 which implies A∗D = 1.)

5.10 Show that if the matrix

L =

(
A B
C D

)
is symplectic then

L−1 =

(
D∗ −B∗

−C∗ A∗

)
5.11 Show that the symplectic matrices form a multiplicative group. (Hint:

Use the definition and the above problems.)

5.12 A symplectic map L is a Q-isometry iff LC = C. (Hint: One direction
is trivial. On the other hand, if LC = C it follows that L maps the
boundary, of C, to the boundary. Accordingly, if ⟨v, u⟩ = 0 it must be

0 = ⟨Av + bu, Cv +Du⟩. (5.5.9)

Choosing in 5.5.9 u = 0 yields A∗C = 0, choosing v = 0 shows that it
must be B∗D = 0. Thus 5.5.9 yields

0 = ⟨u, (A∗D + C∗B)v⟩ = 2⟨u, C∗Bv⟩.

The above equality shows that C∗Bv is parallel to v for each v ∈ Rd,
that is C∗B = α1 for some α ∈ R. If α = 0, then A∗D = 1 and thus
C = 0 which is the wanted result. If α ̸= 0, then B is invertible and
C = αB∗1 . But this implies A = 0 and hence −1 = C∗B = α1, that
is α = −1. Accordingly the matrix would have the form

L =

(
0 B

−B∗−1 0

)
which sends C in its complement, contrary to our requirement.)
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5.13 Show that a strictly monotone symplectic matrix can be put into the
form (

1 1

M 1+M

)
by multiplying it by Q-isometries on the left and on the right.

5.14 Show that all the Lagrangian subspaces transversal to V = {(0, η) ∈
R2d | η ∈ Rd} can be represented as {(ξ, Uξ) ∈ R2d | ξ ∈ Rd} for some
symmetric matrix U . (Hint: Let VU := {(ξ, Uξ) ∈ R2d | ξ ∈ Rd}, then
ω((ξ, Uξ), (ζ, Uζ)) = 0, thus VU is Lagrangian. On the other hand, if
Ṽ is Lagrangian, then it is a d dimensional space. Let {(ξi, ηi)}di=1 be
a base for Ṽ , then ξi ̸= 0 by the transversality assumption and we can
define the matrix U via Uξ := ηi. It is immediate that Ṽ Lagrangian
implies U = U∗.)

5.15 Show that VU := {(ξ, Uξ) ∈ R2d | ξ ∈ Rd}, U = U∗, belongs to the
standard cone iff U ≥ 0.

5.16 Show that given any two transversal lagrangian subspaces V1, V2,
5

there exists a symplectic map L such that LV1 = {(ξ, 0)} and LV2 =
{(0, η)}. (Hint: choose coordinates in which Vi are transversal to
V = {(0, η) ∈ R2d | η ∈ Rd}, then we can write Vi = {(ξ, Uiξ)}. Note
that, since V1 and V2 are transversal, U1−U2 must be invertible. The,
e.g., set D = 1 and B = (U1 − U2)

−1 and check the algebra.)

5.17 Find a symplectic change of coordinates that transforms the standard
form Q into the form Qh defined by:

Qh((x, y)) =
1

2
(⟨x, x⟩ − ⟨y, y⟩),

and draw the associate cone. (Hint: Consider

x = x′−y′√
2

y = x′+y′√
2
.
)

5.18 Hilbert metric for a disc and the half plane–hyperbolic geometry.

5.19 Show that the Perron-Frobenius operator associated to a smooth ex-
panding map of the circle has a spectral gap as an operator on Lip(T2).
(Hint: Check that there exists b ∈ R+ such that the norm

∥h∥ := ∥h∥∞ + b∥h∥Lip
5Recall that two space are transversal iff V1 ∩ V2 = ∅.
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is adapted to the cone. Define V = {h ∈ Lip(T2) |
∫
h = 0}, notice

that LV = V. Then, for each h ∈ V there existsρ ∈ R+ such that
h+ ρh∗ ∈ Cα, so

∥Lnh∥ = ∥Ln(h+ ρh∗)− ρh∗∥ ≤ KΛnρ.

Thus the spectral radius of L|V is less than Λ.)

5.20 Estimate the rate of mixing for Lipschitz functions for a smooth ex-
panding map of the circle (Hint: use the spectral gap of the previous
Problem.)

5.21 Prove that any continuous fraction of the form

1

a1 +
1

a2 + ...

ai > 0 is convergent provided the series
∑∞

n=1 an is divergent. (Hint:
Let

n∏
i=1

(
1 a2(n−i)

0 1

)(
1 0

a2(n−1)+1 1

)(
1
u

)
=

(
βn
αn

)
and verify, by induction, that αn

βn
is exactly the 2n truncation of the

continuous fraction. Thus the continuous fraction is a projective co-
ordinate for the vector (αn, βn). Consider the cone C+ = {(x, y) ∈
R2 | x ≥ 0; y ≥ 0}. Then, for each a, b ∈ R+, holds(

1 a
0 1

)(
1 0
b 1

)
C+ ⊂ C+.

The result follows by computing the Hilbert metric contraction, see
[21, Appendix D] for details on the Hilber metric and its properties.

For a different approach, see [73, Th14.1].)



Chapter 6

Billiards (two dimensional)

Billiards are very widely studied model systems. The study of billiards
has a double parallel history. On the one hand, starting at least with G.
Birkhoff, they are seen as simple examples of dynamical systems and a tool to
understand issues of integrability (billiard in an ellipse, polygonal billiards)
and tool to understand strongly irregular motion (Sinai and Bunimovich
Billiards). We will concentrate on the second class of models here.

In general, billiards consist of a material point confined to some region of
Rn or Tn with piecewise smooth boundaries;1 in the simplest situation such
a point moves with constant velocity until it reaches the boundary, and at
the boundary it undergoes an elastic reflection. Such models include, e.g., a
system of n hard spheres that interacts via elastic collisions (see section 6.4);
the importance of such a system as a basic model in statistical mechanics
can be hardly overestimated.

These systems are conceptually extremely simple, yet they have an un-
pleasant feature: they lack smoothness. As we will see in the following
there are three main type of non-smoothness: a) tangent collisions; b) col-
lision with a corner; c) accumulation of infinitely many collisions in a finite
time. Due to such pathologies these models, in spite of their simplicity, may
present some incredibly annoying complications in their treatment.

Let B be the region in which the point is allowed to move and suppose
that ∂B is a finite union of smooth manifolds with boundary. Clearly, the
motion can be seen as a flow ϕt on the unitary tangent bundle of B (in fact,
given the initial position and the initial velocity the following motion is

1Although one can easily consider billiards in a region of a Riemannian manifold with
piecewise smooth boundaries, in this case the motion in the interior is just the geodesic
flow; see [12] for such a general setting.
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uniquely determined, moreover the modulus of the velocity will be constant
through the motion, so it can be assumed equal to one without loss of
generality).2

It can be checked directly that the flow is symplectic (Hamiltonian) in
X̃ := B×Rn (see problem Problem 6.1). So, calling m the measure induced
by Lebesgue on X ≡ B × {v ∈ Rn | ∥v∥ = 1}, (X, ϕt, m) is a smooth flow
with collisions (crf. Examples 4.4.1).

6.0.1 Examples

Polygonal Billiards

The name is self-explanatory: the domain B is a polygon. The simplest case
is probably a rectangle: B = [0, a] × [0, b] ⊂ R2. Although the notion is
fairly trivial, to study it we will employ a neat trick that has many other
applications. Consider a trajectory x+vt that reaches the wall ℓ1 := {(a, y)}.
The law of reflection states that, if v = (v1, v2), the reflected velocity is
(−v1, v2). Now define the map Ra(x, y) = (2a − x, y). This is a reflection
(R2

a = identity) with respect to the wall {(a, y)}. Remark that RaB =
[a, 2a]× [0, b], moreover DRa(−v1, v2) = v. This means that, in the reflected
box RaB, the reflected velocity is equal to the velocity before reflection.

The above algebraic discussion corresponds to a very intuitive geomet-
rical fact: if the wall is a mirror, then the trajectory in the mirror is the
continuation of the trajectory before collision.

After noticing this it is quite clear that one can understand better the
trajectory in the “universal covering’ of the box obtained be reflecting the
box repeatedly with respect to its walls. In this covering the trajectory is
simply a straight line and the trajectory in the original box is obtained by
undoing the reflections (for the more mathematical inclines let us say that
the plane is covered by equal boxes that are identified via reflections, see
Problem 6.2). It is then obvious that, given the original velocity v only
four velocities are possible: (±v1,±v2). In fact, if we identify the opposite
sides we obtain exactly a flat torus with sides twice as long as the ones of
the original rectangle. In addition, the motion on such a torus corresponds
precisely to the flow at unit speed in direction v. In other words, the motion
is equivalent to rigid translations (geodesic flow) of the associated torus.

Accordingly, the motion is ergodic only if v1b
v2a

is irrational.

2A little thought will convince the reader that two motions with initial velocities that
differ only in modulus will be exactly the same apart from the fact that they are run at
different speeds.
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Circular Billiards

In this case B is a disk of radius r. For convenience, let us center it at
the origin of a Cartesian coordinate frame. Let us consider a point that
has just collided with the boundary at the position rn(θ) := r(cos θ, sin θ),
where θ is the angle with the x axis counted counterclockwise, and has
velocity v(θ−φ) := (− sin(θ−φ), cos(θ−φ)), which means that the velocity
forms an angle φ with the tangent at the collision point. Accordingly, the
trajectory will move along the cord of length 2r sinφ and collide with the
angle π − φ which, after reflection, will be φ again.

This phenomena is nothing else than the conservation of the angular
momentum (for the mechanical inclined) or of the Claroit integral (for the
differential geometers).

All the above implies that, if φ
π ∈ Q, then the motion will be peri-

odic, otherwise the collision point will perform an irrational rotation on the
boundary. In fact, let us choose as coordinates the distance τ form the
last collision point computed along the trajectory; the distance s, computed
along the circumference, of the last collision point from a fixed point on the
circumference; and the angle φ. Then the phase space is

X = {(τ, s, φ) ∈ [0, r]× S1 × [0, π] | 0 ≤ τ ≤ 2r sinφ}

and the flow is noting else than a suspension flow with ceiling function
2r sinφ constructed on the map T defined by

T (s, φ) = (s+ r(π − 2φ), φ).

At the same time the middle point of the cords between two consecutive
collisions will describe an irrational rotation on the circle of radius r cosφ.
This last circle is called caustic; the name derives from optic because if
the trajectory is run by a beam of light that is the place with the highest
luminosity.3 Note that this means that the trajectory under consideration
(if φ/π ̸∈ Q) covers densely a two dimensional torus in the three dimensional
space and it is ergodic restricted to it.

3In ancient Greek caustic (καυστικóζ) means “that burns”. Of course, that would be
an important concept if you want, e.g., burn a Roman ship (to be honest, we do not know
if Archimedes really knew and used burning mirrors against the Romans. Nor if he had
the knowledge to do so, since his work on optic, if ever existed, has been lost. Yet, his
work on conics shows that he was not so far off [2, On the sphere and the cylinder and
Quadrature of the parabola]).
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The above examples correspond to very regular motions (“integrable
motion”) that is exactly the opposite of what we mean to investigate. Un-
fortunately, to progress in the direction we are interested in many more
technical tools are needed. Yet, before going on with general facts and def-
initions, let us anticipate two concrete examples that will be particularly
relevant.

6.1 Sinai Billiard

The simplest example of Sinai billiards (introduced in [69] and studied in
[70]) are given when B ⊂ T2. More precisely, given a disk D, centered at
the origin and with diameter r < 1

2 , let B = T2\D. Calling (x, v) ∈ B× R2

the position and the velocity, respectively, the motion is described by a free
flow

ϕt(x, y) = (x+ vt, v), (6.1.1)

provided ∥x+ vt∥ ≥ r, that is provided the motion does not exist B. When
x ∈ ∂B = ∂D a collision takes place. Of course, at the collision, it must
be ⟨x, v⟩ ≤ 0, the velocity points toward D, otherwise the point would
not have reached the obstacle D but rather would be flowing away from
it. The collision law is, as already said, an elastic collision–namely, the
total energy and the momentum tangential to the collision plane must be
preserved. Thus, calling v− the velocity before collision and v+ the velocity
after collision, we require

∥v+∥ = ∥v−∥ ; ⟨Jx, v−⟩ = ⟨Jx, v+⟩,

where

J =

(
0 −1
1 0

)
,

so that ⟨Jx, x⟩ = 0, that is r−1Jx is a unit vector tangent to the disk and
oriented counterclockwise. This implies:

v+ = v− − 2

r2
⟨x, v−⟩x. (6.1.2)

6.1.1 Flow

From the above discussion, it is clear that (X,ϕt,m) is a smooth flow with
collisions, the only property that needs to be checked is (4.4.3).

Let us call V (x, v) = (v, 0) the vector field generating ϕt. A useful fact
is the following.



118 CHAPTER 6. BILLIARDS (TWO DIMENSIONAL)

�
�
�

�
�

�
�
�
�

θ

�
�
�
�
�
�
�
�
�
�
��

s

φ
"

"
"l

h2θ

r

α

θ = s
r sinφ

α = φ+ θ

Figure 6.1: Collision

Lemma 6.1.1 If w ∈ TξX and ⟨w, V (ξ)⟩ = 0, then ⟨dϕtw, V (ϕt(ξ))⟩ = 0.

Proof. If no collision takes place, then the statement it is obvious by
equation (6.1.1) and since for each w = (w1, w2) ∈ T X it must be ⟨w1, v⟩ = 0
(just differentiate ∥v∥2 = 1). Let us see what happens at collision.

Given the tangent vector w = (w1, w2) at the point ξ ∈ X, we can
consider the curve γ(s) = ξ + ws that generates it (γ′(0) = w). Suppose
that the next collision takes place with an angle φ. If we refer to the Figure
6.1 all we need to compute is the relation between h and l. A bit of geometry
shows that

h = s arctanφ+O(s2); l =
s

cos θ
arctanφ+O(s2) = s arctanφ+O(s2).

Thus, if τ is the collision time of the trajectory starting at ξ and γ̃(s) =
ϕτ+(γ(s)), we have γ̃′(0) = dξϕ

τ+w := w̃, and, calling v+ the velocity after
reflection, ⟨v+, w̃⟩ = 0, which proves the lemma. □

This means that in this case there is a particularly simple way to quotient
out the flow direction: consider only vectors perpendicular to the flow.

6.1.2 Reeb flows

A more general way to understand and contextualize Lemma 6.1.1 is to
realize that billiards are an example of Reeb flow.

Definition 16 Given a 2d+1 dimensional manifold M equipped with a one
form ω such that ω∧ (dω)d ̸= 0 (that is, a contact manifold), we call a Reeb
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flow a flow generated by a vector field V such that

ω(V ) = 1

ω(V, v) = 0 for all tangent vectros v

Let ϕt be the Reb flow, generated by the vector field V .

Lemma 6.1.2 For each t ∈ R we have ϕ∗
tω = ω.

Proof. By Cartan formula, we have

d

dt
(ϕ∗

tω) = LV (ϕ
∗
tω) = d(iV [ϕ

∗
tω]) + iV (d[ϕ

∗
tω])

= d(iV [ϕ
∗
tω]) + iV ([ϕ

∗
tdω]) = d([ϕ∗

t iV ω]) + ([ϕ∗
t iV dω]) = 0

Thus ω is invariant for Dϕt. □

As we want to extend the idea of Reeb flows to piecewise smooth flows,
it is natural to say that a piecewise smooth flow is Reeb is ω(V ) = 1, where
it makes sense and ω(Dϕtw) = ω(w), again where it makes sense.

We can then prove that Billiards are Reeb flows on the constant energy
surface. First of all, note that the energy is just the Kinetic energy, hence
ME = {(q, p) ∈ R2 : ∥p∥2 = 2E} is an invariant surface for the flow.
Note that (δq, δp) ∈ TME iff ⟨δp, p⟩ = 0. We then consider the one form
ω(δq, δp) = 1

2E ⟨p, δq⟩. Note that the vector field V = (p, 0) generates the
flow away from collisions, and ω(V ) = 1. Note that

⟨V, (δq, δp)⟩ = ⟨p, δq⟩ = ω((δq, δp)),

thus being Reeb automatically implies the result in the previous section as
a special case. It remains to check the invariance. If the flow does not
experience collisions, then

Dϕt(δq, δp) = (δq + tδp, δp).

Hence,

ω(Dϕt(δq, δp)) = ⟨p, δq + tδp⟩ = ⟨p, δq⟩ = ω((δq, δp)).

It remains to see what happens at a collision. First of all, note that a curve
with tangent vector (δq, δp) in general consists of trajectories that collide at
different times. We want then to flow each point along the flow direction
the exact amount that makes the curve collide simultaneously. This means
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that the new curve will have the tangent vector (δ̃q, δ̃p) = (δq, δp)+ τV , for
some τ determined by the condtion ⟨δ̃q, q⟩ = 0. Clearly,

ω((δ̃q, δ̃p)) = ω((δq, δp)) + τ.

By (6.1.2) it follows that

δ̃q+ = δ̃q

δ̃p+ = δ̃p− 2

r2

[
⟨δ̃q, p−⟩q + ⟨q, δ̃p⟩q + ⟨q, p−⟩δ̃q

]
.

Thus, using (6.1.2) again,

ω((δ̃q+, δ̃p+)) = ⟨p+, δ̃q+⟩ = ⟨p−, δq+⟩ = ω((δ̃q, δ̃p)).

After the collision, we have to subtract the time shear that we introduced,
and this yields

ω((δq+, δp+)) = ω((δq, δp))

which is the wanted time invariance.

6.1.3 Poincaré map

For many purposes it is useful to view the Sinai billiards as a symplectic
map from a two dimensional domain to itself. Such a reduction is obtained
via a general technique widely used in dynamical system: a Poincaré section
(see 2.2). A Poincaré section consists in introducing some codimension one
manifolds in the phase spaceX and then defining a map from such manifolds
to themselves in such a way that to each point is associated its first return
to the manifolds (if it exists). Let us be more concrete.

Historically the choice of the section to realize a Poincaré map as been
based on ∂B. In our case this consists of the boundary of the disk, that
is a circle. Of course, it is also necessary to specify the velocity. Clearly
there are two possibilities: one can consider velocities just before collision,
which means ⟨x, v⟩ ≤ 0, (this is the Poincaré map from before collision to
before collision) or one can consider the velocity just after collision, meaning
⟨x, v⟩ ≥ 0, (that is the Poincaré map from just after collision to just after
the next collision). The two choices are equivalent, let us make the second.

If we define the velocity by the angle φ between v and the tangent
(directed clockwise) to the disk at the collision point, then the phase space
is M = S1 × [0, π].

We can then define a map T : M → M in the following way: for each
ξ ∈ M, let Tξ be the point just after the next reflection (if such a reflection
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exists). Note that, if no reflections would occur, almost all the trajectories
would fill T2 densely,4 hence T is defined almost everywhere.

It is natural to use as coordinate on the boundary the distance s, com-
puted counterclockwise along the circle, from a given point. If we want to
compute the induced invariant measure on the Poincaré section M, we can
to introduce the change of coordinates Ξ : M× [0, δ] → X defined by

Ξ(s, φ, t) = (rn(sr−1) + v(sr−1 + φ)t, sr−1 + φ− π

2
),

where n(θ) = (cos θ, sin θ), v(θ) = (sin θ,− cos θ). In this coordinates a point
is determined by its collision data (s, φ) and the time t past from the last
collision.

A direct computation shows that

det Ξ =

∣∣∣∣−v(sr−1) + r−1n(sr−1 + φ)t n(sr−1 + φ) v(sr−1 + φ)
r−1 1 0

∣∣∣∣
=

∣∣∣∣−v(sr−1) n(sr−1 + φ) v(sr−1 + φ)
0 1 0

∣∣∣∣
=
∣∣−v(sr−1) v(sr−1 + φ)

∣∣ = sinφ.

So, given a set A ⊂ M, calling Aε = ∪ε
t=0ϕ

tA,

µ(A) :=
1

ε
m(Aε) =

1

ε

∫
Aε

|det(Ξ)|dsdφdt =
∫
A
sinφdsdφ.

Thus dµ = sinφdsdφ and (M, T, µ) is a Dynamical Systems.
It is interesting to notice that µ becomes degenerate for φ ∈ {0, π},

which correspond to tangent collisions. Another annoying feature of the
above choice is that some trajectories never meet the boundary of the disk
(for example consider the initial condition x = (1, 0), v = (0, 1)) and other
will travel an arbitrarily long time before the next collision.5 These facts,
although not catastrophic, may look unpleasant to someone. It is there-
fore relevant to notice that there are several other possible choices for the
Poincaré section, each one with is own advantages and disadvantages. Let
us see a couple of them.

Consider the fundamental domain Q = [−1
2 ,

1
2 ]

2 of T2, choose ∂Q as
the basis of the Poincaré section. Of course, ∂Q is not a smooth manifold
(it consists of four lines). This problem is easily solved by extending the

4Since for almost all velocities v we would have an irrational translation on T2.
5This property is called infinite horizon. We will discuss it further in the sequel.
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concept of Poincaré section to the case in which the section Σ is a finite
(or even countable) union of smooth manifolds; the reader can see that this
generalization is indeed immediate. This section has the advantage of a
simple structure, that there is a maximal time from Σ to itself, yet it does
not solve the problem of the degeneration of the measure. Here, we also have
problems with the trajectories that meet the section at very small angles.

To overcome such a problem one can choose the section Σ × [δ, π − δ] .
It is easy to see that if δ is chosen small enough then the only effect is to
skip at most one crossing of the boundary Σ.

We will keep using the relation between the two dynamical systems
(X, m, ϕt) and (M, µ, T ). In particular it is convenient to define the cone
family on all T X instead that only on T M. We will see that an invariant
cone family on T X induces an invariant cone family on T M.

6.1.4 Singularity manifolds

In this subsection we will study more precisely the singularities of the system
and we will verify that they belong to the general setting developed in 4.3.
We will consider two different Poincaré section to give the reader a more
complete idea of the situation.

Let us start with the classical section just after collision. As already
mentioned, the phase space isM = S1×[0, π]. Clearly, the only singularities
of the map correspond to coordinates where the next collision is a tangent
one. To analyze such a pathology, it is more convenient to look at the billiard
on the universal covering of the torus. In such a covering, the obstacles
will form a lattice and the particles moves along a straight line between
collisions.6

The particle with coordinates (s, φ), just after collision, will move in the
direction v(r−1s+ φ) with unit speed.7 Hence, if C ∈ R2 is the coordinate
of the center of the obstacle with which the next collision will take place,
the condition for a tangent collision reads

rn(r−1s) + tv(r−1s+ φ) = C ± rn(r−1s+ φ). (6.1.3)

Where t = t(s, φ) is the collision time. From (6.1.3) we can immedi-
ately extract two interesting informations multipling it by n(r−1s+ φ) and

6This trick is very similar to the one used at the beginning of the chapter to discuss
rectangular billiards, only now we take advantage of the periodicity of the torus rather
than the invariant properties of the domain with respect to the reflections.

7Remember the convention n(θ) := (cos θ, sin θ) and v(θ) := (sin θ,− cos θ).
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Figure 6.2: Few discontinuity lines in the Poicaré map

v(r−1s+ φ) respectively

⟨C, v(r−1s+ φ)⟩ = t+ r sinφ > 0

F (s, φ) := ⟨C, n(r−1s+ φ)⟩ − r cosφ± r = 0

Taking the derivative of F with respect to φ we get

−r sinφ+ ⟨C, v(r−1s+ φ)⟩ = t > 0,

thus we can apply the implicit function theorem and conclude that the
manifold corresponding to this discontinuity can be represented as the graph
of a function φ(s). In addition,

dφ

ds
= −(

1

r
+

sinφ

t
) < 0. (6.1.4)

Since there are infinitely many obstacles with which the next collision can
take place, there must be countably many discontinuity line (some of them
are schematically represented in figure 6.2)

To analize the preimages of the boundary of the section one can proced
in analogy with what we have done before, equation (6.1.3) in this case
beomes

rn(r−1s) + tv(r−1s+ φ) = C ± rn(r−1s+ φ± δ). (6.1.5)

From (6.1.5) we obtain

dφ

ds
= −(

1

r
+

sinφ

t+ r sin δ
) < 0. (6.1.6)
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Figure 6.3: Bunimovich stadium

Clearly, the map is smooth up to, and including, this type of disconti-
nuity, not so for the tangencies. In fact, it is easy to verify that the map
is continuously crossing a tangency line (see Problem 6.7) but we will see
immediately that it is not differentiable. We will see in section 7.3 (see in
particular fromulae (7.3.1) and (7.3.2)) that if the next collision takes place
with an angle φ ̸∈ [δ, π − δ], then calling τ1 the time up to the tangent
collision and τ2 the time from the tangent collision to the next, we have the
formula

DT =

(
1 + 2τ1

r sinφ
2

r sinφ

τ2(1 +
2τ1

r sinφ) 1 + 2τ2
r sinφ

)
.

Clearly, the norm of DT is bounded by a constant time 1
sinφ (if in doubt

do Problem 6.8). Now, if a point has distance ε from the singularity line, it
will land at a distance

√
ε from the tangency, which means that there exists

a constant ct > 0 such that, calling S the singularity line and ξ the point

| sinφ| ≥ ct
√
d(ξ,S).

This means that the Derivative blows up only as a square root getting close
to the singularity. By similar considerations, it is possible to verify also that
the second derivative blows up polynomially (see Problem 6.9).

6.2 Bunimovich Stadium

These billiards have been introduced [10] and first studied [11] by Buni-
movich. In this case the table of the billiard is a convex subset of R2. The
simplest, and original, one consists in two half circles joined by two straight
lines (see Figure 6.3).

The name “stadium” is due to the shape of the domain B in which
the motion takes place. The only difference is that now the curvature of the
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boundary is either zero (collisions against the straight segments) or negative
(collision against the half circles).

6.2.1 Flow

We have seen that the flow in a square or in a circle is well defined and
rather regular. Clearly the only relevant discontinuity in the Bunimovich
Billiard arise when a trajectory hit the joining between the circumference
and the straight lines.

6.3 Different Tables, different games

Let us start with a bit of classification.

Definition 17 Here are some standard classes of billiards:

• dispersing billiards are billiards with the boundary ∂B of the table is a
finite union of stricly convex manifolds with boundary (this are often
called Sinai billiards as well)

• semi-dispersing billiards are billiards with the boundary ∂B of the table
is a finite union of stricly convex manifolds with boundary

• convex billiards are billiards where the tale B is a convex set.

The remainder of the section is devoted to a more explicit description of
several concrete examples of the above cases.

6.3.1 Dispersing

We have already seen the standard Sinai billiard in section 6.1. In general
several convex obstacles may be present and they are not necessarily dis-
joint. One main issue in this class of billiards is the distinction between
finite and infinite horizon. Finite Horizon means that there is a maximal
time after which a collision must take place, infinite horizon means that
there exists trajectories that never experience a collision.8 The relevance of
such a concept stems from the fact that orbit with no collision have zero
Lyapunov exponents, hence the corresponding billiards cannot be uniformly
hyperbolic.

8Note that the other possibility (all the trajectories experience a collision in finite time,
but there does not exist an upper bound for such a time) cannot take place (see Problem
6.11).
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Infinite Horizon

As already mentioned we have already seen the prototypical example in
this class, yet it may be instructive to analize its properties a bit further.
Consider the Sinai billiard described in section 6.1 and let r1 the radius of
the obstacle. Clearly it is necessary r1 < 1/2 to have no self intersections of
the obstacle. It is also obvious that if r1 < 1/2 then there are trajecotirs that
never collide. Let us study such trajectories a bit more in detail. First of all,
since the sistem has a square simmetry, it is enough to consider trajectories
with velocity in the first half of the first quadrant, i.e. velocities parallel to
the directions (1, ω) with ω ∈ [0, 1].9

Let us consider the motion with no obstacle (a traslation on the torus)
and see if there are trajectories that never enter in the region ∥(x, y)∥ ≤
r1. Clearly such trajetories are trajectories for the billiard systems as well
and precisely the trajecotries that never experince a collision. For such
trajectories it is particularly convenient to consider the poincarè section
determined by the line S : {x = −1/2}. If we look at the motion only
when the particle intersects such a line we have that the corresponding
map is given by Ty = y + ω mod 1, that is a rotation by ω of the circle
(−1/2, 1/2]. If ω ̸∈ Q then the map T is ergodic and this means that the
trajectory will eventually collide. On the contrary, if ω = p/q, p, q ∈ N and
with no common divisors, then all the orbits will be periodic of period q and
it may be possible that some of them never collide.

Notice that a point in S with velocity parallel to (1, ω) will experience be-
fore a collision before meeting S again only if y ∈ [−ω/2−r1

√
1 + ω2, −ω/2+

r1
√
1 + ω2]. On the other hand, since the orbit of the point y has lenght

q and because it is restricted to points of the type y + n/q mod 1, which
are exactly q, it follows that the orbit consists exactly of all such points.
Accordingly, the orbit can avoid only intervals of size less than 1/q. We can
then conclude that there are orbits of the type p/q that never collide if and
only if

2r1

√
1 +

p2

q2
<

1

q
. (6.3.7)

If q = 1 then for p = 0, we have the already know result r1 < 1/2; for p = 1
there can be no collisions only if r1 < 1

2
√
2
. For q ≤ 2 there are always

collisions if r1 > [2
√
5]−1.

9If this it is not clear, read again the discussion of polygonal billiards in section 6.0.1.
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Finite Horizon

The simplest case of Sinai billiard with a finite horizon is obtained by em-
ploying two circular obstacles. We have thus a torus of size one together
with a circular obstacle at the point (0, 0) with radius r1 and a circular
obstacle at the point (1/2, 1/2) with radius r2.

10 Clearly

r1 + r2 <
1√
2

in order for the obstacels not to intersect each other. By the discussion of
the infinite horizon case it follows that we can choose r1 > 1/(2

√
2) and

0 < r2 < 1/
√
2− r1 to have a Sinai billiard with disjoint obstacles and finite

horizon. For example one could choose r1 = 3/7 and r2 = 1/4.
In the following we will need a more in depth undertanding of the above

model. Let us consider a regularized Poincarè section of the type introduced
in section 6.1.4 and discuss the structure of the singularity lines for such a
section.

The first step is to understand multiple consecutive tangencies. Let us
start with a double tangency, the first of which is with the central obstacle.
By simmetry, one can limit the analysis to the case in which the second
takes place with the upper right copy of the obstacle. The position of the
particle at time t is given by r1n(θ) + v(θ)t, where n(θ) = (cos θ, sin θ) and
v(θ) = (sin θ,− cos θ), so we have the next two equations

∥r1n(θ) + v(θ)t− p∥ = r2

⟨r1n(θ) + v(θ)t− p, v(θ)⟩ = 0,

where p = (1/2, 1/2) are the coordiantes of the center of teh second obstacle
(of course we are working in the universal covering). The first equation
determine the value of t for which the second collision takes place while the
second impose that the collision is tangent. Solving the above equations
yields

1√
2
cos
(π
4
− θ
)
= ⟨n(θ), p⟩ = r1 ± r2.

Accordingly we have four solutions: π
4 − θ = ±(cos−1

√
2(r1 ± r2)). In

fact, only two are really relevant since the other two are obtained by sim-
metry around the line joining the two centers. It remains to check that
the above tajectories do not intersect any other obstacle between the two

10Remember that the coordinates are in the universal covering of the torus and that
the points (1/2,−1/2), (1/2, 1/2), (−1/2, 1/2), (−1/2,−1/2) are identified.
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tangencies. In fact, it turns out that the trajectories of the type π
4 − θ =

±(cos−1
√
2(r1 − r2)) have a tangent collision with the central scatterer be-

fore colliding with the corner one. It is then easy to see that there can be at
most four consecutive tangencies after that the next collision will take place
with an angle of more than 70 degree.

6.4 A gas with two particles

We have already mentioned that the motions of several discs or balls that
collide elastically among themselves are an example of billiards. The study
of such models goes back at least to Boltzmann, who proposed studying the
properties of a gas, imagining that it consists of balls colliding elastically.

We start by looking at the simplest possible case.

A two dimensional gas of particles in a box

The (seemingly ridiculous) simplest case is a gas of two particles in two
dimensions. For simplicity, let us consider two particles of radius r < 1

2 in
a torus of size one. Let x1, x2 ∈ T2 be the coordinate of the center of the
disks, the velocity changes at collision according to the law

{
v+1 = v−1 − ⟨n, v−2 − v−1 ⟩n

v+2 = v−2 + ⟨n, v−2 − v−1 ⟩n
(6.4.8)
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where n is a unit vector in the direction x2 − x1.
11

Here, there are three integrals of motion: the energy E = 1
2(∥v1∥

2 +
∥v2∥2) and the total momentum P = v1+ v2. Thus, if we want to obtain an
ergodic system, we have to reduce the system. We will then consider that
phase spaces

XE,P =

{
(x1, x2, v1, v2) ∈ T4 × R4

∣∣∣ 1
2
(∥v1∥2 + ∥v2∥2) = E; v1 + v2 = P

}
.

Since, in the velocity space, the previous conditions correspond to the
intersection between the surface of a four-dimensional sphere (S3) and a
two-dimensional linear space, the velocity vectors (v1 + v2) are contained in
a one-dimensional circle. Thus, topologically, XE,P = T4 × S1.12 It is then
natural to choose an angle θ as coordinate on S1, moreover, since

2E = ∥v1∥2 + ∥v2∥2 =
1

2
∥v1 − v2∥2 +

1

2
∥P∥2,

it is hard to resist setting v2 − v1 = v(θ).13 Hence,{
v1 =

1
2(P − v(θ))

v2 =
1
2(P + v(θ)).

The free motion is then given by{
x1(t) = x1(0) +

1
2(P − v(θ))t

x2(t) = x2(0) +
1
2(P + v(θ))t.

Accordingly,{
x1(t) + x2(t) = x1(0) + x2(0) + Pt mod 1

x2(t)− x1(t) = x2(0)− x1(0) + v(θ)t mod 1.

It is then clear the need to introduce the two new variables Q = x1 + x2
and ξ = x2−x1. The variable Q performs a translation on the torus, such a
motions are completely understood, and we can then disregard it. The only
relevant motion is the one in the variables (ξ, θ). The reduced phase space
is then B × S1 where B = T2\{∥ξ∥ ≤ 2r}, that is, the torus minus a disk of
radius 2r. The domain B is represented in the next Figure and, apart from
the different choices of the fundamental domain, it corresponds exactly to
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The Siani billiard B

Figure 6.4: Sinai Billiard with infinite horizon

the simplest Sinai billiard. The free motion corresponds to the free motion
of a point as well, while at collision, from (6.4.8), we have

v(θ+) = v(θ−)− 2
〈 ξ

2r
, v(θ−)

〉
v(θ−)

that is exactly the elastic reflection from the disk!

It is then natural to consider the general problem of a particle moving
in a region with reflecting boundary conditions. Let B ⊂ Rd (or B ⊂ Td)
be the region and suppose that the boundary ∂B is made of finitely many
smooth manifolds. Calling (x, v) ∈ B × Rd the position and the velocity,
respectively, the motion inside B is described by a free flow

ϕt(x, v) = (x+ vt, v), (6.4.9)

When x ∈ ∂B, a collision takes place. If n ∈ Rd, ∥n∥ = 1, is the normal
to ∂B at x, then, calling v− and v+ the velocities before and after collision,
respectively, the elastic collision is described by

v+ = v− − 2⟨v−, n⟩n.
11To be precise x2−x1 has no meaning since T2 it is not a linear space. Yet, at collision,

the distance between the two disks is 2r, so the global structure of T2 is irrelevant, and
we can safely confuse it with a piece of R2.

12Of course, we are considering only the cases E ̸= 0.
13As usual v(θ) = (sin θ, cos θ).
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Remark 6.4.1 Here, I will provide a few ideas on billiards and hyperbolic-
ity. This should allow the reader to be able to easily takle a more complete
account of the theory (in particular [17]).

6.5 Some Billiard tables

In the two-dimensional case, there are many possible billiards tables
that have been studied. The two most famous are the Sinai Billiard and the
Bunimovich Stadium.

Sinai Billiard with finite horizon

Bunimovich stadium

Further interesting billiard tables can be found in [75, 14, 17] and refer-
ences therein.
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Problems

6.1 Check that the maps ϕt generated by a billiard flow are symplectic.
(Hint: It is obvious for the free flow, but it remains to be checked for
the reflections. This can be done by using formulae like (7.3.3)).

6.2 Given a rectangular box B, with its sides labeled by {1, 2, 3, 4} and let
Ri(B) be the reflection with respect to the side i of the box B.14 Let
R0 be the identity. Consider G = ∪∞

n=0{0, 1, 2, 3, 4}n, if g ∈ G then we
define Rg(B) = Rg1(· · ·Rg−n(B) · · · ) and, for each gi ∈ {0, 1, 2, 3, 4},
i ∈ {1, 2}, g = g2 ◦ g1 ∈ {0, 1, 2, 3, 4}n1+n2 , is defined by gk = g1k
for k ≤ n1 and gk = g2n−k, for k > n1. Verify that Rg2(Rg1(B)) =
Rg(B). Introduce the equivalence relation g1 ∼ g2 iff Rg1(B) = Rg2(B).
Let G̃ be the collection of the equivalence classes. Verify the G̃ is a
commutative group with respect to the operation ◦. (hint: Note that
the geometrical meaning is simply that the final position of the box
after a certain number of reflections does not depend on the order of
the reflections. Clearly, it suffices to check such a property for two
reflections.)

6.3 Study the motion in a triangular billiard when the angles defining the
triangle are all rational multiples of π. (Hint: use reflections again)

6.4 Study the motion in an elliptical billiard. (Hint: Verify that there
exists an integral of motion.)

6.5 Verify that the caustics correspond to a two dimensional torus.

6.6 Find a change of variable that transforms the symplectic form in a
regularized boundary section in the standard symplectic form.

6.7 Verify that, in a regularized boundary section, the map is continuous
across a singularity line corresponding to a tangency.

6.8 Prove that, given an n × n matrix A the norm ∥A∥ := supv∈Rn
∥Av∥
∥v∥

where ∥v∥ :=
√∑

n v
2
n satisfies

∥A∥ ≤ constantmax
ij

|Ai,j |

and compute explicitely the optimal constant.

14The labels attached to the sides of the reflected boxes are the ones obtained naturally
from the old ones.
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6.9 Determine the rate at which the second derivative explode as one gets
near a tangency singularity in the Sinai billiard with one circular ob-
stacle in the torus.

6.10 Compute the number of collisions in a convex angle.

6.11 Show that in a Sinai billiard on T2 for which there exist trajectories
that spend an arbitrarily long time without colliding, there must exist
trajectories that never collide. (Hint: some continuity...)

6.12 Study two disks with different masses.

6.13 Prove that the Poincarè map for the Sinai billiard is piecewise Hölder
of Hölder exponent 1

2 .



Chapter 7

Billiards (higher dimensions)

Let B ⊂ Rd1 × Td2 , d1 + d2 = d ≥ 2,1 be the region in which the point is
allowed to move and suppose that ∂B is a finite union of smooth manifolds
with boundary M := {Mi}K∗

i=1. We assume that the elements of M are
pairwise transversal and their intersections consists of finitely many smooth
submanifolds. Since the energy is conserved, the motion can be seen, by
possibly rescaling time, as a flow ϕt on the unitary tangent bundle of T1B,
that is B × Sd−1, where Sd−1 = {v ∈ Rd : ∥v∥ = 1}. For q ∈ Mi let
ni(q) be the unitary normal to Mi pointing toward the interior of B. Then,
calling (q, p) ∈ T1B the coordinates of the point, a collision happens at time
t if q(t) ∈ Mi and ⟨p(t), n(q(t))⟩ ≤ 0. Using q(t+), p(t+)) for the coordinates
just after the collision we can write

q(t+) = q(t)

p(t+) = p(t)− 2⟨p(t), ni(q(t))⟩ni(q(t)).

While, in between collisions, the flow is given by

(q(t+ s), p(t+ s)) = (q(t) + sp(t), p(t)).

We call ϕt the above flow. Note ϕt is not defined at x = (q, p) if q ∈ Mi∩Mj ,
for some i ̸= j. Let

Sn = {(q, p) ∈ T1B : ∃ {ki}ni=1, i ̸= j → ki ̸= kj such that q ∈ ∩n
i=1Mki}.

It is then natural to define

S∗ = {x ∈ T1B : ∃ τ ∈ R such that ϕτ (x) ∈ S0}.
1We use the convention Rd1 × Td2 = Rd if d2 = 0 and Rd1 × Td2 = Td if d1 = 0.

134



135

Remark 7.0.1 In the following, we always assume that B has a finite Lebesgue
measure.

Lemma 7.0.2 Let m be the product of the (normalized) Lebesgue measure
on B times the Haar measure on Sd−1, then m(S∗) = 0 and m is invariant
by the billiard flow.

Proof. Note that m(S0) = 0, by the transversality of the manifolds in
M. Then . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . □

Let K be the curvature of the manifolds in M. We assume that the
billiard is dispersing, that is, K ≥ 0 and the complement is locally convex.

Lemma 7.0.3 Assume B to be compact. There exists C(B) ∈ N such that
the billiard flow can have at most C(B) ∈ N collisions per unit time.

Proof. By the transversality asumption there exists η ∈ C0(∂B, Sd−1)
such that ⟨η(q), ni(q)⟩ > 0 for each i such that q ∈ Mi. By compactness
there exists β > 0 such that ⟨η(q), ni⟩ ≥ β for all q ∈ ∂B.
Let Sn(ε) = {q ∈ B : Bε(q) ∩ Sn ̸= ∅}.2 Fix ε > 0 small enough and a > 1
large enough so that for each q ∈ Sm, the set Bamε(q)∩{Sm \ ∪n>mSn(a

nε)}
is connected. This is possible since, by transversality, the distance between
the manifolds that intersect at a point of Sl grows at least linearly with the
distance from Sl. Next, we consider a covering B of B by balls of radius ε. If
q ̸∈ S1(ε), then it will flow for a time ε before it can experience a collision. If
q ∈ Sm(amε)\∪n>mSn(a

nε), then there exists q̄ ∈ Sm such that q ∈ Bamε(q̄)
and Bamε(q̄) ∩ Sm is connected. Let ni = n(q̄) be the unit normal to Mi at
q̄, without loss of generality, we can assume that the manifolds meeting at q̄
are {M1, . . . ,Mm}. If q ̸∈ Bam−1ε(q̄) then the particle must experience a free
flight of at least cε, for some c > 0, either before or after the first collision.
Otherwise,the particle cannot have more than ε−2 collisions before existing
Bamε(q̄). Suppose otherwise and let {Mi1 , . . . ,Mik} be the walls with which
the first ε−1 collisions take place. If ⟨p, nij ⟩ ≤ Aε for all j ∈ {1, . . . , k}, then

let M∗ = Sm ∩ Bam−1ε(q̄). By hypothesis, M∗ is a manifold, let κ ∈ N
be its dimension. Then there exists a κ + 1-dimensional linear subspace P
such that P ∩Bam−1ε(q̄) ⊂ B.

. . . . . . . . . . . . . . . . . . . . . . . . . . . Boh, must think . . . . . . . . . . . . . . . . . . . . . . . . . . .

□

2We use the notation Br(q) = {z ∈ B : d(z, q) < r}.
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7.1 Poincarè map

Let us consider a collision between two boundary manifolds M1,M2. That
is, a trajectory between (q, p) ∈ T1M1 and (q̄, p̄) ∈ T1M2. Let (Ui, ϕi) be a
chart in Mi such that ϕ1(q) = 0 = ϕ2(q̄). Let γi = ϕ−1

i , then

γ2(0) = γ1(0) + pτ0

for some function τ0 ∈ R+. Let n(s) the unit normal to M1 at γ1(s) and
n̄(s̄) the unit normal to M2 at γ2(s̄). For nearby points the map T , from
just after collision to just after the next collision (s̄, p̄) = T (s, p) is defiend
by

γ2(s̄) = γ1(s) + pτ(s, p)

p̄ = p− 2⟨p, n̄(s̄)⟩n̄(s̄)
cosφ = ⟨p, n(s)⟩
cosφ1 = ⟨p̄, n̄(s̄)⟩ = −⟨p, n̄(s̄)⟩.

Differentiating and setting p = cosφn(s) + sinφη, where ⟨η, n(s)⟩ = 0,
∥η∥ = 1, we obtain

sinφ1∂φφ1 = ∂φ⟨p, n̄(s1)⟩ = − sinφ⟨n(s), n̄(s̄)⟩
sinφ1∂sφ1 = cosφ⟨K∂sγ, n̄(s̄)⟩+ ⟨p, K̄(s̄)∂s̄γ2(s̄)⟩∂ss̄
∂s̄γ2(s̄)∂ss̄ = ∂sγ + cosφK(s)∂sγτ + p∂sτ

. next we multiply the last by a vector orthogonal to p as in CM page 34 .

7.2 The n particle gas in Td

Let us briefly discuss the case of n particles in Td.
. . . . . . . . . . . . . . . . . . show that it fits in the above class . . . . . . . . . . . . . . . . . .
Two new possible issues arise

a) the collision of more than two balls

b) the possibility of infinitely many collisions in finite time

If (a) happens, then it is not clear how to continue the dynamics. Hence,
we must consider them as a singularity of the map in the same way we
have done for tangent collisions. If m balls collide at the same time, then
we have a codimension m − 1 singularity, thus for m = 3, we have the
same codimension as tangent collisions, while for m > 3, the codimension is
higher. The situation (b) instead cannot happen, although the proof is not
straightforward, see [15].
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7.3 Collision map and Jacobi fields

To compute, in general, the collision map it is helpful to introduce appropri-
ate coordinates in T X. A very interesting choice is constitute by the Jacobi
fields.3 Let X− be the set of configurations just before collision. For each
(x, v) ∈ X\X− there exists δ > 0 such that

ϕt(x, v) = (x+ vt, v) 0 ≤ t ≤ δ.

Let us consider the curve in X

ξ(ε) = (x(ε), v(ε)),

with ξ(0) = (x, v) and ∥v(ε)∥ = 1.
For each t such that ϕt(ξ(0)) ̸∈ X−, let

ξ(ε, t) = (x(ε, t), v(ε, t)) = ϕt(ξ(ε)).

The Jacobi field J(t) is defined by

J(t) ≡ ∂x

∂ε

∣∣∣∣
ε=0

.

Note that, since x(0, t) ̸∈ X−, for s < δ

ξ(ε, t+ s) = ξ(ε, t) + (v(ε, t)s, 0),

so

J ′(t) =
dJ(t)

dt
=

∂v(ε, t)

∂ε

∣∣∣∣
ε=0

.

That is, (J(t), J ′(t)) = dϕtξ
′(0).

At each point ξ = (x, v) ∈ X we choose the following base for TξX:4

η0 = (v, 0); η1 = (v⊥, 0); η2 = (0, v⊥);

where ∥v⊥∥ = 1, ⟨v, v⊥⟩ = 0.

3The Jacobi Fields are a widely used instrument in Riemannian geometry (see [26])
and have an important rôle in the study of Geodetic flows, although we will not insists on
this aspect at present. Here they appear in a very simple form.

4Here v⊥ = Jv with

J =

(
0 1
−1 0

)
.
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Figure 7.1: Collision

The vector η0 corresponds to a family of trajectories along the flow direc-
tion, and it is clearly invariant; η1 to a family of parallel trajectories and η2
to a family of trajectories just after focusing. It is very useful the following
graphic representation. We represent a tangent vector by drawing a curve
that is tangent to it. A curve in T X is given by a base curve that describes
the variation of the x coordinate equipped with a direction at each point
(specified by an arrow), which shows how the velocity varies (see Figure
7.1).

A direct check shows that each vector η perpendicular to the flow direc-
tion will stay so (see Lemma 6.1.1), i.e.

⟨dϕtη, (vt, 0)⟩ = ⟨dϕtη, dϕt(v, 0)⟩ = ⟨η, (v, 0)⟩ = 0.

So the free flow is described by

dϕtη0 = η0; dϕtη1 = η1; dϕtη2 = η2 + tη1,

that is, in the above coordinates

dϕt =

1 0 0
0 1 0
0 t 1

 . (7.3.1)

Let us see now what happens at a collision.
Let x0 ∈ ∂B be the collision point and let ξc = (x0, v) be the configu-

ration at the collision. We want to compute Rε := dϕ−εξcϕ
2ε, that is the

tangent map from just before to just after the collision. Clearly Rεη0 = η0.
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From the Figure 7.1 follows that, if γ(s) is the curve associated to η1 at the
point ϕ−εξc,

dϕ2εγ(s) =

(
v⊥+

[
s+ ε

2s

r sinφ

]
,

2s

r sinφ

)
+O(s2)

where r is the radius of the osculating circle (that is the circle tangent to the
boundary up to second order) which is the inverse of the curvature K(x0)
of the boundary at the collision point.

The above equation means that

J(ε) = (1 +
2εK(x0)

sinφ
)v⊥+.

Accordingly, calling R = limε→0Rε the collision map, we have

Rη1 = η1 +
2K

sinφ
η2; Rη2 = η2.

Hence,

DR =

1 0 0

0 1 2K
sinφ

0 0 1

 . (7.3.2)

The above computations provide the following formula for the derivative
of the Poincaré section from the boundary of the obstacle, just after the
collision, to the boundary of the obstacle just after the next collision

DT =

(
1 2K

sinφ

τ 1 + 2τK
sinφ

)
, (7.3.3)

where τ is the flying time between the two collisions and φ the collision
angle. Formula (7.3.3) is sometimes called Benettin formula (e.g., [41]).

7.3.1 An alternative derivation

Let us see how we can do the above computation in dimension d ≥ 2 for
a particle that collies against a sphere. The phase space is M = {(q, p) ∈
Td × Rd : ∥q∥ ≥ r , ∥p∥ = 1}. Then a vector (δq, δp) ∈ R2d is an element
of TM only if ⟨p, δp⟩ = 0. When there are no collisions, the tangent vector
evolves a

δp(t) = δp(0)

δq(t) = δq(0) + tδp(0).
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To study what happens at collision, consider the case ∥q∥ = r and ⟨q, p⟩ < 0,
that is, the particle just before the collision. To compute what happens at
the collision, we proceed as in section 6.1.2. We shift the vector along the
flow direction so as to have a vector tangent to the sphere, that is a vector
that represents an infinitesimal family of trajectories that collide all at the
same time. That is, we look for τ ∈ R such that (δ̃q, δ̃p) = (δq + τp, δp) is
such that ⟨δq + τp, q⟩ = 0. Hence

τ = −⟨δq, q⟩
⟨p, q⟩

.

To such a vector we can apply the derivative of the collision map (6.1.2)

δ̃q
+
= δ̃q

δ̃p
+
= δ̃p− 2r−2⟨δ̃p, q⟩q − 2r−2⟨p, δ̃q⟩q − 2r−2⟨p, q⟩δ̃q

To conclude we have to shift back along the flow direction to determine the
evolution of the original vector:

δq+ = δ̃q
+
− τp+

δp+ = δp− 2r−2⟨δp, q⟩q − 2r−2⟨p, δ̃q⟩q − 2r−2⟨p, q⟩δ̃q.

As we have already seen in section 6.1.2 we have ⟨δq+, p+⟩ = ⟨δq, p⟩. We
can then quotient along the flow direction, which is equivalent to considering
only vectors such that ⟨δq, p⟩ = 0.

To connect with the previous section, let us consider the case d = 2. Then
we have the natural base η2 = (p⊥, 0) and η3 = (0, p⊥) where ⟨p⊥, p⟩ = 0
and ∥p⊥∥ = 1. Then η3 is mapped into η3 and η2 into η2 + ∥δp+∥η3. Since

⟨δ̃q, q⟩ = 0, ⟨δq, p⟩ = 0 we have ∥δq∥2 = 1 + cos2 φ
sin2 φ

= 1
sin2 φ

and

∥δp+∥2 = 4r−2⟨p, δ̃q⟩2 + 4r−4⟨p, q⟩2∥δ̃q∥2

= 4r−2 cos
2 φ

sin2 φ
+ 4r−2 =

4

r2 sin2 φ
.

which agrees with (7.3.2).
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Hyperbolicity of Billiards

The issue of establishing hyperbolicity for billiards is a vast subject. Let us
start with the basic examples.

8.1 Hyperbolicity of Sinai Billiard

As an example let us consider the Sinai Billiard depicted in Figure 6.4. Note
that the system cannot be uniformly hyperbolic since there are trajectories
that never hit the obstacle, and hence have clearly zero Lyapunov exponents.
We define a cone family in the plane perpendicular to the flow direction
(v, 0), that is in the plane η1, η2, this plane is naturally isomorphic to the
tangent space of M (just project along the flow direction) in each non-
tangent point.

In the case in which no collision takes place, we have seen that the
parallel family η1 stays parallel, while the most divergent family (the vector
η2) becomes less divergent (a linear combination of η1 and η2 with positive
coefficients). This means that the first quadrant (in the ηi coordinates goes
into itself but the η1 side stays put). Let us study what happens at a
reflection. Any divergent family of trajectories will be divergent after the
collision, and in particular, the parallel family will be strictly divergent. To
be more precise the η2 family will go into itself from just before to just after
the collision, while the parallel one will be strictly divergent. Again the
cone goes strictly inside itself but one side (the η2 one this time) stays put.
Nevertheless, the combination of free motion and reflection clearly sends the
cone strictly inside itself.

Note that if a trajectory has a velocity with components with irrational
ratios, then the flow without the obstacle is ergodic. This means that it
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is impossible that the trajectory does not hit the obstacle. Since the set
of trajectories with velocities having components with rational ratios are of
zero measure, it follows that almost all trajectories experience a collision.
Hence, the billiard cocycle is eventually strictly monotone, and Wojtkowski’s
theorem applies. Accordingly, all the Lyapunov exponents are different from
zero almost everywhere for the dynamical system (M, T, m).

8.2 Hyperbolicity of Bunimovich stadium

The näıve understanding of the previous example is that the obstacle acts
as a defocusing mirror and thus makes the trajectories diverge, whereby cre-
ating instability. This idea was already present in Krylov work [44] and was
considered the natural mechanism producing hyperbolicity. With this point
of view in mind it seems that a table with convex boundaries (in which par-
allel trajectories are focused after reflections) is unlikely to yield hyperbolic
behavior. This impression can be only confirmed by the presence of caustics
in smooth convex billiards [48]. It came then as a surprise the discovery by
Bunimovich that perturbations of the circle1 could be hyperbolic.

The main intuition behind it is that, although the trajectories after re-
flection maybe focusing, after some time, they focus and then become di-
vergent, so if there is enough time between two consecutive collisions, we
can have divergent families going into divergent families, again (provided
we look at the right place). Another equivalent point of view is that the
instability is measured not just by the change in position but also, by the
change in velocity, from this point of view, a very strong convergence is not
so different from a strong divergence.

To find a new invariant family of cones, let us consider first a circular
billiard. The collision angle is a conserved quantity of the motion. It is
then natural to consider, at each point in phase space, the tangent vector
η3 associated to a family of trajectories that, at the next collision with one
of the two half circles, will have the same collision angle.

We have defined η3 in geometrical terms, clearly its expression in terms
of η1 and η2 changes from point to point. Yet, there are special points (the
middle of the cord between two consecutive collision with the same half-
circle) in which η3 coincides with η2 (this is seen immediately by geometric
considerations).

Clearly, in a sequence of collisions with the same circumference the vector

1Clearly non smooth perturbations such as the stadium, otherwise the KAM theorem
would apply, see [31].
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η3 is invariant. Also, from the above considerations follows that before
collisions η3 corresponds to a diverging family, while immediately after a
collision it corresponds to a convergent family.

What happens to the parallel family η1? Since divergent families be-
comes convergent it is obvious that the parallel family, after reflection, be-
comes even more convergent. Hence, it will focus before the middle point
to the next collision (the point where the family η3 focuses).

The previous considerations suggest to consider the cone C(x, v) = {ξ ∈
T M | αη1 + βη3 with αβ ≥ 0}.

Hence, for a trajectory that collides only with a half circle the cone just
defined is invariant but not strictly invariant. Since this would be true also
for a billiard inside a circle it is clearly not sufficient (the billiard inside a
circle has zero Lyapunov exponents, since, as we have already remarked, the
motion is integrable).

Let us go back to the Bunimovich stadium. Clearly, it will behave as a
circular billiard for trajectories colliding only with a half circle. So we need
to see what happens if a trajectory goes from one circumference to the other
(which will happen with probability one). In this case, the infinitesimal
motion is the same that would happen if the straight line would be not
present. In fact, if we reflect the billiard table along the straight lines we
can imagine that the motion proceeds in a straight line.

Hence the family η3 will first focus and than diverge for a longer time
(and so get closer to the parallel family) than would happen if the collision
would be in the same circle. This is exactly what we need to get strict
invariance of the cone family.

In conclusion the cone family is strictly invariant each time that the
trajectory goes from one half circle to the other. Since this happens almost
surely, again we have proven hyperbolicity of the system.

It is interesting to notice that the cone family coincide with the one used
in the Sinai Billiard (divergent trajectories) if one looks at it at the right
point: the point laying in the intersection between the trajectory before
collision and the circle of radius r/2 (if r is the radius of the half-circles
forming the table) tangent to the the boundary at the next collision with a
half-circle (but nowhere else).2

2If the last collision was with a flat wall, then the point is obtained by reflecting
the billiard so the trajectory backward looks straight, determining the point and then
reflecting back to find the real point on the trajectory.
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Problems

8.1 Let

Li =

(
1 0
ti 1

)
and Ri =

(
1 ki
0 1

)
,

for each u ∈ R+ write

n∏
i=0

RiLi

(
1
u

)
= λn

(
1
un

)
.

Show that

un = kn +
1

tn +
1

kn−1 +
1

tn−1 + .. .
+

1

t1 +
1

k1 +
1
u

And find conditions for the convergence of the continuous fraction.
(Hint: see Problem 5.21)



Chapter 9

Hyperbolicity of hard
spheres

For hard balls or radius 1
2 , and mass one, in dimension d, the flow is given

by ϕt(q, p) = q + tp if no collision occurs. If the ball i collides with the
ball j, then let p−i , p

−
j and p+i , p

+
j be the velocities just before and after

the collision, respectively. Note that for the balls to collide is must be that
before the collision

0 >
d

dt
∥qi − qj∥2 = ⟨qi − qj , pi − pj⟩.

Thus, at collision, ⟨qi − qj , pi − pj⟩ ≤ 0. Let n = qi − qj , then

p+i = p−i − ⟨n, p−i − p−j ⟩n
p+j = p−j + ⟨n, p−i − p−j ⟩n.

(9.0.1)

Let us compute d(q,p)ϕt(δq, δp) across a collision. If τ is the collision time
of the trajectory then ∥qi(τ) − qj(τ)∥ = 1. If we consider the trajectories
ϕt((q, p) + s(δq, δp)), then the collision time τ(s) satisfies

⟨qi(τ)− qj(τ), δqi(τ)− δqj(τ)⟩+ ⟨qi(τ)− qj(τ), pi(τ)− pj(τ)⟩τ ′(0) = 0.

If the collision is non tangent (i.e. ⟨n, pi(τ)− pj(τ)⟩ ≠ 0), then,

τ ′(0) = −⟨n, δqi(τ)− δqj(τ)⟩
⟨n, pi(τ)− pj(τ)⟩

.

To compute dϕt is then convenient to shift along the flow direction by τ so
all the trajectories (q, p)+ s(δq(τ(s)), δp)+ τ(s)(p, 0) collide simultaneously.
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Let us call (δ̃q−, δ̃p−) = (δq(τ(0)) + τ ′(0)pi, δpi), the shifted tangent vector.
For such a tangent vector, we have that (9.0.1) yields

δ̃q+i =δ̃q−i

δ̃q+j =δ̃q−j

δp+i =δp−i − ⟨δ̃q−i − δ̃q−j , p
−
i − p−j ⟩n− ⟨n, p−i − p−j ⟩(δ̃q

−
i − δ̃q−j )

− ⟨n, δp−i − δp−j ⟩n

δp+j =δp−j + ⟨δ̃q−i − δ̃q−j , p
−
i − p−j ⟩n+ ⟨n, p−i − p−j ⟩(δ̃q

−
i − δ̃q−j )

+ ⟨n, δp−i − δp−j ⟩n.

(9.0.2)

The derivative is then obtained by shifting back along the flow direction, by
−τ ′(0). By taking the case τ(0) = 0 we can thus obtain the behavior of a
tangent from just before to just after a collision:

δq+i =δqi + ⟨pi − pj , δqi − δqj⟩n
δq+j =δqj − ⟨pi − pj , δqi − δqj⟩n
δp+i =δpi − ⟨δqi − δqj , p

−
i − p−j ⟩n− τ ′(0)∥p−i − p−j ∥

2n

− ⟨n, p−i − p−j ⟩(δqi − δqj)− τ ′(0)⟨n, p−i − p−j ⟩(p
−
i − p−j )

− ⟨n, δpi − δpj⟩n
δp+j =δpj + ⟨δqi − δqj , p

−
i − p−j ⟩n+ τ ′(0)∥p−i − p−j ∥

2n

+ ⟨n, p−i − p−j ⟩(δqi − δqj) + τ ′(0)⟨n, p−i − p−j ⟩(p
−
i − p−j )

+ ⟨n, δpi − δpj⟩n.

(9.0.3)

To apply Theorem 5.5.1, we have to construct the quadratic form Q. We
choose the lagrangian spaces V1 = {δq = 0} and V2 = {δp = 0}. The energy
is only kinetic energy, then the vectors tangent to the constant energy are
⟨p, δp⟩ = 0. This yields the form Q(δq, δp) = ⟨δq, δp⟩. The vector field is
(p, 0), and Q(δq + αp, δp) = Q(δq, δp), so Q is well defined on the quotient
and we can restrict ourselves to the vectors {(δq, δp) : ⟨p, δp⟩ = ⟨p, δq⟩ = 0}.
Note that

Q((δq + tδp, δp)) = Q(δq, δp) + t∥δp∥2 ≥ 0.

It remains to compute the change in the quadratic form from just before to
just after a collision. Since Q is invariant along the flow direction, we can
use formula (9.0.2) and, since by construction ⟨δ̃q−i − δ̃q−j , n⟩ = 0, obtain

Q((δq+, δp+)) = Q(δ̃q+, δ̃p+) = Q(δq, δp)− ⟨n, p−i − p−j ⟩∥δ̃q
−
i − δ̃q−j ∥

2 ≥ 0.
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The invariance of the cone follows.
Note that we have strict invariance if δp ̸= 0. If δp = 0, then we have

the strict invariance if δ̃q−i ̸= δ̃q−j . This fails only if

δq−i − ⟨n, δqi − δqj⟩
⟨n, pi(τ)− pj(τ)⟩

pi = δq−j − ⟨n, δqi − δqj⟩
⟨n, pi(τ)− pj(τ)⟩

pj ,

i.e. there exists z ∈ Rd and λ ∈ R such that

δqi = z + λpi

δqj = z + λpj .
(9.0.4)

To see how to use the above facts, it is convenient to introduce a bit of
notation.

9.1 Collision graphs and their decorations

First of all, I will introduce a collision graph to describe pictorially the rele-
vant features of a trajectory, it will be a directed graph (the direction being
given by time). The graph starts with n roots (each one representing one
ball), from each root starts an edge (representing the path of a ball). A colli-
sion is represented by a vertex in the graph (I will indicate it pictorially by a
star, so as not to confuse it with edges that cross due to the two-dimensional
representation). If the collision involves k balls, then the vertex will have
degree 2k with k entering edges–representing the incoming particles–and k
exiting edges–representing the outcoming particles. We arrange the height
of the vertices vertically proportionally to the time.

Lemma 9.1.1 The graphs with a degree higher than two or with two vertices
at the same height happen only on a set of codimension 2. carla▶ I should say something

more, so it can imply the same for
the poincarè mapProof. By the implicit function theorem, the collision of two balls is

a codimension one condition, while of three balls is codimension two. The
same holds for the case of two collisions that happen at the same time. □

See figure 9.1 for the case of four balls in which number one collides with
two, then two with four, and finally two with three.1

1The rule for tracing the graph is that the order of the balls is not changed at collision,
so the line on the left represents the particles entering the collision vertex from the left.
Remark that the collision graph is only a symbolic device and does not respect the geom-
etry of the actual collisions, so the ordering of the balls is only a device to tell them apart
and has no relation with the actual geometry of the associated configuration. Keeping
this in mind, in figure 9.1 the final disposition of the balls is: one, four, two, three.
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Figure 9.1: A simple collision graph (the stars are the collisions)

Next, let us call G a collision graph and let V (G) be the collection of
its vertexes, Ẽ(G) the collection of its edges and E(G) the collection of
edges that connect starred vertices. In addition for each edge b ∈ E(G) let
ν(b), ν+(b) be the two vertices joined by the edge.2

Definition 18 Define π : Ẽ(G) → {0, . . . , n} so that π(b) is the particle
associated to the vertex b ∈ Ẽ(G). Also, q±π(b), p

±
π(b), δq

±
π(b), δp

±
π(b) are the

position, velocity, and components of the tangent vector just after the colli-
sion represented by ν−(b) and just before the collision represented by ν+(b),
respectively.

To follow the history of a vector of type (δq, 0) that stubbornly refuses to
enter strictly in the cone it is convenient to specify at each vertex the values
(λν , zν) appearing in the associated equation (9.0.4). Of course, to recover
the tangent vectors from the {(λν , zν)}ν∈V (G), it is necessary to specify the
velocities. To this end we specify for each edge the velocity v(b) of the par-
ticle associated to such a line. We can then decorate a graph with the above
informations and we obtain a full description of the history of a tangent vec-
tor that keeps being not increased by the dynamics in the trajectory piece
described by the graph (of course provided such a vector exists at all).

Now consider a edge b ∈ E(G), if it represents the trajectory of the
particle j between the collision corresponding to the the vertex ν(b) and the
one corresponding to the vertex ν+(b), then the corresponding component
of the tangent vector at such times can be written both as δqj = z(ν(b)) +
λ(ν(b))v(b) and δqj = z(ν+(b)) + λ(ν+(b))v(b). Accordingly, the following
compatibility condition must be satisfied:

z(ν(b))− z(ν+(b)) = [λ(ν+(b))− λ(ν(b))]v(b). (9.1.5)

2By convention ν(b) corresponds to the lower collision and ν+(b) to the upper.
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Figure 9.2: A decorated collision graph

It is then natural to define another decoration, this time associated to edges
that connect two collision vertexes,

µ(b) := λ(ν+(b))− λ(ν(b)). (9.1.6)

By decorated collision graph, we will mean a graph with (λ(ν), z(ν)) at-
tached to each vertex and µ(b), v(b) to each edge connecting two collisions,
with a mild abuse of notations we will call such decorated graph G as well,
see figure 9.2.3

9.2 Close path formula and cycles

As time progresses, the graph will grow more complex, in particular it may
develop cycles.

Definition 19 Let m > 1. A path of lenght m is a sequence of edges
{b1, · · · , bm} and vertices {ν0, · · · , νm} such that {νi−1, νi} = {ν±(bi)}. A
path is simple if i, j ∈ {1, . . . ,m}, with i ̸= j, implies bi ̸= bj. A closed path
of lenght m is a path such that ν0 = νm. A cycle of length m, is a closed
path of length m > 2 for which if i, j ∈ {0, . . . ,m − 1} with i ̸= j, then
νi ̸= νj, or of lenght m = 2 for which b1 ̸= b2. (e.g. the thick edges in the
graph of figure 9.3). We call close paths of type {b, b} null-path.

Note that if we erase on edge from a cycle, then we do not have a cycle
anymore. Next, we show that cycles capture all the closed path.

Lemma 9.2.1 The edges of any closed path can be seen as the edges of the
union of cycles and null path.

3Note that the above description is quite redundant due to (9.1.5), yet we will see in
the following that such a description is quite convenient.



150 CHAPTER 9. HYPERBOLICITY OF HARD SPHERES

• • • •�
�

�
�
�

�
�
�
�

�
�
�

�
�
�

@
@

@
⋆

B
B
B
B
B
B
B
B
B
⋆

connection time

HHH
HHH

HHH
HHH

HHH⋆
@

@
@

�
�
�
�

�
�
�

�
�
�

@
@@
@

@
@

@@

�
�

�
��

⋆

• • • •

Figure 9.3: A cycle

Proof. Let {b1, · · · , bm} be a closed path which is not a cycle. This
implies that, for some m ≥ i > j > 0, νj = νi. This implies that the edges
can be seen as the edges of the two closed paths {bi+1, . . . , bm, b1, . . . bj} and
{bj+1, · · · , bi−1} We can then continue the decomposition until we are left
only with cycles or null-paths. Note that the same cycle or null-path can
appear several time, so it is enough to consider each only once. □

Given a closed path a remarkable compatibility condition can be derived.
In fact, let C ⊂ G be a cycle, let us run it counterclockwise and define, for
each edge b ∈ C, εC(b) = 1 if the edge is run from bottom to top and
εC(b) = −1 if it is run from top to bottom. We have, by definition (9.1.6),∑

b∈E(C) εC(b)µ(b) = 0. In addition, we can sum equation (9.1.5) for each
edge in the cycle and obtain∑

b∈E(C)

µ(b)εC(b)v(b) = 0

∑
b∈E(C)

εC(b)µ(b) = 0.
(9.2.7)

The above formula is essentially the closed path formula introduced by
Simanyi in [65]. Notice that, given a graph, the set of closed paths con-
tains many more objects than we are interested in. In fact, a closed path
can contain an edge that is run consecutively in opposite directions, in par-
ticular, a null-path. This adds zero to the constraint (9.2.7). Hence, by
Lemma 9.2.1, we can consider only cycles. Also, a cycle can be run in op-
posite directions, which gives rise to the same closed path formula; hence,
we will always use the counterclockwise orientation.4

4Since, by definition, a cycle has no self-intersections, it is orientable, and, by Jordan’s
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The formula 9.2.7 expresses a compatibility condition that puts a clear
restriction on the possible existence of the decorated collision graph, and
hence of the corresponding nonincreasing vector. Studying the combina-
torics of such collisions, it is possible to establish the hyperbolicity and
ergodicity of a gas of n particles. This has been done first in a series of
papers by the Hungarian team [43, 65, 66, 67, 68]. In the following we will
enter in some of the related details.

9.2.1 A cohomological point of view

Althogh not strictly necessary in the following, it is amusing to note that the
above structure is very reminiscent of cohomology over a decorated graph
as I am going to briefly explain.
Let C(G) be the set of cycles of the graph G. Consider, the following set of
fucntions on a decorated graph G: Vv(G) = {f : V (G) → Rd+1}; Ve = {f :
E(G) → Rd+1}; Vc = {f : G(G) → Rd+1}. We can then define the operator
d : Vv(G) → Ve(G) and d : Ve(G) → Vc(G) as

(df)(b) = f(ν+(b))− f(ν−(b))

(df)(C) =
∑
b∈C

εC(b)f(b).

Note that d2 = 0, so we can define a cohomology on decorated graphs. Note
that if f ∈ Ve(G) is closed, that is df = 0, then it is exact, that is there
exists g ∈ Vv(G) such that dg = f .

With a small twist with respect to the usual convention we define the
restricted space

V ∗
e (G) = {f ∈ Ve(G) : f(b) = µ(b)v̄(b), µ(b) ∈ R},

and say that a function f ∈ Vv(G) is closed iff df(b) ∈ V ∗
e (G). While, as

usual and already stated earlier, f ∈ Ve(G) is closed iff df = 0. Also, note
that for a function in V ∗

e (G) being closed means exaclty that it satisfies the
cycle contraints (9.2.7).

With such a notation, for a trajectory to be hyperbolic (i.e. with all
the Lyapunov exponent non zero) is equivalent to saying that there exists a
time such that the associated graph G has the following property: the only
closed functions in Vv(G) are the constant ones.

theorem, it has an interior. By counterclockwise orientation we mean that it is run so
that the interior lies on the left.
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9.3 Hyperbolicity: some examples

Having developed a general theory to describe the evolution of tangent vec-
tors that fail to become hyperbolic, we are going to check the effectiveness
of the theory by analyzing a series of examples of increasing complexity.

9.3.1 2 balls in dimension d ≥ 2

First of all, recall that there are always zero Lyapunov exponents connected
with the flow direction and momenta conservation. To avoid that, we con-
sider only the situation where the center of mass is at rest. This implies
that

∑
i δqi = 0.

Next, notice that the situation in which the two balls never collide is of
zero measure: if there is no collision, the two balls just perform a translation
on the torus. One can then see it as a translation on T2d, which is ergodic
if the velocities have entries that are not rational among them, which is a
zero-measure condition. Hence, the ball will collide with probability one.

Once the two balls collide for the second time, we have a close cycle
made of just two bonds {b1, b2}. In this case (9.2.7) implies

µ(b1)(v(b1)− v(b2)) = 0,

which has solutions either µ(b1) = 0 or v(b1) = v(b2). The latter condition
is a codimension d − 1 condition, hence with probability one µ(b1) = 0.
But then the second of (9.2.7) implies µ(b2) = 0. It follows that δq =
(z, z), which implies z = 0, hence eventual strict monotonicity and hence
hyperbolicity.

9.3.2 3 balls in dimension d ≥ 2

Again we can assume
∑

i δqi = 0. Also, we would like to know that the
situation in which a ball does not collide with the other two has zero measure.
This is more complex and needs the mixing of the two ball systems. Let us
assume it and proceed.

After the first collision (say of particles 1, 2), we wait until a collision
involving particle 3, say a collision with particle 1. The next collision will
close a cycle. If the cycle involves particles 1, 3, then the previous discussion
implies µ(b1) = µ(b3) = 0. This situation will persist until there is a collision
with particle 2, say with particle 3. At that point (9.2.7) implies µ(b2) = 0.
It follows that, almost surely δq = (z, z, z) and hence z = 0.
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The case in which the cycle involves all the particles remains to be ana-
lyzed, say particle 3 collides with particle 2. In this case (9.2.7) implies

µ(b1)εC(b1)(v(b1)− v(b2)) + µ(b3)εC(b3)(v(b3)− v(b2)) = 0

where b1 is the edge associated to the particle 1 before the collisione with
3, b3 is the edge associated to the partile 3 after the collision with 1 and
b2 the edge associated to the particle 2 after the collision with 1. On the
other had, calling b−3 the edge associated to 3 before the collision with 1, by
(9.0.1) we have

v(b3) = v(b−3 )− ⟨n, v(b−3 )− v(b1)⟩n.

Note that R := ⟨n, v(b−3 )− v(b1)⟩ = 0 is a codimension one condition hence
it happens on a zero measure set. Accordingly, just before the collision of 1
and 3 we have

µ(b1)εC(b1)(v(b1)− v(b2))− µ(b3)εC(b3)(v(b1)− v(b−3 )−Rn) = 0.

Again, for v(b1)− v(b2) and v(b1)− v(b−3 )−Rn to be linearly dependent is
a codimension one condition. It follows µ(b1) = µ(b3) = 0 and then (9.2.7)
implies µ(b2) = 0. So δqi = 0, thus the form is eventually strictly increasing.

9.3.3 d+ 1 balls in dimension d ≥ 2

Given a decorated graph G, we identify two vertices joined by an edge b ∈
E(G) iff all the vectors for which the form does not increase have µ(b) = 0.
Let us call G∗ the resulting graph. Notice that now the vertices can have
several edges entering and leaving. The assertion that the form does not
increase only for the vectors of the form δqi = z + λpi, δpi = 0 is equivalent
to the fact that G∗ has only one vertex.

Lemma 9.3.1 If G∗ has only one vertex at a certain time, the same will
remain true forever.

Proof. The Lemma follows immediately from the discussion before
equation (9.0.4). □

Hence, our goal will be to show that there exists a time at which G∗ has,
almost surely, one vertex. Suppose G∗ has more than one vertices, then it
will eventually develop a cycle C1. This, as seen in the previous example,
assumes that the possibility that the particles can be separated into two
groups that never collide among them, is a zero-measure event. In turn, this
is a consequence of the mixing of all the systems of d balls, which, for the
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moment, we assume.
Let C1 := {b1, · · · , bm} be the edges of the cycle and {ν1, · · · , νm} and the
vertices such that bi is the edge connecting the vertices νi and νi+1, with
νm+1 = ν1. The form does not increase only if equation (??) is satisfied.
if the v(bi) are linearly independent, then equation (??) has µ(bi) = 0 as
the only solution contrary to the assumption that G∗ had more than one
vertices. Hence, the hyperbolicity follows from the next Lemma.

Lemma 9.3.2 The vectors {v(b) : b ∈ E(C1)} are linearly independent
outside a codimension one set.

Proof. Note that m = ♯E(C1) ≤ n + 1. Let Ek ⊂ E(C1) be a set of
k edges. We proceed by induction on k. Suppose all the {v(b) ; b ∈ Ei},
i ≤ k are linearly independent a part for a zero-measure set. Note that
the statement is trivially true for k = 1. We prove that the same holds for
k + 1. Let Ek+1 ⊂ E(C) be a set of k + 1 edges. Choose b ∈ Ek+1 and let
ν it lower vertice. By construction, there exists b1 ̸∈ C such that b1 enters
in ν. Let E−(b1) be the collection of edges in E(G∗) such that they belong
to a path that connects to the lower vertex of b1. Clearly E−(b1) ∩ C = ∅
since otherwise C would not be the first cycle in G∗. Let k be the particle
associated to the bond b1. At the time just before ν, we consider the tangent
vector δqi = z, δpi = 0 for i ̸= k and δqk = −dz, ⟨δpk, pk⟩ = 0. It follows
that, if l is the particle associated with edge b, using (9.0.2), we have, if
l ̸= k,

δpl = an+ bz

and, if l = k,
δpl = δpl − an− bz

for some a, b ̸= 0 almost surely. In both cases, δpl can span all the space.
Next, there are two possibilities: either the edges exiting ν+(b) do not belong
to C or one of them, call it b2, belongs to C. In the former case, all the
tangent vectors associated to the edges in E(C)\{b} do not change their δp
component. In the latter case, the other entering bond in ν+(b), call it b3,
cannot belong to C. Let π(b) be the particle associated to the bond b, then

δpπ(b2) =δpπ(b3) + ⟨δ̃q−π(b) − δ̃q−π(b3), pπ(b) − pπ(b3)⟩n

+ ⟨n, pπ(b) − pπ(b3)⟩(δ̃q
−
π(b) − δ̃q−π(b3)) + ⟨n, δpπ(b) − δpπ(b3)⟩n.

if we can force δpπ(b2) = 0, we are done
We can then use the implicit function theorem to prove that the vectors

{v(b) : b ∈ Ek+1} are linearly independent outside a codimension one
manifold, hence proving the Lemma. □



Chapter 10

Geometry of foliations and
ergodicity (very few words)

We have seen conditions that imply hyperbolicity. Once the map is hyper-
bolic Pesin Theory (e.g. see [40]) implies that there exists stable and unsta-
ble manifolds. However, the objects constructed in Pesin’s theory have very
poor regularity properties. For applications, a more explicit construction
can be essential, especially if it provides extra information on the properties
of the manifolds. For this, the mere existence of an eventually strictly in-
variant cone field is not enough; from now on, we will assume that the cone
field is continuous.

10.1 Cones and invariant distributions

We have seen that the growth of an appropriate quadratic form implies the
contraction of a cone. A natural question is if such a contraction can be
described in a more quantitative way. This is possible, a general theory can
be found in [51], here we give only a quick overview.

Definition 20 The symplectic angle between two vectors u,w ∈ int(C) is
the real number Θ(u,w) defined by

ω(u, v) =
√
Q(u)

√
Q(v) sinhΘ(u, v)

Definition 21 The distance s(U,W ) of two Lagrangian subspaces U, V ⊂
int(C) is equal to the supremum of absolute values of symplectic angles be-

155
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tween nonzero vectors from the two Lagrangian subspaces i.e.

s(U, V ) = sup
0̸=u∈U
0̸=v∈V

|Θ(u, v)|.

It turns out that s is a metric on the set of Lagrangian subspaces contained
in the cone (e.g. see [51]). Here, we just note that if s(U, V ) = 0 it follows,
by definition, that ω(v, u) = 0 for all u ∈ U and v ∈ V , but this implies that
V = U .
Note that if s(U, V ) < ∞ and L is a monotone symplectic matrix, then√

Q(u)
√
Q(v) sinhΘ(u, v) = ω(u, v) = ω(Lu,Lv)

=
√
Q(Lu)

√
Q(Lv) sinhΘ(Lu,Lv)

Thus,

sinh s(LU,LV ) = sup
0 ̸=u∈U
0 ̸=v∈V

sinhΘ(u, v)

√
Q(u)

Q(Lu)

√
Q(v)

Q(Lv)

≤ σ(L)−2 sinh s(U, V ).

(10.1.1)

The following Theorem gives a criterion for s(U, V ) to be finite.

Theorem 10.1.1 (Theorem 2 [51]) For a strictly monotone map L the
diameter of LC, where C is determined by the transversal lagrangian spaces
V1, V2, is equal to the s distance of LV1 and LV2, Moreover, for each La-
grangian spaces V,U ⊂ C

tanh

(
s(LV,LU)

2

)
= σ(L)−2.

Lemma 10.1.2 Given a smooth Symplectic Dynamical Systems with syngu-
larities (X,T, µ), X a symplectic two dimensional manifold, µ the symplectic
volume, if the systems is eventually strictly monotone, then {Eu(x)} is al-
most everywhere well defined. Moreover, if C(x) is continuous, then {Eu(x)}
is continuous (where it is defined). In addition, if the cone family is strictly
monotone, then {Eu(x)} is everywhere defined.

Proof. Let Cn(x) := DT−nxT
nC(T−nx) and ∆n(x) := diam(Cn(x)),

then ∆n is decreasing, thus we can define

∆∞(x) := lim
n→∞

∆n(x).
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By Theorem 10.1.1

∆∞(Tmx) = lim
n→∞

diam(DTm−nxT
nC(T−n+mx))

= lim
n→∞

diam(DxT
mDT−nxT

nC(T−nx))

≤ 1

σ(DxTm)2
∆∞(x).

Next, let Ω = {x ∈ X | ∆∞(x) = ∞}, we claim that µ(Ω) = 0. In
fact, let Bm = {x ∈ X | σ(DxT

m) ≥ 2}, by eventual strict monotonicity
of the cone field it follows µ(∪m∈NBm) = µ(X), recall (5.5.8). In addition,
Bm ⊃ Bm0 for all m > m0. Moreover, if x ∈ Bm, then ∆∞(Tmx) < ∞ (see
Theorem 10.1.1). Thus T−nΩ ∩Bm = ∅ for all n ≥ m, and

µ(Ω) = lim
n→∞

µ(T−nΩ) ≤ lim
n→∞

µ(X\ ∪m≤n Bm) = 0.

Finally, let ΩL = {x ∈ X | L
2 ≤ ∆∞(x) ≤ L} and suppose µ(ΩL) > 0. Then,

there exists m ∈ N such that µ(ΩL ∩ Bm) > 0. Consequently, for almost
all x ∈ ΩL ∩ Bm there exists a return time n̄m ∈ N in the past (that is
T−mn̄x ∈ ΩL ∩Bm). Accordingly,

L

2
≤ ∆∞(x) ≤ 1

σ(DxTm)2
∆∞(T−mn̄x) ≤ L

4
,

which is a contradiction unless L = 0. We have so proven that µ(Ω0) =
µ(X). In other words the cones C∞ = ∩n≥0Cn(x) is almost everywhere
degenerate since, having zero diameter, means that the cone is a Lagrangian
suspace which is precisely the unstable direction.

To prove the continuity of the above distribution note that the cone
family Cn(x) is continuous. Let x be such that ∆∞(x) = 0, then, for each
ε > 0, there exists m ∈ N such that ∆m(x) < ε

2 . Then one can chose δ such
that the edges of Cm(y) vary by an amount less than ε

2 if d(x, y) < δ. The
result follows then taking into account that the Hilbert metric bounds the
angle and that the unstable distribution is contained in Cn for each n ∈ N.

The proof of the last fact is obvious: just a simplification of the above
arguments. □

Let us conclude with an interesting simple fact.

Lemma 10.1.3 A smooth two-dimensional Symplectic Dynamical System
(X, T, µ) is Anosov iff it admits a strictly monotone continuous cone family.
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Proof. By Lemma 10.1.2 it follows that the stable and unstable dis-
tribution are continuous. But then, by continuity, there exists α > 0 and
σ > 1 such that

α
√
Q(v) ≤ ∥v∥ ≤ α−1

√
Q(v) ∀x,∈ X and v ∈ Eu(x)

σ(DxT ) ≥ σ ∀x ∈ X.

Thus,
∥DxT

nv∥ ≥ α
√
Q(DxTnv) ≥ ασn

√
Q(v) ≥ α2σn∥v∥.

Analogously one can obtain the statement for the stable direction by using
the cone family given by the complementary cones (see Problem 5.3).

The proof that an Anosov systems admit a continuous, strictly invariant
cone family is obvious and it is left to the reader. □

10.2 Invariant foliations

Once we know that the system is hyperbolic, we can try to take advantage
of hyperbolicity: the first step is to construct stable and unstable manifolds.

The strategy is the usual one: e.g., to construct the unstable manifold at
x, consider the trajectory f−n(x) (for simplicity, we consider the Poincarè
map). If the trajectory does not meet a discontinuity, then we can consider
a manifold W , with tangent space in the unstable cone, centered at f−n(x)
and push it forward with the dynamics. In this way, we obtain a sequence of
manifolds Wn = fn(W ) that we expect to converge to a limit object. Yet,
one has to take into account that the manifold can be cut by singularities,
and this could be a serious problem.

In the uniformly hyperbolic case, the analysis is especially simple: since
the manifold W expands exponentially (|Wn| ≥ eλn|W |), we have that the
manifolds are cut at a distance shorter than δ only if the distance of f−n(x)
from the singularities is less than δe−λn. This means that the manifold is
cut short only if f−n(x) belongs to a neighborhood Sn of measure δe−λn.
But since the measure is preserved, we have

Leb (∪∞
n=0f

n(Sn)) ≤
∞∑
n=0

e−λnδ ≤ Cδ.

It follows that there exists a set of measure 1 − Cδ in which the unstable
manifold has a length larger than δ.

Implementing the above basic idea can be technically challenging, es-
pecially since the formula (7.3.3) shows that the derivative blows up near
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tangencies. Yet, it can be done, for details, see [41, 17]. A technical tool
used to deal with the blow-up of the differential at tangent collisions is the
introduction, by Sinai, of homogeneity strips. See [17] for details.

The above construction provides a stable foliation, yet the foliation has
very poor regularity properties, and this makes it very hard to use it; in
general, it is only measurable. Luckily, the holonomy is absolutely continu-
ous. Moreover, it turns out that it can be approximated by a foliation with
much better properties that can be conveniently used, see [6, Section 6] for
details.

The next step is to prove ergodicity. Once we have an absolutely con-
tinuous foliation, you can try to copy Hopf’s argument. Such an argument
is based on the observation that the ergodic averages of continuous func-
tions are constant along stable and unstable manifolds. This was achieved
by Sinai [70]. But see [51] for a more general version. In addition, [51]
discusses a piecewise linear example in which the technical difficulties are
reduced to a bare minimum, and hence Sinai’s argument can be easily un-
derstood. The idea is to prove local ergodicity, and then a global argument
can be employed to prove ergodicity. The same argument proves that all
the powers of the Poincare maps are ergodic, which implies mixing.

It remains the problem of flows. Since the flow can be seen as a sus-
pension over the Poicnarè map, the ergodicity of the flow follows from the
ergodicity of the map. Not so for mixing: think of a suspension with a
constant ceiling. Mixing for the flows follows from the contact structure.
Forgetting for one second the discontinuities, the fact that the flow is con-
tact implies that is we do a cycle stable, unstable, stable, unstable, we move
in the flow direction, see Figure 10.1.

Indeed, let α be the contact form, then if v is a strong unstable or a
strong stable vector, then α(v) = 0, while α((p, 0)) = 1, where (p, 0) is the
flow direction, it follows that if the cycle in bold in figure 10.1, call it γ, has
sides of length δ, then

δ2 =

∫
Σ
dα =

∫
∂Σ

α =

∫
γ
α

which equals exactly the displacement in the flow direction, which is then
non-zero. It follows that the stable and unstable foliations are not jointly
integrable, and this property shows that the flow cannot be reduced to a
constant flow suspension by a change of coordinates (since, in such a case,
the foliations would indeed be jointly integrable). This suffices to prove the
mixing of the flow, even though the argument is a bit more technical than
this.
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Figure 10.1: Definition of the temporal function ∆(y, y′) and related quan-
tities



Bibliography

[1] J.Aaronson An introduction to infinite ergodic theory American Math-
ematical Society, Mathematical Surveys and Monographs, 50 (1997)

[2] Archimedes, The works of Archimedes, by T.L. Heath, Cambridge Uni-
versity press (1897)

[3] V.I.Arnold, A.Avez Problèmes ergodiques de la mécanique clasique
Gauthier-Villards Paris (1967)

[4] V.I.ArnoldMathematical Methods in Celestial Mechanics Springer Ver-
lag, Berlin, Heidelgerg, New York, (1978, 1989)

[5] Baladi, Viviane; Tsujii, Masato Anisotropic Hölder and Sobolev spaces
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approach to intermittency. Ergodic Theory Dynam. Systems 19 (1999),
no. 3, 671–685.
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