Jozsef Wildt International Mathematical
Competition

The Edition XXXIV* 2024

The solution of problems W1. - W58 must be mailed before 26 October
2024, to Mihaly Bencze, str. Harmanului 6, 505600 Sacele - Négyfalu, Jud.
Bragov, Romania,

E-mail: benczemihaly@gmail.com and benczemihaly@yahoo.com

W1. Let n > 0 be an integer number and let {S), },>0 be the integer
sequence defined by Sy =1 and for n > 1,

n k
Sn:ZH(n—j+1).
k=0 j=0

Find a close form for S,.

José Luis Diaz—Barrero

W2. Let A(x) be a polynomial of positive degree with integer coefficients.

Show that for every positive integer number k, there exists an integer n such

that the number A(n) has at least k different prime divisors.

José Luis Diaz—Barrero

W3. Fill six natural numbers into the following grids, so that the sum of the

three numbers in each row, each column, each diagonal all are equal.

19| 96

Chang-Jian Zhao and Mihély Bencze

W4. Let n > 2 integer, (z1,...,x,) € R™, (y1,...,yn) € R", P € R[X],
deg(P)=n—1<n



Compute

Compute
det (P (x; — yj))1gi,j§n
Moubinool Omarjee

W5. T(0)=0,7T(1) =2,T(2) =4,T(n+ 1) =2T(n) + nT(n — 1) for n > 2
Let

when n — 400

Moubinool Omarjee

W6. If a,b,c,d € (0,00) such that abcd = 1, prove that

d da b be
() (1+2) ()" (1) 2ot
b c d a
Dorin Marghidanu

W7. If a1, a9, ...,a, > 0, with the notations:

Ay lar,ag, ... an] =




Prove the following inequalities:

(a)

(An a1, ag, ..., ap])Artevaz—anl < ¢ [a7t, a3?, ..., ap"]

(b)
a a Hpla1,a2,...,an]
(Gn [ai/ 1,a;/ 2,...,(1}/‘1"}) o < Hy,lai,az, ..., ap]
Dorin Marghidanu

WS8. Evaluate
oo
/ In (1 + x4+ x2)
— —  Zdx
1422
0

Paolo Perfetti

W9. Evaluate

7 2
/\/iln(1+:c+a: )dx
1+ a2
0

Paolo Perfetti

W10. Let {ay}3°, be a sequence of positive real numbers such that

o0

ag+1 < ag(l + ¢/k) where ¢ > 0 is a constant. Prove that if ) aj diverges
k=1

the series

oo 2k

>0

.y
k=1 j—k Jt1

also diverges
Paolo Perfetti

W11. If M is a point inside the triangle ABC of sides
BC =a,CA=0b,AB = ¢, area I’ and d,, dy, d. are the distances from point
M to sides BC,C A and AB respectively, show that:



abe Lo bc? . ca?
dg dp d.

> 24F

D.M. Batinetu-Giurgiu and Ovidiu T. Pop

W12. If M is a point inside the triangle ABC of sides
BC =a,CA=0b,AB = ¢, area I’ and d,, dy, d. are the distances from point
M to sides BC,C A and AB respectively, show that:

a® bo o 9
<d2 —|—2> (d2 —|—2> <d2+2) > 1728F

D.M. Batinetu-Giurgiu and Ovidiu T. Pop

‘W13. The inscribed circle is tangent to the sides AB, AC and BC of the
triangle ABC, respectively at the points M, L and K. Prove that:

3
BK?2.KC?. AM? > 6t
~— \3R —4r

Pirkuliyev Rovshan

W14. Calculate the following sum:

I e R
— 2n—1 2n 2n+1 )

Angel Plaza
W15. Let the matrix A € M, (R), n,p € N, p > 2, such that
A6n+1 — Ip or A6n+1 — A2
Show that the matrix I, — A + A? is invertible.
Nicolae Papacu

‘W16. Show that

n (2p+n+2 / 1 e”+1
e —1+n (2p+2 em’—i-l



where n,p € N, np, > 1
Nicolae Papacu

W17. Let F, be then n'* Fibonacci number defined by I} =1,F, =1 and
for all n > 3, F,, = F,,_o + F,,_1. Prove that

[e’e] 1 Fn+2
> (2)
n=1

is an irrational number but not transcendental.
Toyesh Prakash Sharma and Etisha Sharma
W18. Compute [ (1+Inz) (2% + L) dx
Etisha Sharma
W19. Find

o i (R ey
= lm
n—00 n(fol ena? dx)(f()l e—andx)

Daniel Sitaru
W20. Find z,y, z > 0 such that:

223 + 23 + 223 = 2%y + wy? + y?2 +y2? + 22w + 2a?
rtan9° + ytan81° = z(tan 27° + tan 63°) + 4

Daniel Sitaru

W21. Find:

Q= lim VHy =1+ VHp1 — 1+ VHppo — 1+ VHyys — 1
n— 00 n\/Han+1 + Hn+2Hn+3

WhereHn:1+%+%+...+%,n21

Daniel Sitaru



n
W22, Ifz, = > k;%’ then prove that:
k=1

= " Fop_ 72 +6)°
(ZxkF2k1> (Z ch 1) < ( 247r2) F,
k=1

k=1

for any positive inyteger n.
D.M. Batinetu-Giurgiu and Neculai Stanciu

W23. Let (an),~1, a1 =1, ant1 = (n + 1)!a, for all n € N*
ol 2 /n\F2 n! 2%/nlL2

1). Compute lim —y—= 2). Compute lim Y
n—oo n—oo

LOwZ " /an

when F,, and L,, denote the n'” Fibonacci respective Lucas numbers.
D.M. Batinetu-Giurgiu and Neculai Stanciu

W24. Let f:[0,1] = [0,1], f (O)t: 0 continuous and bijective function. We

assume that the function W, x € (0, 1] has a limit for z 0,
where ¢ > 1. Show that:
a).
f 1
] . [ue) (f @)+ 57 ) de
Jut@ >0 ;
S @ @) 2

where w : [0,1] — [0, 00] it is differentiable function, with derivate integrable
and positive on [0, 1]

Florin Stanescu

‘W25. Show that:

n—1

3

Zk (U7 k+m <k+1> kot 2o _ T AICCOST

o0
;k n k+1 \m-—1 oI 12

m=1

0|3

[5]

with |z| < 1

Florin Stanescu



W26. We consider a prime number n > 3, two matrices A, B € M,,_1 (Q),
AB = BA, and

such that:
a). det (A+eB) =0

n—1 .

b). Y ek (1 —e*)det (A+e*B) >0, for all i € {0,1,...,n — 2}
k=0

c). det B >0

Show that whatever m > 1 is the natural number and whatever the rational
numbers bg, by, ..., by, while

> b AFBTR £ O,
k=0

then

det (Z bkAkBm’f> £ 0

k=0

Florin Stanescu

W27. Let S be the sphere 22 + y? + 22 = R? and let C,, be the family of
cardioids {z% + y% = a(20)(V22 + y2 — 7), 2 = 29, —R < 29 < R}. Each
element of C, belongs on a plane orthogonal to the z axis and its point with
the largest abscissa belongs to the sphere. For any cardioid consider the
conic surface with vertex in P = (0,0, R) and generatrices the segments
joining P and the points of the cardioid. Find the maximum in C, of the
volume enclosed by the conic surface

Paolo Perfetti

W28. In AABC, I-incenter and D, E, F the points of contact of the cevians
Al BI, CI with the circle, then the following relationship holds:

2 (R? — Rr +1?)

r

ID+IE+IF<

Marian Ursarescu



W29. In acute AABC, A’, B’, C'-simmetrics of the points A, B, C to the
sides BC, CA, AB respectively, the following relationship holds:

[A’B'C"] > 4<r>

[ABC] R

T8l
[ABC| TR

R

where [%] — area.

Marian Ursarescu

W30. In AABC, A’, B/,C" -middle points of the arcs BC, CA, AB
respectively made with the circumscrible circle of the triangle ABC, the
following relationship holds:

6r _ AB BC CA

< <
R — ADB + B’ + C'A" — 3

Marian Ursarescu

W31. Let 21, 29, 23 € C* different in pairs such that |z1| = |z9| = |23] = 1. If
> 1 -
2 (1(21 = 22) |21 — 23] + (21 — 23) |21 — 2|)”
3

(lz1 — 22| + |22 — 23| + |23 — 21])?

then 21, 29, 23 are affixses of an equilateral triangle.
Marian Ursarescu

W32. In AABC, K-Lemoine’s point, F-area of the triangle ABC and a, b, ¢
the lengths sides, the following relationship holds:

1 n 1 L 1 S 24F
sin(AKB)  sin(BKC) sin(CKA) — a®>+0>+¢?

Marian Ursarescu
‘W33. Prove that in any acute angled triangle ABC holds inequality

1 1 1 2 (9R? + 4R 2 _ g2
(a2+b2+02)<c12+l)2+62>2 ( + RZ_'_T S).

Arkady Alt



W34. For any real a,b, c,d > 0 prove inequality

a b c d
- + + = + - >1
Va3 +63bed /b3 +63acd V3 +63abd  V/d3 + 63abe

Arkady Alt

W35. For any positive a, b, ¢ such that a + b+ ¢ = ab + bc + ca prove that

a* + vt + ¢t

3 3 3
(CL +b +c)2abc+m

[SVIN )

Arkady Al

W36. a). If a1, a9,as3,,,,a,+1,n > 2 are positive real numbers that satisfy
inequality

(a%+a%+...—|—ai+1)2 > n(a‘f%—a%—i—...—l—aiﬂ)

then any n of them, let it be a1, as,as,,,,a,, satisfies inequality

(a%+a%—|—...+a%)2 >(n—1) (a%+a%+...+aﬁ)

b). If a1,a9,as,,,,an+1,n > 2 are positive real numbers that satisfy

(a%—i—a%—&—...—i—aiﬂf > n(a‘ll+a‘21+...+afl+1)

then for any 1 < k1 < ko < k3 < n + 1 holds inequality

(a3, +a}, +a3,)° > 2 (ab, +a}, +ap,)

that is ag,, ag,,ar, be side lengths of some triangle.
Arkady Alt

W37. Let ABC be a non-obtuse angles triangle with usual notations. Prove
that

o 2 a2 cos A T
<>

i <14 —.
R+R2_ be +R

Arkady Alt



W38. Let p > 2 be positive integer and a > 1 be real number. Find

)

i ah? 4+ 2ah 7 4 3a T L p— 1
o l14an+a2+...+d)?

1
where a1 :5( F+p—1),neNU{0} and ag = a > 1.
Arkady Alt
W39. Find the following limits:
TL3
e
. n(n+a)
a). lim 5
n—00 1 n
14—
< + n-+ b>
1 (n+2)n 1\"
. i 1 _ — — .
b) nlgrolo(n—i_ ) <1+n(n+1)> <1+n>
1 (n+1)n 1\"
. li 201+ —— — D1+ — .
) A (n+ )< +n(n+1)> (n+ )< +n>
Arkady Alt

‘W40. Let F be area of a triangle ABC and [, lp, [ be angle bisectors,
respectively, from vertices A, B, C. Prove the following double inequality

1 1
—min {12,12,1?} < F < —max {luly, ble, llo} -
{5, 5,15} < 7 {laly, by }

V3
Arkady Alt

‘W41. Prove that

3 3 3
n n n 27 2n
> — ontl
for all n € N*

Tonel Tudor

10



‘W42. Solve in R the equation
(SU - 1)10g2023 2024 Ilog2024 2023 _ 1
Tonel Tudor

W43. Let a, b and ¢ be nonegative real numbers such that a? + b? + ¢? = 1.
Prove that

(1—a?)a®+ (1 — b6 + (1 — A)E > 2abe.
Eugen Ionagcu
W44. (a) Solve the following differential equation
(W —y) =1 (1)

(b) Show that the initial value problem

W ) = Ly(0) = i @

has at least 5 different solutions on any interval around the origin.
Eugen Ionagcu

W45. Let be a; = 6 and

nn+1)apt1 =3n+2)(ap +n(n+1)3")

for all n > 1. Prove that:

1).

= ag 3 n
;]M=4((2n—1)3 +1)

Mihaly Bencze

11



W46. 1). Determine all functions f, g : (0,400) — R for which f (z)e ™™ is a
primitive function of g (z) and g () e™" is a primitive function of f (x) for all

x>0
2). Prove that for all n € N holds:

forallz >0

Wa47. In all acute triangle ABC holds

in2 A _ <2

Cos2 A*&Q 2 : ‘7 .

€ \ ccosA 1—de e ez
> (o) T 30 2230
cos A sin 5

Mihaly Bencze

W48. If a,b, ¢ > 0 then

1 1 1
> 2
2a+1+26+1+20+1_
then
1 1+1>567+b
—+=-+->—+abc
a b ¢~ 64

Mihély Bencze and Chang-Jian Zhao

W49. In all triangle ABC holds

A_(R+2r)s
25 = op

Mihaly Bencze and Nicugor Minculete

W50. Let 21, 29, 23, 24, 25, 26 be the affixes of vertices Ay, As, As, Ay, As, Ag

of a regular hexagon. Prove that

<23_z1>n+1<z4_z2>n+1+1<z5_23)n+2+ 1 <z6_z4>n+3+
26 — 21 V3 \z1 — 22 3\ 22— 23 3v3 \z3 — 21

12



1 o n+4 n
+2 <Zl z5> — (v3i)
9 Z4 — %5
forallne N

Marius Dragan

W51. Let A, B € M, (C) such that

det (A + (ct92 2:1 1) B) =0

for all k € {1,2,...,n}. Prove that

det Adet B=(—-1)"(2n+1)
Marius Dragan
W52. In all triangle ABC holds 1632 > 1134 + 15

Marius Dragan

W53. Let be f: N — [0,1] where f (n) = {anr%} where {-} denote the
fractional part and p is a prime number.

1). Prove that the function f is injective

2). Prove that the function f is not surjective

Mihaly Bencze and Ovidiu Bagdasar

W54. Let A1 A,... A, be a convex polygon. Prove that

n

1 n
2 >
k=1 \/cos = \/cos (n=2)n

2n

Mihaly Bencze and Ovidiu Bagdasar

W55. Let be the set M = {x € R|[x]-{z} = 1}. Prove that if
x; € M,i = 1,n then holds:

= (Ee)

13

2
)



where {*} denote the fractional part, and [*] denote the integer part.

Florica Anastase

W56. Find:
1).

Florica Anastase

W57. Let n > 1 be an odd integer. Solve in M (R) the equation
0 1
A"=[11 0
Ovidiu Furdui and Alina Sintamarian

W58. Let n > 1 be an odd integer. Solve in M (R) the equation
A" = AAT | where AT denotes the transpose of A.

Ovidiu Furdui and Alina Sintamarian

14



