SOLUTIONS / 209

The desired inequality follows from (1) and (2). Equality holds if and only
if the triangle is equilateral.

Also solved by ARKADY ALT, San Jose, CA, USA; SEFKET ARSLANAG[C’,
University of Sarajevo, Sarajevo, Bosnia and Herzegovina; OLIVER GEUPEL, Brihl, NRW,
Germany; JOHN G. HEUVER, Grande Prairie, AB; PAOLO PERFETTI, Dipartimento
di Matematica, Universita degli studi di Tor Vergata Roma, Rome, Italy; JUAN-BOSCO
ROMERO MARQUEZ, Universidad de Valladolid, Valladolid, Spain; EDMUND SWYLAN,
Riga, Latvia; TITU ZVONARU, Comdanesti, Romania; and the proposer.

3648. [2011 : 236, 239] Proposed by Michel Bataille, Rouen, France.
Find all real numbers z,y, z such that 2yz = 1 and 23 +¢3 + 23 = W
where S =2+ 2%+ 4424242,

1. Solution by Paolo Perfetti, Dipartimento di Matematica, Universita degli studi
di Tor Vergata Roma, Rome, Italy.

We assume the equation

S(S—4)

3 3 3 _
4y +z7 = 1

(zy2),
without the restriction on xyz. This is equivalent to
Y @'y + 2%+ a?yP2) =y (atyz + 227y72),

where both sums, taken over the six permutations of the variables, are symmetric.
By the Arithmetic-Geometric Means Inequality,

Zaz4y2 =at(y? + 22) + y*(2* + 2°) + 24 (2 + )
> 2xtyz 4+ 2ytza + 220ay = Z zhyz,

with equality if and only if x =y = 2.
Recall Schur’s Inequality that, for a,b,c > 0,

(a® + b% + ) + 3abe — (a*b + a’c + b*a + b*c + c*a + cb)
=a(a —b)(a—c) +bb—a)(b—c)+ c(c—a)(c—b) > 0.

Setting (a, b, c) = (yz, zx, xy), we obtain that
Z(x3y3 Fa2y??) > 2 ngyZZ,

where again each sum is symmetric with six terms.
Therefore

Z($4y2 + xByS + x2y222) > Z(x4yz + 2x3y22).
Since we are assuming that equality holds and that zyz = 1, the given equation

is satisfied if and only if x =y = 2 = 1.
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11. Solution by the proposer.

The given conditions imply that S = zy? + y2? + yz2 + 2y + 222 + x2%
Without loss of generality, let z be the maximum of z,y, z. Define

T = 4(xy? + ya? + y22) (z2? + 22 + 2y?).

Then
T =25%—(y—2)%a®+xy + 2z —yz)?
and also
T =dayz(2® +y + 22 + 9) + 4222 (z — y)(z — 2),
whence

S =42+ P + 22+ 9) + 4722 (x —y)(x — 2) + (y — 2)2(2® + 2y + vz — y2)2.
Since, by hypothesis, 4(x® + 3% + 22 + S) = §2, we deduce that
4?22 (x —y) (@ — 2) + (y — 2)*(¢® + 2y + 22 — y2)* = 0.

Since x > y, z, both terms on the left are nonnegative and therefore must vanish.
If, say, = y, then 22 + zy + xz — yz = 222 # 0, so that y = 2. Since xyz = 1, we
must have that x =y =2 = 1.

No other solutions were received.

3649. 2011 : 236, 239] Proposed by Pham Van Thuan, Hanoi University of
Science, Hanoi, Vietnam.

Let a, b, and ¢ be three positive real numbers and let

1 1 1
k:(a+b+c)<a+g+g>.

Prove that

1 1 1 k% — 15k2 + 63k — 45
3 3 3
4+ =) >
(a +b+c)(a3+b3+03)_ 1 ’

| . . 54 /0
and equality holds if and only if (a,b,c) = <k 5+ k4 10k + 9, 1,1

or any of
its permutations.
Solution by Oliver Geupel, Brihl, NRW, Germany.

All sums shall be cyclic. Let z =) %, y = g,mzz%i,andn: 2—2.
We have x +y = k — 3, hence 4xy < (k — 3)2. Using the relations

a3
Zb—g = 2% —3(m+n) -6,

b3
Z _y3_3(m+n)_6a

a3
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